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PREFACE 

^ The present volume contains a Second Course in Al- 

^ gebra adapted to the latter part of the high school curric- 

** ulum. It covers the topics usually included in Interme- 

I diate and Advanced Algebra in secondary schools. Hence 

^ pupils who have completed it will be prepared in algebra 

v for scientific and engineering schools as well as for the 

rx ordinary academic college. 

The methods which are characteristic of the author's 
Algebra, Book One are here continued and devel- 
oped. The chief aim is to simplify principles and give 
them interest, by showing more plainly, if possible, than 
has been done heretofore, the practical or common-sense 
reason for each step or process. Each new process, 
for instance, is introduced by what may be termed the 
efficiency-inductive method. In the Exercises also there 
are special examples which cause the pupil to realize the 
efficiency meaning of processes from various points of view. 
As in the author's other mathematical texts, pivotal and 
permanently valuable number facts and laws from other 
branches of study are introduced in various ways. This 
gives a correlation of algebra with geography, history, and 
other subjects. A further correlation with physics and 
engineering is obtained by the use of some of the most 
important formulas in these branches, and also by famil- 
iarizing the pupil with their fundamental concepts and 

number facts. 
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4 PREFACE 

As in Book One, special attention has been paid to 
arranging written problems according to types, and to 
making each problem real and full of human interest. 
Similarly, the graphs of statistics and other graphic prob- 
lems are made to illustrate important efficiency principles. 

The self ^activity of the pupil is aroused and developed 
by examples which require him to invent and solve prob- 
lems of special types, these problems being carefully varied 
and graded. 

Much oral or sight work is called for, and thorough mas- 
tery of principles is further assured by a series of spiral 
reviews similar to those characteristic of the author's other 
textbooks. 

Attention is called to the way in which the history of 
algebra is treated. The successive changes in algebraic 
symbols and processes which have been made in the past 
are shown as a series of improvements, and examples in 
various places in the book compel the pupil to realize 
these increases in efficiency. 
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BOOK TWO 

CHAPTER I 

REVIEW EXERCISES IN FUNDAMENTAL PROCESSES; 

DETACHED COEFFICIENTS 

EXERCISE 1 

In each of the following examples, state the order of 
operations before working the example. Wherever pos- 
sible, use cancellation. 

When a = 5, 6=3, c = 1, x = 6, find the numerical 
value of 

1. 3a + 2(>-<?) 3^-^ 

2. (3a + 2)(s-<f) a " 2c 

3. Z<*+la-b(a-V) 6 (s-<Q(2»-q) 

4 . 3^-ac 2 * 3(6' + <0-2« 

7. 7 #(5 a — 4 a;)— or 2 

8. a^z-aft) 2 *^ 2 * 2 --**) 

9. 3 s(a; - a)(a? - a& 2 + 2 ac 2 ) 

If a = 4, 6 = J, c = 0, a; = 1, y = 9, find the value of 
10. V2ax 11. Voafy 12. 3 6 V6~Pa? 

13. xV7 re 2 - ab 16. 3a-2V46 2 + 3y 



14. 3 cxVa 2 + 6c 2 17. 3 x -Jaby - 5 z - ^c 2 



15. a + Vafy 2 ,18. (a-26)Va 8 + 43fy 
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8 DURBLL'S ALGEBRA: BOOK TWO 

Express in algebraic symbols Exs. 19-20. 

19. The square of the sum of a and b equals the sum of 
their squares increased by twice their product. 

20. Four times the quantity a square minus nine I is 
less than the square of the quantity seven a plus b cube. 

21. If K=* \ 5A, find the value of K when b = 28 and 
h = 13. Also when b = | and h = |. Also when b = 1.84 
and A = .92. 

In geometry, what is the meaning of the formula K = } bh ? 

22. If K=ttIP and w» 8.1416, find the value of K 
when B = 26. Also when It = *£-. Also when R = .08. 

In geometry, what is the meaning of the formula K = iri£ 2 ? 

23. The formula for the area of a circular ring is 
jr=7r(lP — r 1 ). In the shortest way, find the value of 
K when 12 = 13 and r = 12. Also when 12 =.82 and 

r = .ia 

24. If <? = a 2 + 6*, find the value of c when a = 33 and 
b = 56. Also when a = 4 f t. and J = 4 f t. 7 in. 

What use is made of the formula c 2 = a 2 + b* in geometry ? 

25. If *= J<# 2 , find the value of s when $r = 32.16 and 
£ = 3.2. 

Give the meaning of the formula * = J gfl. 

26. A stone dropped from the top of a monument 
reaches the base of the monument in 4.5 seconds. How 
high is the monument ? 

27. If tf=£CF-32), find O when #=113°. Also 
when F= 1800°. 

Do you know the meaning of the formula used in this example ? 

28. Make up and work an example concerning the 
formula t a» vt. 
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29. Make up and work an example concerning V= hod. 

30. Define the word term as used in algebra. How 
many terms are there in each of Exs. 1-5? 

31. Define binomial. Trinomial. Polynomial. Write 
an example of each of these. 

32. Define power. Exponent. W rite a power and by use 
of it show the difference between a power and an exponent. 

33. Write a polynomial of the fourth degree arranged 
according to the descending powers of x. 

34. Write a polynomial of the sixth degree containing 
the letters x and y and arranged according to the ascend- 
ing powers of y. 

35. Make up and work an example similar to Ex. 5. 
To Ex. 23. 

EXERCISE 2 

Add and check each result : 



1. 


2. 


3. 


4. 


5. 


-5 


-Sx 


-3a& 2 


7afy 8 ■ 


-2.5 a¥ 


27 


6x 


-5afi a 


-3*y ■ 


- 1.7 ah? 


-15 


-Sx 


12aJ» 


-9*y 


.9 ah? 


-3 


— 5x 


-aP 


«V 


- .8 o¥ 


__J 


X 


-Soft* 


2aV 


5 ah? 


6. 




7. 


8. 


9. 


3<> + y) 




-4(a-6) 
- 7 (a - 5) 


8Va — x 


| Trr 8 


50 + y) 


- 9 Va - x 


-iirr- 


2(x + y) 




(a -J) 


— Va — a; 


-fwr 8 


7(z + y) 




6(a - J) 


- 2 Va - * 


i^ 



Reduce each of the following to its simplest form : 
10» a; — 2y+8$r + 4y +# + 5 y — y — 5a — 5 y +x 
11. a 2 -aJ + 36 2 + 2a 2 + 2ai + 3a 2 -a6+i 2 +a 2 -2i 2 
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12. lp + q + 5r — 10pq + 2p — 3r + lSpr — 4pr + 5r 

— 5pq+p— 16 r + 21 pr — pr + 7 p+ 9 r— 3 q+2pq— 4tpr 

— 6^? 

13. $x-ly + z-\y + Z$z + $x+$z-\z+ly-%$x 
-7}*+2£y 

14. Sab + .2ac + .75 i<? - .02 ab - .35 ac+ .003 fo?+.6 ab 

— 7.2 ac 

15. Reduce 5 aa666 — 3 aa666 — 7 aaJJJ + 8 aabbb to its 
simplest form. Compare the number of symbols in the 
two forms. 

Subtract and check each result: 

16. 17. ia 19. 

a 2 -3aft + 26 2 90-#) -7Va^ a + b 

3 a 2 - 5 ab - 7 ft 2 - 2(> - y) Va^x b + c 

20. 21. 22. 

(2a-36> (a + 6-<?> (3a-2 6-<?)y 

(a + b)x (b + c— a)x (5 a — 2 6 + d)y 

Find the expression which must be added 

23. To 2 a — 3 6 to make 5 a — 7 b. 

24. To 3 a 2 - 2a + l to make 7a 8 - 2a 2 - 3. 

25. To x*» + 5x n + 7 to make 8a? n - 3z n - 2. 

26. From the sum of 3 a + 5 J — 2e and 7a — 2 J + 5 <? 
subtract their difference. 

27. From the sum of (5 a — 3 6)2; and (2 a — 5 6)3 sub- 
tract their difference. 

If ^ = 32?-2» + 5,^=5^-7, <7=3s-2, find 

28. 4 + JB-<7 29. B-A-C 30. (7--A-.B 
31. If Rome was founded in the year — 753 and cap- 
tured by the Goths in the year + 410, find the number of 
years between these dates. 
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32. Hydrogen melts at a temperature of — 256° C. and 
ammonia at — 34° C. Find the difference between these 
temperatures. 

33. Make up and work an example similar to Ex. 15. 
To Ex. 27. To Ex. 81. 

1. Multiplication by the Use of Detached Coefficient*. The 
process of multiplying one polynomial by another can often 
be much abbreviated, and the likelihood of error dimin- 
ished, by detaching the coefficients of the terms of the 
polynomial, performing the multiplication with respect to 
the coefficients alone, and then supplying the proper 
powers of the letters in the product obtained. Thus, 

Ex.1. Multiply 6a?-5a?-4a:-3by 6a? + 5a?-4. 
Detaching coefficients, 



6- 


-5 


-4 - 


-3 


= - 


-6 


6 + 5 


-4 




= 


7 


36- 


-30 


-24- 


-18 








30 


-25, 


r-20- 


15 








-24 + 20 + 16 + 12 





36+ 0-73-18+ 1 + 12 =-42 

Annexing the powers of x, 86 x 6 + x 4 — 73 x* — 18 x* + x + 12 
Or 36 x 6 - 73 x* - 18 x 2 + x + 12. Product. 

The check is obtained by letting x = 1. 

By performing the above multiplication in full, the pupil will find 
that by the use of detached coefficients the work is shortened by at 
least one half, and that the likelihood of error is also diminished. 

Ex.2. Multiply a? + Sa*z-2cfi by a 8 -4oa?+ 3a 8 . 

1+0+3-2 =-2 

1-4 + + 8 = 

1+0+3-2 
-4-0-12 + 8 

+ 3+0+9-6 



1-4 + 3-11 + 8 + 9-6 = 
Hence, x* - 4a* 5 + 3 a*x* - 11 a*x* + 8a*x* + 9 atx -6a 4 . Product. 
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EXERCISE 3 

Multiply by the use of detached coefficients and check 
each result : 

l. 3£ + l by s + 2 2 . 3a? + 4y by 4a?-5y 

3. 3 2 -3s + lby 2a?-3 

4. 3a 2 -4dwc + a?by 2a- Sx 

5. 2y«-4y 2 +y-lby2y-5 

6. 4a? + a;-2by 3a?-a;-5 

7. 2^ + 3^- 4^ + ^ by 3^ + y 8 

8. 5a? + a:-5by 3a?-2a?-4 

9. 4a 8 +2a^-6«by S^-a^ + i 8 

10. 3a?-4afy + 3a;y 2 -2y 8 by a? + 3<ry + 2y 2 

11. 2z 4 -4:r 8 + 3x8- 2a?+lby l + 2a? + a? 

12. 3a? + 6a? + a? + 15by l + a?-3a; 

13. 2s 8 - s-5 + 3a?bya;-5 + 2:r 8 -3a; 2 

14. | a 2 + £aJ + i6 2 by £<*-£& 

15. l^-J^+ix + ibyl^ + ^-^ + i 

16. 1.2a? + 1.5 x + 6.4 by 2.4 x -3 

17. 1.8 a 2 -3.2 a +.48 by 2.5 a +.5 

18. 4a? n+1 — Sa^ + a^by a?+2a; + l 

19. 3a^- 1 + 2a?*-*-3a^by2a?-3a; + 2 

20. What is meant by the degree of a term ? Write a 
term of the 2d degree. Of the 3d degree. One of the 
5th degree and containing two literal factors. Also one 
of the 8th degree and containing three literal factors. 

21. What is meant by a homogeneous polynomial expres- 
sion t In the above examples, point out three homogeneous 
polynomial expressions. 
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22. Also point out an example in which both the mul- 
tiplicand and the multiplier are homogeneous expressions. 
Show that in this case the product is also homogeneous. 

23. State the rule for signs in multiplication and illus- 
trate it. 

24. State the rule for exponents in multiplication and 
illustrate it. 

Multiply and check each result : 

25. 5<>+-y) 2 -40+-y)+2by 3<> + y) 

26. 5(s-y) 2 + 3(*--y)--2by2(z--y)-5 

27. x 2 +- y 2 -+ z 2 ■+ 2 xy — xz — yz by x + y + z 

28. a 2 + 6 2 -f c 2 — ah — ac — be by a +- b + c 

29. x 2 -+ y 2 — z 2 — xz +- xy — yz by x — y — 2 

30. In Ex. 10 perform the work without the use of 
detached coefficients. Then multiply by use of detached 
coefficients. Compare the amount of work in the two 
processes. 

31. Make up and work an example similar to Ex. 9. 
To Ex. 14. 

32. To Ex. 17. To Ex. 18. 

2. Division by the Use of Detached Coefficient*. 

Ex. Divide x* - 2 x 2 y 2 + 8 xtf - 3 y 4 by x 2 +- 2 xy - y 2 . 

1 + 0-2 + 8-3 11 + 2-1 =4 + 2 

1-2+3 =2 



1 + 2- 


-1 




-2- 

-2- 


-1 + 8 

-4 + 2 






3 + 6- 
3 + 6- 


3 
3 



Hence, x 2 — 2 xy + 3 y 2 . Quotient 
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EXERCISE 4 

Divide by the use of detached coefficients and check 
each result : 

1. 8a*-2s 8 +a?-lby2a; + l 

2. 6a*-19:c 2 y + 21a;y 2 -10y 8 by 3rr-5y 

3. 2a*-5a*-23 8 +9s 2 -7a; + 3by 2a? + z-8 

4. 3afy-10afy 2 + 4aV + 6a;y 4 + y 6 by 3afy-4a;y 2 

-y 8 

5. ofi — 5 afy + 10 a?y 2 — 10 afy 8 + 5 ajy 4 — y 6 by a? — 
3 a^y + 3 a:y a — y 8 

6. o* + a 2 & 2 + 6 4 by ^-aft+J 2 

7. 3a^-ic 6 -20-5a;+« 6 -7^ + 17^ by 5 + ^- 
3a? 

8. 16^ + 81^ + 36^^ 4a 2 + 9y 2 +6a;y 

9. - a * + 2aa* + 8a^-16a 8 a?-16a 4 a;+32a 6 by a* 

10. £a*-17$:r + 2by fa + f 

12. .Ia 2 -.23a6 + .12 6 2 by .2a-. 36 

13. 4.5a 8 - 7.1s 2 -. 4a? + . 24 by 1.8 re 2 - 3.2 a; + .48 

14. s n+1 — a^ | - 1 -6a; n - 2 — 2a; + 4 by a:- 2 

15. ^+1 _ a^. _ 2 a**' 1 + 3 a* 1 " 2 - 10 a^" 8 by aj n+1 -3a^ 
+ 4 a*n-i _ 5 ajn-2 

16. When a homogeneous expression is divided by 
another homogeneous expression is the quotient also homo- 
geneous? Illustrate by one of the above examples. 

17. State the rule for signs in division and illustrate it. 

18. State the rule for exponents in division and illus- 
trate it* 
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Divide : 

19. 120 + y) 4 - 80 + y) 8 - 160 + y) 2 by 4<> + y) a 

20. 9(a - J) 6 - 12(a - J) 8 + 15(a - J) by 3(a - 6) 
2i. (jfl + b* + a? + 3ab* + Sa 2 b by a + b + x 

22. rr 8 + y 8 — s 8 + 3 a^y + 3 ay 3 by a + y — 2 

23. cfi + b z + <P— 3 abc by a + b + c 

If z = 0, t/ = 2, z = — 3, a = 1, find the value of 

24. sy% ^ 6^ 33 y + x 

25. rry a + 2 3 5 

26. 3a 2 y 5a?-3a a g 34- y + 5s 

27. 3a 8 s ,4 2: , « 

35. - + 3 a 

28. 5 + cPx Scfiv + sfi a 

32. ■* — : 

29. 4 3% + 5 az 2 x + y 36. az 2 + 5 a 4 

37. In Ex. 5 perform the division without the use of 
detached coefficients. Now divide, using detached coeffi- 
cients. Compare the amount of work in the two processes. 

38. Make up and work an example similar to Ex. 5. 
To Ex. 12. 

39. To Ex. 14. To Ex. 24. To Ex. 33. 

EXERCISE 5 

Simplify and check each result : 

1. a-[2a + (a-l)] 

2. 2.7 +{-.4 -(3.07 -.015)} 

3. 5_|_3 + [4-(2-l)]-3j 



4. x — \x + [y — (x + y + z) — x + y + v — z]\ 

5. s-(>-y)-{-a;-[- (s - y) - O + y) — x\- 

0-y){ 

6. *-2(a-3) 8. Zx-2(bx*-Zx-Z) 

7. (a-2)(a-S) 9. (3a:«2)(5a?-3a?-2) 
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10. 3z + 5(z + y)-y 12. (x- 2)(ar- 3)(a?- 5) 

U. (3s + 5)^ + y)-y 13. x ~ 2(x- 3)(a;- 5) 

14. 5J*-(ft-aO(2i-3aO 

15. 5-3(a-2) 2 -2(3-2a)(l + a) 

16. 3a?-[x(a-s)-a(3:-a)]-22* 

17. 3(a - 6) 2 - 2{(* + 6) 2 -(a - i)(a + 5){ + 2 J 2 

18. 3[(a; + 2y)-5&y]-5[(a?-3)y + &r] 

-40-y)(3*-2y) 

19. In the shortest way, multiply the sum of (x — 2 y) a 
and (2# — y) 2 by 3 x — 2(a; — y). 

If a; = 3, y = 0, a=x— 2, 6 =* — 5, find the value of 

20. 6^y 4- 3 a(a — J) 21. 4 a 2 — axy (4 a — J) 

22. 2(a 2 -I- 6) — &ry + ah) 

23. 3 zy(a - J) 2 - 5 y 2 (2 a - 3 J) 2 + 6 x 2 (2 a -J) 2 

24. 3 z(> — 2 a) - { 2;- (x — l)(a + 1) - (a + a;) 2 ] +5 ax 

25. From 3 times the product of x+ 5 and 3a?— 5 sub- 
tract 5 times the product of 1 — 2 x and 2 x — 3. 

26. From the sum of 2 a; + 5 y and 3 y — 5 a; subtract 
x — 7 y. Verify the result when a: = 1 and y = 1. Also 
when a; = 2 and y = — 3. 

In each of the following expressions, insert the last 
three terms in a parenthesis preceded by a prinus sign : 

27. a 8 — 5a£— 3a;+l 29. a+b—c—d 

28. Qp + boP— 3a; + l 30. a — 6 — — <2 
Collect the coefficients of a;, y, z in 

31. 5a? + 3y + 7» — aa? + 6e — ca; — c?y + as 

32. — 3y + 7s + 4«-aa?-25y — 2«a? + 5iy + 7* 

33. Who first used the letters a?, y, and z to represent 
unknown numbers in equations in algebra? (See p. 256.) 
Find out all you can about this man. 
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34. Give some of the other symbols that were used to 
represent unknown numbers before the use of the last 
three letters of the alphabet was suggested. 

35. Can you point out any advantages in the use of 
sb, y, and z instead of the other symbols once used for the 
same purpose? 

36. Find out, if you can, whether any other symbols 
than the last letters of the alphabet are now usfcd to repre- 
sent an unknown number in an equation? How many 
different symbols can be used for this purpose ? 

37. Who invented the parenthesis sign and when ? 

38. Make up and work examples similar to such of the 
above examples as the teacher may indicate. 

Abbreviated Multiplication and Division 

3. Type Forms of Abbreviated Multiplication. The labor 
involved in the multiplication of algebraic expressions 
may frequently be much diminished by the use of one or 
more of the following relations : 

I. (a+»)* = rf + 2afr+P. 

Ex. (4 x 2 + 3 y) 2 = 16 x* + 24 x 2 y + 9 y 2 . Product. 

II. (a-6) 2 =a 2 -2a6+62. 

Ex. 1. (3 a*- 1 - 2 xy n + 1 ) 2 = 9 a* 1 " 2 - 12 x 1t y n + 1 + 4 x*y**+ 2 . Product 

Ex.2. (x + y-2z)(x-y + 2z) = [x +(y - 2*)][>-(y -2z)] 

= x 2 - (y - 2 z) 2 
= x 2 - (y 2 - 4 yz + 4 z 2 ) 
= x 2 — y 2 + 4 yz — 4 z 2 . Product 

III. (a+&+c + O a = o 2 + 6 ? +c a + d 2 + 2a& + 2ae 

+ 2ad+2bc + 2bd+2cd. 

Ex. (2 x - y - 3 z) 2 = 4 x 2 + y 2 + 9 z 2 - 4 xy - 12 xz + 6 yz. 

Product 
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IV. (x + aXx+^^+Ca+^x + fl*. 

Ex. (x + 3 y)(x - 2 y) = x a + ary - 6 y 2 . Product. 

V. (ar+6)(cx+d)=acx 2 + (ad+6c)x+M. 

Ex. (3x + 5)(2jc-7) =6ar a - 11 a: -35. Product. 

EXERCISE 6 

Write at sight the value of each of the following and 
check each result : 

1. (3s- 5) 2 6. (3a?-5)(4a?-7) 

2. (3s + 5) 2 7. (Zx*-bxyy 

3. (3a? + 5)(3a?-5) 8. (a + 6 + <?)(a + J -<?) 

4. (3z+.4)(2a;-5) 9. (l-2x + x*y 

5. (a; + 5 a)(x — 2 a) 10. (a + 6 — <?)(a — J + c) 
11. (a a + az + s 2 )(a a --aa; + a?) 

12. (a-2z + 3y) 2 14. (a"" 1 * + 3 a 2 6 n ) 2 

13. (3s»-5)(3tf» + 5) 15. (1^2x+3x*-x*/ 

16. [(a-6) + (o;-hy)][(a-6)-(^ + y)] 

17. (4a? + 2a; + l)(4^-2a; + l) 

18. (3^-5y)(4a^-y) 

19. (f* + £) 2 21. (.3a-.5 6) 2 

20. (£a-5 6)(£a + 5J) 22. (1.2 a; - .05) 2 

23. Show that (2 2; — 3 y) 2 has the same value as 
(3 y - 2 a;) 2 . Why is this ? 

24. Make up and work an example similar to Ex. 19. 
To Ex. 23. 

Simplify the following, using methods of abbreviated 
multiplication as far as possible : 

25. (x + yy+(x- y y 27. (* + 2y) 2 + (a;-2y) 2 

26. (x + y) 2 - (x - y) 2 28. (3z-y) 2 -(3a; + y) 2 
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29. (3z-l) a -(3a; + 2)(32?-2) 

30. 4(a - 3 6) 2 - 5(2 a + J) a + 3(2 a + 3 6)(2 a - 3 6) 

31. (5a-36)(2a-6)-3(a-5 6) a +(a-56)(a+4 6) 

32. (a + J + <?)(a + 6 - <?) - 3(a - <?) 2 - (6 + <?) a 

33. Show that cfl = (a + 6) (a — 6) + J 2 . By use of this 
relation, find the value of (7£) a in a short way. (Let 
a = 7£, b = J, etc.) 

34. In like manner, find the value of (6J) a . Of (9J) a . 
Of (12£) a . 

35. How many of the above examples can you work at 
sight ? 

4. Type Forms of Abbreviated Division. The labor in- 
volved in the division of algebraic expressions may 
frequently be much lessened by use of one of the follow- 
ing relations: 

I. ^L^ = a-fc 

Ex. a \- ™( x ~ fi* = a 2 - 4(x - y) 2 . Quotient. 

II. *ZL# = a +b. 

a-b 

Ex. a% " 9 ** = a 4 + 3 a*. Quotient. 
a 4 -3s« 

III. ^±^ ==fl 2_ a6+ j?. 

Ex. 8 **+'.?* = 4 x 2 - 2 sy 2 + y 4 . Qtiotont. 
2 ar + y 2 

IV. ^ZL^ = fl 2 +a6 + 6 3. 

a-6 

Ex 8i»-(c4-rf)» = 4 ^4 + 2 ar 2 (c + J/) + (c + d) 2 . Quotient. 
2 x 2 - (c + d) 
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a+b 

Ex. 32 ** + y6 = 16s* - 8x*y + 4a?V - 2xy» -f y«. Quo<tcfrf. 

a — 6 

EXERCISE 7 

Write at sight the quotient for each of the following : 

1. a *-y 2 6 . a5 + ^ 5 ii. <* 2 - 4Q + y) 2 

a-y ' a + y ' a + 2(x + y) 

2 a*-y* 7 4 a: 2 - y 2 12 8(a? + yY - a 6 

a — y 2a; + y * 2(a + y)— a 2 



3. 



a 6 — y 6 q 8 z 3 — y 3 _ J 6 — y 9 

S2_ g # __ fcl — 13. — : — - 

a — y 2z — y o 2 — y 3 



cP + y * 32 a*-y 5 27 a 3 - 8(a + 6) 8 

a + y * 2 a; — y * 3 a;— 2(a + 6) 

5 <* 2 -y 2 ia a* + 8y» 15 a* + 8z» 

a + y " a; + 2 y " a 2 + 2 a? 

16. In Ex. 12, by multiplying remove the parenthesis 
in both dividend and divisor, and then divide by long 
division. The work involved in this long division is 
about how many times that in the abbreviated division 
process ? 

Write a binomial divisor and the corresponding quo- 
tient for each of the following wherever possible: 

17 . *-8i» _ ao. 27 a »-8y» _ 

19 . LzM= aa. ^^= 
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23 . i^ = 27 . w^±i _ 

24 8« a -9Q-,yV» = 28 ^-270 + M 8 ^ 

25. — = 29. ^^ = 

26 -008 + y« = ^ .008s8-.027.y8 = 

31. Write the quotient for , . Also for — ^— . 

^ a + 6 a — b 

32. AlsoforCaU+^O-J-Ca + J). For(a u - 6 u ) + (a-J). 

For what values of n will 

33. a n — 5* be divisible by a — J? By a + b? 

34. a n + b n be divisible by a — b? By a + b? 

35. Make up and work an example similar to Ex. 12. 
To Ex. 20. 

36. How many of the above examples can you work at 
sight ? 



CHAPTER II 

FACTORING; FACTOR THEOREM; HIGHEST COMMON 
FACTOR AND LOWEST COMMON MULTIPLE 

5. The First Three Cases in Factoring are 

Case I. A Polynomial having a Common Factor in all 
its Terms. 

Ex. 6x*y - 9afy a - l$ax* - 125x 2 y 

= 3 x 2 (2 y — 3 xy 2 — 6 ax 2 — 4 by). Factors. 

Case II. A Trinomial that is a Perfect Square. 
Ex. 16 x 9 - 24 xy + 9 y 2 = (4 x - 3 y)\ Factors. 

Case III. The Difference of Two Perfect Squares. 
Ex. 16 x 4 - 9 y« = (4 x a + 3 y 8 ) (4 x 1 - 3 y 8 ) . Factors. 

EXERCISE 8 

Factor and check : 

1. x*-%x*y + §xy* 7. 9a 2 + 4 ai + £ b 2 

2. a?-6aty+9a^* 8. ^-16y 2 

3. x*-9xy* 9. 7(a-J) 2 -14(6-a) 

4. a* + 2x* + x* 10. (3s-2y) 8 -16.y+24s 

5. s 8 -* 11. .OdaP-.Wxy + .Oiy 2 

6. 4a 8 *-8a 2 * + a 4n 12. %z?-^qX 

13. O-Sy) 2 -^ 

14. a? + y a + * a +2ay + 2xz + 2yz 

15. 5(a + J)(a;-y)-10(a + 6) 2 (y-20 

16. ^^-^^2 !8. 15 a 2 -60 

17. 90+y) 2 -4(2s-3y) 2 19. 6<>-y) 2 -2: + y 

22 
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20. (x + y) 2 - 2 ax — 2 ay + a 2 

21. . 0004 s 2 -. 01 y 2 22. l^ + ^y + J^y a 

23. a(a: — y)—bx + by + cx — cy 

24. (a + J)a_90 + 6-l) 2 25. -4a;y 2 + ^4- 4y* 

26. (a + by - 6(a 2 - J 2 ) + 9(a - bf 

27. az 16 -a 28. z 12 -6^ + 9 29. 43 2 -9(>-y) 2 
Compute in the shortest way the numerical value of 
30. 975x863-975x861 31. 476 2 -324 2 

32. 975 x 863 + 975 x 413 - 975 x 1272 

33. 17 x 23 x 1& + 14 x 23 x 15 2 - 11 x 23 x 15 2 

34. TriP-Trr 2 when tt = ^, i2=32,r=24 

35. 89.73 2 -85.27 2 

36. De6ne factors of an algebraic expression. 

37. Define prime factor. 

38. State and illustrate some of the advantages of being 
able to resolve an algebraic expression into factors. 

39. Make up and work an example similar to Ex. 30. 
To Ex. 32. 

6. Cases IV- VI in Factoring are as follows : 
Case IV. A Trinomial of the Form x 2 + bx + c. 

Ex. x 2 - 5 xy -14 y a = (x - 7y)(x + 2y). Factors. 

Case V. A Trinomial of the Form ax 2 + bx + c. 

Ex. 6 x 2 + 11 xy - 10 y 2 = (2 x + 5y)(3 * - 2 y). Factors. 

Case VI. A Sum or Difference of Two Like Odd 
Powers. 

Ex. 1. 8 x* + y 6 = (2 x + y a )(4 x 2 - 2 xy a + y 4 ). Factors. 
Ex. 2. 27 (a + 6) s - 1 

= [3(a + 6) - 1] [9(« + b) 2 + 3(a + ft) + 1] 

= (3 a + 3 6 -l)(9a a + 18a6 + 96 a + 3a + 36 + 1). Factors. 
Ex. 3. s 6 + 32 ?/* 

= (x + 2 y) (x 4 - 2 * 8 y + 4 x 2 y a - 8 xy* + 16 y 4 ). Factors. 



24 DURELL'S ALGEBRA: BOOK TWO 

■ 

EXERCISE 9 

Factor and check : 

1. a 8 -4a 2 +3a 16. 8a*-x 

2. 2s 2 -5:r+2 17. 2s 8 + s 2 y-10a;y 2 

3. 8 s 8 - 27 18. a 6 + 27 * 9 

4. s 6 - 13 z* + 12a? 19. * 2 -0 + ?>+;>? 

5. afi + if 20. a 5 -32 a, 6 

6. 3^-ll^+6a? 21. 12a 2 -7a6-126 2 

7. ^-(a+^y + afi 22. 8a 6 + 27(> + y) 8 

8. a 9 -s» 23. l + ^V^ 

9. 15a 2 - 7a -2 24. 9 a 4 -13 a 2 + 4 

10. y 2 — ay — % + aft 25. 27 + a 6 

11. (a + ft) 8 + {x + y) 8 26. ^-gakc + Sa 2 ^ 2 

12. 8 a 6 * -27 J** 27. a 16 -l 

13. 0+y) 2 -6(>+y)+8 28. sfi + 6 afiy + 9 afy 2 

14. 2a 2 +.la-.06 29. 1-a* 

15. 3a? + 4x-4 30. a?-9(a + 6) a 

31. 3(a-J) 2 + 7(a-J>-6a? 

32. .008^-^y 8 

33. Make up and work an example under each of the 
cases reviewed thus far in this chapter. 

7. Other Cases in Factoring. 

Case VII. A Polynomial whose Terms may be grouped 
so as to be Divisible by a Biiiomial Divisor. 

Ex. ab + ax — be — ex — (ah + ax) — (bc + ex) 

= a(b + x) — c(b + x) 
= (a — c)(b + x). Factors* 
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Special Cases under Case IV. 

A. A Polynomial whose Terms may be grouped so as to 
form the Difference of Two Squares. 

Ex. s a + y a - a a - 2 xy = x* - 2 xy + y a - a a 

= (* - y) 2 - « a 

= (x — y + a)(x — y — a). Factors. 

B. 2%£ Difference of Two Perfect Squares obtained by 
the Addition and Subtraction of a Square. 

Ex. a 4 + a¥ + x 4 = a 4 + 2 a a x 2 + x 4 - a a x a 

= (o a + x a ) a - a a x a 
= (a a + x 2 + ax) (a a + * a - as). Factors. 

EXERCISE 10 

Factor and check : 

1. px + py — qx — jy 6. 16 a 4 — 9 a 2 y 2 + y 4 

2. a? + pt-2pz-f 7. 2?-a'-P + 2aft 

3. x* + ^^ + 1> 4 8. a? — a 2 + bx — aJ 

4. a 2 + ay — a6 — by 9. 4 rtf 4 + 1 

5. a a _ J2 + 2 Jy - y 2 10. 4 tf 4 + 1 - 4 x 2 - 9 y 2 

11. a 2 -2zy + & 2 -s 2 +2a6-y 2 
12. 2(a 2 -6 2 )-(a- J) 13. 2a 2 - 4z- 8a 4 + 2 

14. d^ + aV + y 4 

15. 2s 2 -9s+9+(2z-3) 2 

16. a-b-a* + b* 2 1. 6 8 + i 4 +l 

17. a 8 - 7 a -6 22. a 2 + a-6 2 -J 

18. 64a 4 + l 23. 4:r 2 -9y 2 -l-6y 

19. 1-f 3a 2 + 4a 4 2 4. 4s 2 - 9 y 2 +4s- 6y 

20. 3(a 8 + 8)-9(a + 2) 25. 2; 12 -6^ + 9 

26. 3(a-6)(a + 6) 2 + (a+J) 8 

27. Make up and work an example under each of the 
cases in factoring studied thus far, 
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8. Examples Preliminary to the Factor Theorem. 

Ex. 1. Factor a* + 3 a 2 - 4. 

By separating 3 a 2 into 2 a 2 + a 2 , we obtain 

a 8 + 3 a 2 - 4 =a 8 + 2 a 2 + a 2 - 4 

= a\a + 2) + (a + 2)(a - 2) 

= (a-f 2)(a 2 + a-2) 

= (a + 2)(a + 2) (a - 1). Factors. 

Ex. 2. Factor ** + 2 s 8 - 13 s 2 - 14 z + 24. 

By repeated splitting of terms, we obtain 

x 4 + 2 x« - 13 a: 2 - 14 x + 24 

= x 4 - x 8 - 3 x 8 - 13 x 2 - 14 x + 24 

= x 4 - x 8 + 3 x 8 - 3 x 2 - 10 x 2 - 14 x + 24 

= x 4 - x 8 + 3 x 8 - 3 x 2 - 10 x 2 - 10 x - 24 x + 24 

= x**(x - 1) + 3 x 2 (x - 1) - 10 x(x - 1) - 24(x - 1) 

= (x-l)(x 8 + 3x 2 -10x-24) 

Hence, x — 1 is a factor of the original expression. 

This result might have been obtained in a shorter way. For, as 
this last expression reduces to zero when x = 1, we might test the first 
expression to see if it is divisible by x — 1, by substituting 1 for x and 
noting whether the expression reduces to zero. 

This last test may be further abbreviated to merely noting whether 
the algebraic sum of the coefficients of the terms is zero. 

By splitting the terms of x 8 + 3 x 2 — 10 x — 24 in like manner, 
we obtain as a final result 

x 4 + 2x 8 -13x 2 - 14x + 24=(x- l)(x + 2)(x- 3)(x + 4). Factors. 

Ex. 3. Determine by inspection whether #* ■+- ofi — 6 a? 
— 4 x + 8 is divisible by x — 1. 

Summing the coefficients, we have 

1 + 1-6-4 + 8 = 0; 

hence, x — 1 is a factor of the given expression. 

In like manner, if an expression is divisible by x + 1, the sum of 
the coefficients of the even terms must equal the sum of the coeffi- 
cients of the odd terms* 
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9. Factor Theorem. If any rational integral expression 

containing x becomes equal to zero when a is substituted for 

x, then x — a is a factor of the given expression. 

For, let E stand for any rational integral algebraic expression. 

If E is divided by x — a till a remainder is obtained in which x 

does not occur, denote the quotient by Q and the remainder by R. 

Then 

E- Q(x-a)+R 

Let x = a 

Then = Q(0) + R (since E = when x = a) 

.-. R = 

Hence, E = Q(x — a), or x — a is a factor of JE 

Ex. Factors 8 -12 s + 16. 

By trial we find that x 8 - 12 x + 16 = when x = 2 

.\ x — 2 is a factor of x 8 — 12 x + 16 

By division x 8 - 12x + 16 =(x - 2)(x a + 2x - 8) 

= (x - 2) (x - 2) (x + 4). Factors. 

Note that the only numbers which need to be tried as values 
of x are the factors of the last term of the given expression. 
This follows from the fact that the last term of the divi- 
dend must be divisible by the last term of the divisor. 

EXERCISE 11 

1. Determine whether ofi — 5 a? + 7 a; — 3 is divisible 
by a; — 1. Is a; — la factor of the given expression ? 

2. Determine whether x — 1 is a factor of #* + a? 
— 8 a? + 8. Also whether x — 2 is a factor. 

3. Iss-1 a factor of **-4z 8 -7s 2 +22a; + 24? Is 
a?-2afactor? a;- 3? rr + 1? x + 2? 

By use of the factor theorem, find the factors of 

4. a? -9 6. a? -7 a; + 6 

5. a? + a?-2x 7. s 8 - 6a? + Ha?- 6 

8. a*-103 8 + 35:r 2 -50a; + 24 
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9. x* + llx*+41x + 61x + 30 

10. x*-Ux*+nx*-15±x+120 

11. 2s 8 -3s a -5z + 6 13. 3^-^-20rr-12 

12. 3x*-7x 2 -2x + 8 14. a 8 -6a 2 + 25 

15. y*-28y 2 +33y-90 

16. Prove that x n — y n is always divisible by x — y. 

17. Prove that x n + y n is always divisible by x + y when 
n is odd. 

18. Show that (1 — x) 2 is a factor of 1 — x — x n + a w+1 . 
Without actual division, show that 

19. bc(b — (?) + ca(c — a) + a6(a — J) is divisible by b—c. 

Sua. In the given expression, change each c into b and show that 
the result reduces to zero. 

20. x(jy + z — x) 2 + y(z + x — yY + z(x + y — z) 2 

+ (y + 2 — #)(3 + # — #)(# 4- y — z) is divisible by x. 
Sug. In the given expression, let x = 0. 

21. a 2 (6 — c) + J 2 (<? — a) 4- ^(a — J) is divisible by b — c. 
Also by c — a. Also by a — b. 

22. a 8 4- 6 8 + e 8 — 3 aic is divisible by a + b + c. 

23. Make up and work an example similar to Ex. 3. 
To Ex. 5. To Ex. 8. 

EXERCISE 12 

General Review op Factoring 

Factor and check : 

1. x*-5x* + Gx 6. 6xy 2 - 5afy -4a* 

2. x 8 - 4a 2 z 7. 6 4 + b 2 x* + x 4 

3. 2 x 8 — 8 ax 2 + 8 a*x 8. ay + by — ax — bx 

4. x 1 — x 9. x 9 — x 

5. x 4 + 2y - 1 - y 2 10. a 12 + * 12 
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11. a 12 -x 12 22. (fti_ft+8)«-(P+&-2)« 

12. x 8 - 13 x + 12 23. x(x - 2) - y(y - z) 

13. 10a 2 x-10x 24. a 8 + 2a 2 + 2a + l 

14. 5(x - l) 8 - a; 8 + 1 25. l-Mx^x 4 

15. 72-x-x 2 26. 21X 4 - Hx 8 -^* 2 

16. 8a<-(a + 6) 8 27. x 6 - 4x 8 + 5x 2 - 20 

17. (a + 6) 2 -4(a + &)+3 28. a 8 - a 3 - 1 + a 

18. a 7 + 128 29. x 8 -9x + 8 

19. (x - 6) 2 - a 2 30. 3a 2 - 27 + a 2 x - 9* 

20. 4(a - 6) 2 - 9(x + y)* 31. (3x 2 y - 3xy 2 ) 2 

21. l-j> 18 32. 8(a+6) 8 -(x-y) 8 

33. (a 2 4- & 2 ) 4 - 16 a 4 6 4 

34. (a + b)\x - y) + (a + ft)(x - y) 2 

35. (a + b) 2 + 4(a + b)(x - y) + 4(x - y) 2 

36. x 2 - 6ax -96 2 -18a6 

37. (a 2 - 5 x) 2 - 2(x 2 - 5 x) - 24 

38. (3x 2 -3y 2 ) 8 

39. (a 2 - ft 2 ) 2 + (2 a + 3) (a - by 

40. 4/> + 4an + p 2 - 4 a 2 -^ n 2 + 4 

41. 2(a 8 -8)+7a 2 -17a + 6 

42. a 8 - 4a 4 - 16a 2 + 64 46. a 2 b 2 - a 2 - b 2 + 1 

43. x 8 + 2 x 2 - 5 x - 6 47. x 4 -2(a 2 +6 2 )x 2 + (a 2 + b 2 ) 2 

44. 25 a 4 + 34 a 2 b 2 + 49 6 4 48. x 8 " - y 8 * 

45. x 4 + x 8 - 7x 2 - x + 6 49. x 2 " - 2 x-y 2 " + y 4 * 

50. a 2 + fc 2 + c 2 + 2a&--2ac-26c 

51. a 8 + & 8 + a 2 6 + a& 2 + a + 5 

52. 3(a-x) 8 -x + a 55. x« - 32 a 5 x 

53. x 15 + 1 56. 21 x 4 - 40 x*y - 21 x 2 y 2 

54. 27000-1 57. a 8 - 2a 2 6 - 4a& 2 + 86 8 



1 
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10. Highest Common Factor and Lowest Common Multiple. 

Ex. 1. Find the H. C. F. and L. CM. of 12 a 2 -12oi + 6 6 2 , 
9 a 2 - 9 J 3 , and 12(a - i) 8 . 

6a 2 -12a& + 6& 2 = 6(a - &)* 

9a 2 -96 2 = 9(a + 6)(a-6) 
12(a - b) 9 = 12(a - 6) 8 
Hence, H. C. F. = 3(a - b). Ans. 

L. C. M. = 36(a + ft) (a - by. Ans. 

Ex. 2. Find the H. C. F. and L. C. M. of ^(3 afy- 3zy 2> ) 2 , 
and 6 x(jf — a:) 8 . 

x*(3 xhf - 3 ary 2 ) 2 = x 2 ^ xy (* - y)] 2 = 9 x«y 2 (* - y ) 2 
6*(y - x) 8 = 6x[-(x - y)] 8 = - 6x(x — y)« 
Hence, H. C. F. = 3 x(x — y) 2 . Ans. 

L. C. M. = 18 x*y\x - y) 8 . A ns. 

EXERCISE 13 

Find the H. C. F. and L. C. M. of 

1. 3 &y, 9 xy\ 12 xhf 4. cfi- 3a 2 , a 2 - 9 

2. 24 a 2 6 8 , 56 a 8 6 2 , 12 a 8 fi 4 <? 5. 6O 8 - y 8 ), 9(a? - y 2 ) 

3. 5 obc, 10 aW, 15 a^c 2 6. 18<>- l) 2 , 240 2 - 1) 

7. 6(a 2 -l), a 2 -a, 4a 2 -8a+4 

8. 9s 8 - 9a, 62*- 122* + 6s 2 

9. x*-x, x* + x*-2x 2 ,x* + 3x* + 2z* 

10. 1 - X 2 , (1 + a) 2 , 1+ 3? 

11. 15 a^O - y ) 2 , 3 fcry (s 2 - y 2 ), 9 *<a; + y) 2 

12. (x*y — #y 2 ) 8 , x*y*(x — y) 4 

13. (3 a? - 3 xy) 8 , 36 x*(x* - y 2 ) 2 

14. (a-J)(* + y), (&-a)(>-y) 

15. (a - 6) 2 + y), (6 - a) 2 <> - y) 

16. a?(5 x - 5 a) 2 , 5 s(a 2 - x 2 ) 
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17. Define common factor. Also highest common factor. 
Give an example of a common factor which is not a 

highest common factor. 

18. Define common multiple. Also lowest common multiple. 
Give an example of a common multiple which is not a 

lowest common multiple. 

19. Write two expressions whose H. C. F. is 3(a — J). 

20. Write three expressions whose L. C. M. is 24 ofly* 
(a - by (a + by. 

21. Who first used the sign + to denote addition and 
when? (See p. 257.) 

22. Give some other symbols used to represent addition 
before the sign -f- was invented. Discuss, as far as you 
can, the relative advantages of these signs. 

23. Answer the questions in Ex. 21 for the subtraction 
sign. 

24. Answer the questions in Ex. 21 for the sign x . 

25. For the sign -*-. 

26. For the sign = . 



CHAPTER III 

REVIEW EXERCISES IN FRACTIONS; FRACTIONAL 

EQUATIONS 

11. Important Properties of Fractions. 

(1) If the numerator and denominator of a fraction are 
both multiplied or divided by the same quantity, the value of 
the fraction is not changed, 

(2) The sign* of any even number of factors of the nu- 
merator and denominator of a fraction may be changed 
without changing the sign of the fraction; 

But if the signs of an odd number of factors are changed, 
the sign of the fraction must be changed. 

a? — 4 
Ex. 1. Reduce — to its lowest terms. 

(2 - xf 

X 2 _ 4 = (g + 2 ) ( x - 2 ) = (x + 2)(x - 2) = g + 2 A 
(2-xf (2-x)(2-x) (x-2)(x-2) x -2* 

oft — or^ I (jr 

Ex. 2. Reduce - — ^— to a mixed number. 

# 2 + 2 



X 3 — X 2 + X 

X s + 2x 



x 2 + 2 



x-l 



— X 2 — X 

-x 2 -2 

-x + 2 

Hence, * ~l* t * = * - 1 - ^P\. Ans - 

x 2 + 2 x 2 + 2 

82 
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EXERCISE 14 

Reduce to its simplest form : 

64 - 64 a*x 10 y 

72 a*a* 



l. -r-? 



3. 



2. 



7. 



8. 



9. 



10. 



11. 



12. 



81 

27 aWy* 
36dfeV 

a?-4 
a? — 4# + 4 

3 a 2 - 27 
6a 2 -24a + 18 

3a?+4a?-4 
a? + 3a; + 2 

a8-64 
a 8 - 16 

3 3?(g — y) 2 
(3a?-3a;y) 2 

a 2_J2_ c 2_26tf 



5. 



3afy 



9aff-12y» 



12 a?- 16 



13 



6 a? — 9 afy 

18(g - 5) 2 
' "--J 2 ) 



14 



15 



16 



17 



18 



xy 45 (a 2 

6a 2 -7a6 + 26 2 
6a*-a6-2P 

16-s 2 
<*-7* + 12 

p8-27 
9-6jt> + j^ 

4-(a; + y) 2 
( a .- 2 ) 2 -y 2 

(tt-l)(2-aQ(3-aQ 
(l-a;)(a;-2)(a:-4) 

x 2 — (p + q)x + pq 
2? — (p + r)x+pr 



19. State which of the following can be simplified by 
striking out a 2 : 



(fix a 2 + x cfix x + cfl 

cfiy cfl + y <P+y 5 + 3a 2 

Reduce to a mixed quantity : 



5a 2 



20. 



32 



a? — a? 

a? + a; + l 



21. 



32-3S-5 



22. 



8a 2 -6 
2a + l 



24. 



a 2 -a? + a + l 
a + x 
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Reduce to an improper fraction : 

25. 13* 28. ^-,+ 2-l^iI 

26. 3*-2 + £ as. 6a _( 2 -3")' 

x 4 

...+ ;-<-*£ „.„._[„_ (, __!_)] 

31. Define fraction. Improper fraction. Mixed number. 

32. Define integral expression. Fraction in its lowest 
terms. 

33. State some of the uses of fractions. 

34. How many figures are used in writing £}£ ? How 
many in writing $ ? Compare the labor in writing these 
fractions. 

What other advantages are sometimes connected with 
using § instead of |^| ? Why is it sometimes an advan- 
tage to use f^f instead of | ? 

35. The labor of writing ~ ^^ is about how 

12 a a — 16 ab 

..36 
many times that of writing — ? What principle makes 

this economy possible ? 

12. Fundamental Operations with Fractions. 

Ex. 1. Simplify + 



a 2 — b 2 a + b b — a 

a 8 + 6 2 q 6 _ a* + ft 2 - a(a - b) - b(a + ft) 

a 2 - fc2 a + ft a _ ft a 2 _ ft2 

_ a 2 -f b 2 - a 2 + ab - ah - ft* 
a 2 - ft 2 




a 2 -6 2 



= 0. -4rw. 
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e - 2 -«^&*( i+ ^)^ 



« 8 + * 3 „/% , b \. a 2 -a6 + 6 2 

6 s 
The given expression 

_ o» + 6» x _o_ x (q-6)(qg + q6+& a ) 

a(a 2 + ab + #») a - b a 2 - a£ + #* 

= a 4- b. Arts* 

EXERCISE 15 

Simplify : 

2s-3 x -1 3(2 -g) 

5 10 + 15 

4g-7 7a;-3 3s-2 
" 7a? 9x 3s 3 

«ia i-ii-i-i ^ 3a ,2a ,10 a 






a + 2 2-a a 2 -4 



6. 



a + 3 a + 2 a+1 
y xy xy 2 

x + y (x + yy (x + yf 



_ 3a + 6 3a-6 , 14 aft 



8. 



a _ 2 6 a +26 46 2 -a 2 
2 r--3 r 2 



r + 4 / 2 -4r+16 r* + 64 



9 p + 3 p- 2 1 7> + 4 

j^-2^-8 ^-7^ + 12 \p 2 -^- 6 

28 as 2 9 q 2 6 . 21 q g s 
" 156 2 <? SA^lOW 



4+462 2 + 26* 8-86 8 + 86 

13 . (j^f^yrc* - yy - _li 
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14 . »•+_*_ + 1 



x 2 — y 2 y — x x + y 

» (• +1 +3(- 1 +;)*3&3> 

a-b-e y-(a-c) 8 <*-( a -b)* 
a+b-c a* - (b + cy~*~ (a + b)*- <? 

17. A-+ 5 7 



8-83 4a; + 4 8a*-8 

/g 4- 2 b a - 2 6 \ /g + 2 6 g-26\ 

* \a-24 a + 2i/ U-2J a + 26/ 

,_ 1 [s 8 — 6# — 3 T 1 x 

19. - — 



2 2a*-2 



[x-1 x* + x + \] 



20. 1 2 j 

O-y)O-*0 (y-*)(y-*) (*-»X*-y) 



22 



(a — 6)(a — c) (6 — <?)(ft — a) (<? — a)(e — J) 

■ [(-3*c-»)]C-fO 



». . ,' „ + » i 



(5-a)(a-3) 10-7a + a a (a-2)(3-a) 

25. JL±1- 2 P-^ +—g L 

6^-6 12jj + 12 Z-%? 12p 

*' (J + ^+S-O-Gsi + S + s) 

27 ' ^2-L; + ^-3x + 2 -l^l + 3 JJ 

28. How many examples in Exercise 12 (p. 28) can you 
work at sight ? 
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13. Reduction of Complex Fractions. 

1 _JL 3s-2 
t. i 3x 3a: 3 x - 2 w 9x _ 3 

* iX - 1 - 4- = 9:r 2 -4"~ 3x * 9 s a - 4 ""3a: + 2 ™' 

a: — 



Ex.2. 



9x 9a: 

1 1 



2 2 

a + =-rr- a + 



x 1_ q-3 

a-2 a-2 

1 _ 1 a-3 

"" 2q-4 ~ q a -a-4 -q a -a-4' * 
a+ a _3 a -3 

Simplify: EXERCISE 16 

l. JL-2. x±JH_x=JL 

4 s 2 x—y -x + y 

~±~T i ** + y 2 

2 x (x + #) a 



2. *Z-2« 

2 

a; 



(1 + 1_1Y 

\p q rj 



7. . 



a 1 — a 



3. * + a a 
a 1 — a 



p2q*f& 



8. 



1 + a a 



*• ai + y-o* 3 " a 

2ai 

1,1 11 « o 1 *-! 
- + - 9. 2 a: — 1 

5. x V x V 2-- 



x 



#_u? £_£ * 



x y x y 1+* 



38 
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10. 



a + 1 a+1 1 — a 
5— + —— + 



1- 



a 



a 



1 + a 1 — a 1 + a 



11. 



x-2- 



1 1 



x-2 



x-2- 



x — 5 



x — 



x — 4t 



-4 



x — 



12. 



1-27 a 8 



x — 4 



l + 8a» 



-4 



1 + 



3a 



1- 



3a 



1- 



2a 



l + 3a 



1 + 



2a 



l-2a 



13. 



11 

3 x 



a^-9 



a^+27 ^+9 



— x 



14. 



[- 



+ 



* + y O + y) 2 



LlL 1 + y) 2 J 



15. 



a: 



s-1 
x+1 






*+ 



il 



*-i 



+i 



|_*-1 



+ 1 



x+1 



-1 



16. Define complex fraction. Also continued fraction. 
Give an example of each of these. 

17. State some of the ways in which factoring is an 
aid in simplifying fractions. Illustrate. 
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Fb actional Equations 

14. An Equation is a statement of the equality of two 
algebraic expressions. 

Define members of an equation and illustrate by an ex- 
ample. 

A root of an equation is a number which, when sub- 
stituted for an unknown quantity in that equation, satis- 
fies the equation; that is, reduces the two members of the 
equation to the same number. 

Thus, 6 is the root of the equation 3z — l = 2x + 5, since, when 
6 is substituted for x, the given equation reduces to 17 = 17. 

Define degree of an equation (of one unknown), simple 
equation, identity, conditional equation, fractional equation, 
numerical equation, literal equation. 

15. Aids in solving Equations. The following principles 
are frequently used as aids in solving equations: 

The roots of an equation are not changed if 

(1) The same quantity is added to both members of the 
equation. 

(2) The same quantity is subtracted from both members 
of the equation. 

(3) Both members are multiplied by the same quantity 
or by equal quantities (provided the multiplier is not zero, 
or an expression containing the unknown). 

(4) Both members are divided by the same quantity (pro- 
vided the divisor is not zero, or an expression containing 
the unknown). 

Other principles similar to these are used later as aids in solving 
equations. 

Explain the meaning of transposition, and show for 
which of the above principles it is an abbreviation. 
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Ex.1. Solve -i ^-^±}. 

3 + ic *-3 9-s 3 

Rewriting the second fraction (why?), 

4 3 __ 8ar + 3 

3 + x + 3-a: 9 - a: a 

Multiplying each member by 9 — x a , the L. C. D. of the fractions 
involved (see Art 15, 3), 

4(3 - x)+ 3(3 + ar)= 8a? + 3 
12-4a? + 9 + 3a? = 8a?+3 
-4a? + 3a?-8a? = -12 -9 + 3 
-9s = -18 
x = 2. ifoot. 

Check, -J §_ = _* 3_ = 4+ 3 = ™ 

3+a; a?-3 3+2 2-3 5 5 

8a? + 3 ^ 16 + 3 _19 
Q-2* 9_4 5 

Ex. 2. Solve |*g - a) = ^? + a) for x. 

Removing the parentheses, — — ^- = -^ + -£■ 

3 3 5 5 

Hence, 10a: - 10a a = 9x+ 9a a 

x = 19 a 8 . Root. 
Let the pupil check the work. 

EXERCISE 17 

Solve for x and check : 

, Q 24-2s n 
1. 2 # — o = 

7 

2. !(i+*)-!(2z+-i)=o 

3. 5[3a; + (x-.4)]-4(a;-2)-36=:0 

4. s+-2 = a-8-2{8-3(5-20-a:{ 

30? 1 X + 1 1 ^J . 1\ 3,r 1>y Q 

5. — ____ (4a! + l ) = _ (> -l)-3 
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6. .Sx -.14 x = .012 x + .592 
„ 3.2s-3.4 .6s + 4 

7. — 

8. 

6 — a 6 — e 

10. 5s-[8a;-3{16-6s-(4-5a0}] 





4.5 




2.5 


a 

X 


-6 


26 
# — a 


= 


X 


— a 


?! x ~ 


- c 



= 6 



= 



4 _ a; + 1 , s 3 — 3 
2 + * 2-a; 4-s 2 

12. (a + s)(6 + s)- a2g + ^ = fl(6 + <0 



13. 



14. 



15. 



16. 



17. 



18. 



19. 



4 +JU=o 



8s+3 
9-a? 3-fa? ' »-3 

2 11 



# + 2 a?-l x + 1 

3 , l-3x 

-r 



= 



x 



x-2 tf+lx+i S-x 
x-S ^+6 a;+3 



8 



2z+6 632-54 3*-9 



= 



2}_a; 26 + a; 4J 2 -« a 



8—x 5 — x 



= 1- 



a*-2 



l_a: 7_a; 7-83 + 3* 

a)2_a a aa_ja a?-** 



+ = j- + 

x— a x—o x—c 

1-x) 



= a + b + e— 3a; 



ao. T 
4 



1 + 



1- 



= 1 
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W + 3/ 



s 2 - 4 x + 5 



1 + — U l--o 



p(# — x) q(r — x) p{r — zj 

23. ■- — (2 + a) = 

3s-6 v y t>* + i^ ^-8 

a J a 2 — 6 2 « + 6 
24. = 

x a cP + ab x 
x + b x—b __ 1 a 2 



a; — 6 # + 6 i 2 — z 2 

Find the value of the letter in each of the following : 
26. £±1 _£_ 

p — 4 |? — O 

27 4a-7 = 7a+2 11 
6a + 18 10 a + 30 45 

28. -* I 5 « + 1 =0 

*_7 * + 3 «2_4«-2l 

29. — -?— + -JL_+_JL_ = 

~- e-1^7 + 1 l-e 2 

30. If r= ZwA, F= 480, A = 2.5, w = 36, find Z. 

Do you know the meaning of this process in connection with the 
study of volumes? 

31. If i = prt, i = $ 132, p = $ 720, * = 3f , find r. 

What is the meaning of this process in connection with the subject 
of interest in arithmetic ? 

32. In the formula <7= $ (J 7 - 32), find JP when O 
= 200. 

What is the meaning of this process in connection with the subject 
of temperatures ? 

33. If T=irR(R+L\ T= 2288, tt=^, R = 14, find L. 
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34. Make up and solve an equation containing fractions 
with the denominators 6, 9, 12. Can you form this equa- 
tion so that the root shall be 1 ? 3 ? 5 ? 

35. Make up and solve an equation in which the de- 
nominators shall be 3, 6, x — 2. 

36. How many examples in Exercise 13 (p. 30) can you 
work at sight? 

16. Special Methods of solving Fractional Equations. 

v . c , 5 24* -3 ir + ll 11 a; + 5 

Ex. 1. Solve * = — ■ ■ — • 

7 -a? 4 8 16 

Multiplying by 16, the L. C. D. of the monomial denominators, 

80 



7-x 



-9ar+12 = 2* + 22-llx-5 



80 
Hence, = 5. x = — 9. Root 

7 — x 
Let the pupil check the work. 

Ex.2. Solve ^4-^4-^|-^4. 

#—2 # — 4 x — 6 x—o 

Jn this equation, it is best to combine the fractions in the left- 
hand member into a single fraction, and those in the right-hand 
member also into a single fraction, before clearing of fractions. We 
obtain 

-2 = -2 

x a -6z + 8 x a -14:r+48 

Dividing by -2, - = - 

6 J ' s a -6* + 8 x 2 - 14 x +48 

Hence, x = 5. Root. 

Let the pupil check the work. 

17. Two Equivalent Equations are equations which have 
identical roots ; that is, each equation has all the roots of 
the other equation and no other roots. 

Thus, X s — a; 2 — 6 a? = and x (x + 2) (x — 3) = are equivalent, 
since each is satisfied by the values x = 0, 3, — 2, and by no other 
values of x. 
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If we multiply the two members of an equation by the 
same expression, the resulting members are equal, but the 
resulting equation may not be equivalent to the original 
equation. 

Thus, if we take the equation x = 5 and multiply each member by 
x — 3, we obtain x(x — 3) = 5(ar — 3) or 

(*-3)(z-5)=0, 
which is not equivalent to the original equation, since it has the root 
x = 3, which the original equation does not have. 

In general, if the two members of an integral equation are 
multiplied by x — a> the root a is introduced and the result- 
ing equation is not equivalent to the original equation. 

18. An Extraneous Soot is a root introduced into an 
equation (usually unintentionally) in the process of 
solving the equation. 

The simplest way in which an extraneous root may be 
introduced is by multiplying both members of an integral 
equation by an expression containing the unknown num- 
ber. See the example in Art. 17. 

A more common way in which extraneous roots are in- 
troduced during a solution — and one more difficult to 
detect — is by a failure to reduce to its lowest terms a 
fraction contained in the original equation. 

Q r-ft 

Thus, in solving = 1, the first step should be to 

(x + \){x -3) 

reduce the fraction to its lowest terms. If this is 

0r+l)(*-3) 

o 
done, we obtain the equation = 1, whence x = 1. 

i + l 

If, however, we should fail to reduce the fraction to its lowest 
terms and should multiply both members by (x + \)(x — 3), we 
obtain 2ar — 6 = x a — 2 x — 3, whence x % — 4 x + 3 = 0, or 

(x - l)(x - 3) = 0, and x = 1, 3. 

On testing both of these results, we find that the extraneous root 
3 has been introduced. 
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Often the fraction which can be reduced to simpler 
terms occurs in a disguised and scattered form. In this 
case it is best to solve the equation without attempting to 
collect the parts of the fraction. An extraneous root 
may then be detected by checking the results obtained. 

Thus, the fraction in the above equation might be 
changed in the following way so as to make it difficult to 
detect its presence in the equation : 

We have — 2s-6 — = x 

(x+ l)(*-3) 

Whence, 2*_+_2 8 _ x 

(x+l)(s-3) (x+l)(x-3) 

Whence, — v = 1 

9 x-3 (s + l)(:e-3) 

There is nothing in the appearance of this last equation to indi- 
cate that it contains a fraction which should be simplified before pro- 
ceeding with the solution proper. 

Hence, it is important constantly to remember that a root of an 
equation is its root because it satisfies the original equation, not because 
it is the result of a series of operations, as clearing an equation of 
fractions, transposition, etc. 

19. Losing Boots in the Process of solving an Equation. 

If both members of the equation (x + 3) (x — 2) = are divided 
by x — 2, we obtain x + 3 =± 0. 

The resulting equation is not equivalent to the original equation 
since it does not contain the root x = 2, which the original equation 
contains. 

Hence, in general, 

If both members of an equation are divided by an expression 
containing the unknown quantity, write the divisor expression 
equal to zero^ and obtain the roots of the equation thus formed 
as part of the answer for the original equation. 



46 DURELL'S ALGEBRA: BOOK TWO 

EXERCISE 18 

Solve for x and check : 

S-2x A x 2-3* 1-6* 

!• - r 77 



3. 



5. 



7. 



8. 



10. 



11. 



4 6 9 15-7* 

x 2s-3 7a;-15 = 3a;-l 4a;-7 
* 4 ^s-ll^ 60 30 15 

1111 



# — 4 x—5 x—2 x — S 



2s+8£ _ 13s-2 x = 1 x s+16 
9 17z-32 3 12 36 



x—1 _ v— 3 _ s — 2 a; — 4 
# — 2 x— 4 # — 3 x—5 



2x -n 2s+8t = s-j 7 8*-2j 
3 6 |^+11 12 9 



a? + 5 a;+6 = :g+2 s + 3 
s + 4 a + 5~~a;+l x+2 

ex — dx _ cx + dx c + d x 
cd cd c 2 — cd c 



x—5 x — 1 _ x — 4 a;— 8 
#—6 x—8 x—5 x—9 



a? p x J? +pq 
2 3 3 



2*4-3 3s + 2 Sx-2 2*-3 

12. Multiply each member of the equation x + 2 = 1 by 
x — 3. Is the resulting equation equivalent to the original 
equation ? Why ? 

13. Make up and work an example similar to Ex. 12. 
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14. Multiply each member of the equation x = 3 by x — 2. 
Is the resulting equation equivalent to the original equa- 
tion ? Why ? 

15. Divide each member of the equation a? — 16 = x — 4 
by x — 4. Is the resulting equation equivalent to the orig- 
inal equation ? Why ? 

16. Make up and work an example similar to Ex. 15. 

17. Solve the equation ~" = 1 after first reducing the 

x* — 4 

fraction to its lowest terms. Now solve the equation with- 
out reducing the fraction to its lowest terms. Do the two 
methods of solution give the same result ? Which result 
is correct ? Why ? 

18. Make up and work an example similar to Ex. 17. 

Solve each of the following, check each result, and point 
out each extraneous root, giving the probable reason for. 
the occurrence of such a root : 

,o 4 = ** x 

x+2 x+2 2 

,0. , ** _ * 



21. 



(3+3)0-2) x+3 

__2__ =s _2 j 

0-1)0-2) x-2 



22. -r — 3 = X 

a?-4 



M X X o 2 a? 

23. = o — 



x-2 x + 2 a?-4 

24. Form an equation in which 4 is the extraneous root. 
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Solve orally for x : 
1. 12 = -4* 



2. 


a 




3. 


4 = 1 

X 




4. 


4* = | 




5. 


b = ax 




6. 


? = 4 

x 




7. 


ax — c = 


rf 


8. 


?=i 

X 





EXERCISE 19 
Oral 



9. 


6 = ? 

X 




17. 


a _ 
fa? 


10. 


2_1 
x 3 




18. 


♦-= 


11. 


x 5 




19. 


X 


12. 


-3x = 


! 

= C 


20. 


ax — ab —ac 


13. 


ax + 6x 


21. 


5x_10 
4 16 


14. 


jox = 5 - 


-qx 


22. 


a+ 6 = — i — 

X 


15. 


c = a + dx 


23. 


p-?_a+6 


16. 


£ = * 






4 x 




2* 




24. 


**=t 



CHAPTER IV 

SIMULTANEOUS EQUATIONS 

20. Methods of Elimination. 

Ex. 1. By the method of addition and subtraction, solve 

9s-8y = 5 (1) 

15z+12y = 2 (2) 

The L.C.M. of 8 and 12 is 24. 

Multiply in eq. (1) by 24-5-8, or 3 ; and in eq. (2) by 24+12, or 2. 

Hence, 27 x - 24 y = 15 

30s + 24y = 4 

By adding 57 x = 19, or x = i. Root. 

Substituting \ f or x in eq. (1), 3 — 8y = 5, or y = — i. 7?oo<. 

4 
Let the pupil check the work. 

Ex. 2. By the method of substitution, solve 

9*-8y = 5 (1) 

15s+12y = 2 (2) 

From eq. (1), 9x = 5 + 8y, or a: = 5 + 8 ? . 

y 

Substituting for or in eq. (2), 

^±M + i2y = 2,wtencey = -1. jfo*. 

y 4 

Substituting for y in eq. (1), we find x = -. /too*. 

Ex. 3. By the method of comparison, solve 

9s-8y = 5 (1) 

15s+12y = 2 ...... (2) 

49 
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From eq. (1), 9 a; = 5 + 8y, whence x = — — — ^- 

2 — 12 1/ 
From eq. (2), 15 x — 2 — 12 y, whence a: = ^-2 • 

15 
Equating the two values of x, 

£±8* = !llJ2*, whence, = -£. .Rort. 
9 15 4 

Substituting for y in eq. (1), we find x = -. ifoo*. 

o 



EXERCISE 10 

1. Define simultaneous equations. Also independent 
equations. Give an example of two simultaneous equa- 
tions which are independent. Also of two simultaneous 
equations which are not independent. 

In solving the following pairs of simultaneous equations, 
use that one of the three methods of elimination which 
is best adapted to each particular problem : 



2. 


3a? + 4y = l 


8. 


2a;-3y + 17 = 




6a;-2y = -3 




y = 3 


3. 


s = 3 


9. 


y = 2* 




3£+2y=5 




y = K7* + l) 


4. 


p=2q-S 


10. 


ia5y-2 




p*="±q-7 




y=2x-3 


5. 


4 m — 3y = — 1 


11. 


a;= 6y — 3 




5m — 4y = — 1 




8— 5y=x 


6. 


3s + 2y = 21 


12. 


y = %(?-£>) 




y = 2z 




y = f(2z + l) 


7. 


4 3 


13. 


2_£ = 1 

2 3 




6 * + 8 3' = 2 
8 2 




2-^ = 1 
4 9 
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14 . 2-ttI-l 
4 3 



£_8jH-l = 
3 4 



15. Jz + £y = 15 
£s + jy = 15 

X6. $x=2-$y 

3a; + 4y-25 = 

17. .5x — .3y = 3.4 
.3a;— .5y = — .2 

18. K 2 ^-y)-K3*-2y) = 5y + 2 
fO-4y) = 17-f(7*-2y) 

2s + y 3s + l a; + 2y = 
2 7 8 

20. -^— §- = 

*+ 3 y + 4 

a<y-2)-yO-5) = -13 
.08 a; -.47 .02y + .17 _ 
.3 .9 

1.7g + 3.2y gl .08y + .85 .13 x + .29 
10 .15 .6 

22. (z-l)(y + 2)-O-5)(y + 3) = 
a;y + 2 x — x(y + 10) = 72 y 

Solve for x and y : 

23. ax + by = a? + b 2 
&r + <*y = 2 aft 



24. ax + by = e 
a'x + b'y = </ 



27. 



X — 



1-3* 

* + 3 
2y + 8 



25. x + y = a + b 
a + x _ b 

6 + y a 

26. (c — rf):r + rfy = <? 
dx — cy = cP 

-y-18 



10* + 1 
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28. as-Jy = £( a2 + J2 ) —b _a L. = 

(a — 6)a; — (a + ft)y = " 6 + y a— a: 

a h =0 



6 + a; a — y 






31. - !r -T + 



x - 3L-- 



a + b a — b a 2 — J 2 



s t y _ 



32. 



a — J a + i a 2 — J 2 

6a;-5 _ :r + y + 6^3a;-2 
10 6s + y 5 

2y-5 3 + 7s = 3y-2 
8 + 10y-3:r 12 

_„ x — a t y — 1 i 

33. + f — - = 1 

s-1 y + l = l 
1-a 6 b 

34. a(> + a + 1) - O + 6)(y - 1) — 
J(y _ J _ 1) _ ( a _ J)(a. + 1) = 



35. 



+ -^=2a 



a— 6 a + 6 

^+y » g -y ^o 

a 2 +6 2 ^ 2a6 

36. Make up and work an example similar to Ex. 12. 
To Ex. 23. 

21. Three or More Simultaneous Equations. 

Ex. Solve 4x-2y+s=-2 (1) 

3s-y-2s = ll (2) 

6a?-y + 3s = -3 (3) 
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If we choose to eliminate z first, multiply (1) by 2, and use (2) 
unchanged. 

Then 8* - 4y + 2« = - 4 (4) 

3x-y-2z = ll (5) 

Add the corresponding members of (4) and (5). 

llx-5y = 7 (6) 

Also multiply (1) by 3, and set down (3) unchanged. 

12x-6y + 3z=-6 (7) 

Subtracting, 6a?- y + 3 3 = - 3 (8) 

Hx-by =- 3 (9) 

From (6) and (9), 5 x = 10, hence x = 2. Root. 

By substitutions in (9) and (1), find y = 3, and z = — 4. Roots. 

Let the pupil check the work. 

22. Use of - and - as Unknown Quantities. 

x y 

Ex. Solve A-A = il (1) 

8a; 2y 4 v J 

__§_ 5_ _. 23 ,a\ 

4z 3y 2 w 

Multiply in (1) by 8 (the L. C. M. of 8 and 2), and in (2) by 12. 

5-1? = 82 (3) 

x y 

?_?2=138 (4) 

x y 

To eliminate y, multiply in (3) by 5, and in (4) by 3. 

?5 _ 5? = 410 (5) 

• x y 

27-52 = 414 (6) 

x y 

Subtracting each member of (5) from the corresponding member 

in (8), 

2 1 

- = 4, whence 2 = 4 x. and x = -. Root. 

x 2 

Substituting for x in (3), 

10 - — = 82, whence y = - -. Root, 
y 6 

Let the pupil check the work. 
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EXERCISE SI 

Solve and check : 

2 3 

1. - + -=1 6. 4x + 5z=8 

* I 6a;-3y + 2s=0 

x y 

2. 4 a; — 5 y + 3 z = 18 7. 4 y + 3 a; = a;y 

5a; — 3 y — 4 z = 2 2 y — 6x = 3xy 

3a; + 4y-5*=32 
I ^ 8. .8a; + .4 y — .52 = .5 

3 ' 3^""6^ = 3 .6*-.6jf + .2i-.5 

-• -J .9a;+ .5y — .62= .5 

' x =8 



5 * 2 y 9. 5a; + 3y = 21a;y 

4. 3a; + 4s = -9 5_3_j 
5a;-£y = 4 a; y~~ 

y + 3* = -7 

5. JL+JL =1 10. »£.»-4 
Sx 4y * y 

2a; 8y x y 

11. a;-2y-2s = -2a 
a + y — 3 2 = — 4fi 
3a;-3y-5z = -2(a-h5) 

12. - + - = * 14 - 2a; + y + z = 2(a+6) 
x y a 2y + x + z = 2(a + c) 

1-l^a 2z + a; + y=2(J + <?) 

a; y 

13. a? + y + 2-v=2 15. 3 a; + 5 y = — 9 
y + z + v-a;=8 4y-22 = -22 
3 + v + a;-y = 6 32 + v = 19 

t> + a; + y-2 = 4 3a;-2v=:-2 
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16 . £±l£ = 2 20. 2 + 3 _ 4 =lg 

2y + z ox 4y bz 

7 g — a? _ -i _5 5 3 _ - 

y + z 6a; 8y 4« 

5y + 2* =i A_JL + J 41 

3a;-9 2a; 5y 10a 

17. - + - = 7 „ rt . 

a? y 21. E.+2-Z = a 

34 xyz 

y + l~ 9 £+r_£ =J 

5 + 6 -15 ' * ^ 

V Z X 

18. - H h - = 6 

x V z a \ 

qoi 22. - + - = a 2 + ft 

- H — h - = 14 ^y 

x y z 

19 * + £ = a — ft 23. 6 y - 2 2 = 7 xy 

x y a x — 2z = 

a 6 ft — a o , r 7 

- + -- — 3y + 5s=-ys 

24 .^±2ft + 2£-36 = 3a ^_ 6 

3a ft o i 
a; y 

25. 4 yz — 3 xz + 5 a;y = — 15 xyz 
4xy — 3yz + 2xz = o* xyz 

4 xz + 7 yg • — 3 xy = 4 ays 

26. How many examples in Exercise 5 (p. 15) can you 
work at sight ? 
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EXERCISE 22 
Oral 

1. Arthur has a marbles and his brother has 10 more than twice 
as many. How many has his brother ? How many do they have to- 
gether ? 

2. Of the n pupils in a certain school, x are boys. How many are 
girls? 

3. The difference between two numbers is 12 and the less num- 
ber is x. What is the greater ? 

4. The difference of two numbers is a and the greater is y. Find 
the less number. 

5. If a man is x years of age now, how old was he 10 years ago ? 
How old will he be a years from now V 

6. Name three consecutive numbers the smallest of which is x. 
Also three, the largest of which is x. 

7. Express 20 % of x as a fractional part of x. 

8. Express in algebraic language the number whose tens' digit is 
x and units' digit y. Also the number whose hundreds' digit is x, 
tens' digit is y, and units' digit is z. 

9. Express in algebraic language the number which exceeds x by 
30%. 

10. The dimensions of a given rectangle are x and y. State the 
dimensions of a rectangle which exceed those of the given rectangle 
by 40%. 

11. The dimensions of a given rectangle are x and 2 x. State the 
dimensions of a rectangle which exceed those of the given rectangle 
by 20%. 

12. A man bought a house for x dollars and sold it so as to gain a 
dollars. For how many dollars did he sell it? What per cent did 
he gain? 

13. How many hours will it take an automobile to go a miles at x 
miles an hour ? 

14. At a cents a yard, how many yards of calico can be obtained 
in exchange for b dozen eggs worth c cents a dozen ? 

15. A boy has x half dollars and y quarters. How many cents 
has he? 
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16. State the interest on p dollars, at r per cent, for t years. 

17. How many square yards are there in the area of a rectangle a 
yards long and b feet wide ? 

18. Express algebraically the following statement : a divided by b 
gives c as a quotient and d as a remainder. 

19. A man having 10 hours at his disposal rode x hours at the 
rate of 8 miles an hour and walked back during the remainder of his 
time at the rate of 3 miles an hour. State in terms of x the number 
of miles which he rode. Also the number which he walked. By the 
use of these expressions, what equation may be obtained for deter- 
mining x ? 

23. Written Problems. 

Ex. The larger of two given numbers exceeds the 
smaller by 5, and the sum of the two numbers is 33. Find 
the numbers. 

Solution by Use of One Unknown 

Let x = the smaller number 

Then x + 5 = the larger number 

x + s-f 5=33 

x = 14. | A 
x + 5 = 19. J 



:ns. 



Solution by Use of Two Unknowns 

Let x = the larger number 

y = the smaller number 

Then x + y = 33 .v* = 19. j ^ 

x — y = 5 y = 14. j 

2x = 38 

Let the pupil check each solution. 

EXERCISE S3 

In solving the following, use either one unknown or 
more than one, selecting the more convenient method for 
each problem : 

1. Find four consecutive numbers whose sum is 50, 
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2. A certain macadam road cost $36,000, of which 
the county paid twice as much as the state, and the town- 
ship three times as much as the state. How much did 
each pay? 

3. If the amount of potash in a given kind of glass is 
5 times as great as the amount of lime, and the amount of 
sand 3 times as great as the amount of potash, how many 
pounds of each will there be in 6300 lb. of glass? 

4. Four times the height of Mt. Washington is less 
than the height of Mt. Everest by 3842 ft. If the height 
of Mt. Everest is 29,002 ft., find the the height of Mt. 
Washington. 

5. Separate 4800 into three parts, such that the second 
part is three times the first, and one half of the third part 
exceeds the second by 400. 

6. For every dime of his savings that a boy spent for 
books his father gave him a quarter to spend for the same 
purpose. If the boy spent $78.75 in all, how much did 
his father give him ? 

7. New York and Philadelphia are 90 miles apart. 
Two bicyclists start from these places at the same time, 
travel toward each other, and meet in 7 J hours. If one of 
them travels 2 miles an hour faster than the other, what 
is the rate of each ? 

8. Find a number, such that three fourths of it ex- 
ceeds two thirds of it by 12. 

9. The difference of two numbers is 12 and three 
times the smaller number exceeds twice the larger num- 
ber by 18. Find the numbers. 

10. A, B, and C together have $1285. A's share is 
$25 more than £ of B's, and C's share is -^ of B's, Find 
the share of each, 
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11. If 5 bbl. of apples and 4 bbl. of flour together cost 
$40, while 4 bbl. of apples and 5 bbl. of flour cost $45.50, 
find the cost of a barrel of each. 

12. A given mass of metal, composed of lead and iron, 
contains 8 cu. ft. and weighs 4500 lb. If a cubic foot of 
lead weighs 700 lb. and a cubic foot of iron weighs 480 lb., 
how many pounds of each metal are there in the mass? 

13. A mass of metal composed of iron, lead, and alumi- 
num weighs 5280 lb. and contains 13 cu. ft. A cubic foot 
of each of these three metals weighs 480 lb., 700 lb., and 
156 lb., respectively, and the given mass contains 2 cu. ft. 
more of aluminum than of lead. How many cubic feet of 
each of the metals does the mass contain ? 

14. If the cost of a telegram of 13 words between two 
cities is 31 ^f, and that of a telegram of 19 words is 43 ^f, 
what is the charge for the first ten words in a message 
and for each word after that ? 

15. A pupil has worked 20 problems. If he should 
work 10 more and get 8 of them right, his average would 
be .80. How many problems has he worked correctly 
thus far? 

16. A ball nine has played 42 games and won 30. If 
after this it should win J of the games played, how many 
games must it play to bring its average up to .72? 

17. Find a fraction, such that if 1 is added to the nu- 
merator, the value of the fraction will become $ ; but if 1 
is added to the denominator, the value of the fraction 
will be J. 

18. How much water must be added to 50 gallons of 
milk containing 6 % of butter fat to make a mixture con- 
taining 4 <f of butter fat ? 
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19. A mass of silver and copper alloy weighs 128 lb. 
and contains 12 lb. of silver. How many pounds of silver 
must be added to the mass in order that 8 lb. of the re- 
sulting alloy shall contain 1 lb. of silver? 

20. In an athletic meet, the three winning teams made 
scores as follows : 



Team 


1st Plack 


2d Plack 


8d Plack 


Total Scobk 


A 


6 


3 


2 


41 


B 


4 


4 


1 


33 


C 


2 


2 


5 


21 



What did each first, second, and third place in an event 
count in this meet? 

21. A farmer one year made a profit of $840 on 15 acres 
planted with wheat and 12 acres planted with potatoes. 
The next year, with equally good crops, he made a profit 
of $996 on 12 acres planted with wheat and 15 acres 
planted with potatoes. How much per acre, on the 
average, did he make on each crop? 

22. The difference of two numbers is 6. One half of 
the smaller number equals one third of the larger. Find 
the numbers. 

23. The difference of two numbers is 28. If the larger 
number is divided by the smaller, the quotient is 3 and 
the remainder 4. Find the numbers. 

24. A boy's average in four of his studies, is .885. 
What grade must he get in a fifth study to bring his 
average up to .90? 

25. If the wheat crop of the United States during a 
period of 5 years averaged 680 millions of bushels, what 
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must it average during -the next two years to bring the 
average up to 700 millions of bushels for the entire period 
of 7 years ? 

26. The freight charges on shipments between two 
places were as follows : 

600 lb. of 2d class + 300 lb. of 4th class + 400 lb. of 
5th class, $12.46. 

300 lb. of 2d class + 500 lb. of 4th class + 900 lb. of 
5th class, $ 14. 

500 lb. of 2d class + 800 lb. of 4th class + 200 lb. of 
5th class, $13.96. 

What was the rate per 100 lb. on each of these classes? 

27. A ton of fertilizer which contains 40 lb. of nitrogen, 
120 lb. of potash, and 80 lb. of phosphate is worth $15.60. 
A ton containing 60 lb. of nitrogen, 110 lb. of potash, and 
120 lb. of phosphate is worth $19.90, while a ton contain- 
ing 55, 105, 100 lb. of each, taken in order, is worth $18. 
Find the value of one pound of each constituent. 

28. If 100 lb. of sea water contains 2^ lb. of salt, how 
much water must be evaporated from 200 lb. of sea water 
in order that 12 lb. of the water remaining shall contain 
1 lb. of salt ? 

29. In the United States, the gold dollar is nine tenths 
gold and one tenth copper. If a mass of metal weighing 
150 lb. contains 18 lb. of copper, how much gold must be 
added to it, to make it ready for coinage into gold dollars ? 

30. How much water must be added to 2 J gal. of alcohol 
which is 90 % pure to make a mixture 80 % pure ? 

31. If a bushel of oats is worth 50 ^f, and a bushel of 
corn is worth 75 ^, how many bushels of each must be used 
to make a mixture of 80 bushels worth 60^ a bushel? 
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32. If two grades of coffee, worth 18 $ and 28 ^, are to 
be mixed to make 100 lb. which can be sold for 30 ^ 
at a profit of 20%, how many pounds of each must be 
used? 

33. A farmer wishes to combine milk containing 4 % of 
butter fat with cream containing 60 % of butter fat in order 
to produce 30 gallons of cream which shall contain 30 % 
of butter fat. How many gallons of milk and how many 
gallons of cream must he use ? 

34. If a certain man can spade a garden in 2 days and 
a boy in 6 days, how long will it take the man and the boy 
together to spade the garden? 

35. If A, B, and C together can do in 10$ days a piece 
of work which B alone can do in 48 days, or C alone in 
32 days, how long will it take A alone to do the work? 

36. One pipe can fill a swimming pool in 24 min. and 
another pipe can fill the same tank in 36 min. How long 
will it take the pipes together to fill the tank? 

37. Make up and work a similar example concerning 
two pipes which fill a given tank and another pipe which 
at the same time empties the tank. 

38. Of three pipes, the first and second running together 
can fill a swimming pool in 80 min. ; the first and third can 
fill it in 1 hr. 40 min. ; and the second and third in 2 hr. 
How long will it take each pipe running alone to fill it? 

39. At what time are the hands of a clock together 
between 2 and 3' o'clock? 

40. At what time between 2 and 3 o'clock are the hands 
of a clock pointing in opposite directions ? 

41. At what time between 6 and 7 o'clock are the handa 
of a clock at right angles to each other? 
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42. A man having 10 hr. at his disposal rides out into 
the country at the rate of 10 mi. an hour and walks back 
at the rate of 3 mi. an hour. Find the distance he rides. 

43. The length of a given rectangle exceeds the width 
by 14 in. But if the length is diminished by 9 in. and 
the width increased by 4 in., the area remains unchanged. 
Find the dimensions of the given rectangle. 

44. A man has $40,000 to invest and from it wishes to 
obtain an annual income of $1800. If he invests part of 
his principal at 4% and the rest at 5%, how much must 
he invest at each of these rates? 

45. A man invests $ of his capital at 4 % and the rest 
at 3|%. The income from these investments is $304. 
Find his capital. 

46. A party of boys purchased a motor boat. They 
found that if there had been 2 more boys, they would have 
paid $10 apiece less; but if there had been 2 less, they 
would have paid $20 apiece more. How many boys were 
there and what did the boat cost? 

47. A 42-lb. mass of gold and silver alloy weighed only 
38 lb. when immersed in water. If the gold lost -£$ of its 
weight when weighed under water, and the silver ^ of 
its weight, how many pounds of each metal were there in 
the alloy? 

48. A mass of copper and tin weighing 300 lb. when 
immersed in water weighed 262.5 lb. If the specific 
gravity of copper is 8.8 and that of tin is 7.3, how much 
of each metal was there in the mass? 

49. The denominator of a certain fraction exceeds the 
numerator by 2. If a certain number is added to both 
numerator and denominator, the value of the fraction thus 



64 DURELL'S ALGEBRA : BOOK TWO 

formed is J; while if this number is subtracted from both 
numerator and denominator, the value of the fraction is J. 
Find the original fraction. 

50. In a given number of two digits, the units' digit is 
double the tens' digit. If the position of the digits is re- 
versed, the value of the fraction is increased by 36. Find 
the number. 

51. In a given number of three digits, the sum of the 
digits is 9. The units' digit exceeds the hundreds' digit 
by 1. If the units' and hundreds' digits exchange places, 
the value of the number is increased by 99. Find the 
number. 

52. A steamer can run 20 miles an hour in still water. 
If the steamer can go 72 mi. with a current in the same 
time that it can go 48 mi. against the current, what is 
the rate of the current? 

53. A clerk earned $504 in a certain number of months. 
His salary was increased 25% and he then earned $450 
in two months less time than that in which he previously 
earned $504. What was his original salary per month? 

54. The sum of $7 is to be changed into dimes and 
quarters in such a way that the value of the dimes shall 
equal the value of the quarters. How many dimes and 
how many quarters are there ? 

55. A and B together can do a certain piece of work in 
10 days ; but at the end of 7 days A stops working and B 
finishes it by working alone for 5 days. How long would 
it take each man, working alone, to do the entire work ? 

56. A farmer has enough feed for his oxen to last a 
certain number of days. If he sold 10 oxen, his feed 
would last 30 days longer. If, on the other hand, he were 



SIMULTANEOUS EQUATIONS 65 

to buy 10 oxen more, his feed would last 10 days less. 
Find how many oxen he has and for how many days he 
has feed. 

57. Given three metals of the following composition by 
weight: the first, 5 parts gold, 2 silver, 1 lead; the 
second, 2 parts gold, 5 silver, 1 lead ; the third, 3 parts 
gold, 1 silver, 4 lead. To obtain 9 ounces of a metal con- 
taining equal quantities by weight of gold, silver, and lead, 
how many ounces of the first, second, and third must be 
melted together? 

58. The sum of two numbers is a, and five times the 
smaller number exceeds four times the larger by b. Find 
the numbers. 

59. If A can do in p days a piece of work which B can 
do in q days, how long will it take them together to do the 
work? 

60. Find three consecutive numbers whose sum is a. 

61. Generalize Ex. 11, p. 59, by using a letter for each 
number in the example. 

62. Generalize Ex. 31, p. 61, by using a letter for each 
number in the example. 

63. Who first used the letters a, 5, <?, to represent known 
numbers ? (See p. 257.) Tell all you can about this man. 

64. Before the use of a, J, e, what algebraic symbols 
were used to represent known numbers ? Discuss the rela- 
tive advantages in these different sets of symbols. 

EXERCISE 24 

1. Given A = lw* find I in terms of A and w. Also 
find w in terms of A and I. 

2. Given a~p+prt, find r in terms of the other 
letters. Also solve for t. For p. 



66 DURELL'S ALGEBRA: BOOK TWO 

In the following formulas used in geometry, find each 
letter in terms of the others. Give the meaning of each 
formula obtained. 

3. K=\bh 5. S=ttRL 

4. K-\k(b + V) 6. C=2irB 

7. Given C=irD andi2=--, eliminate D (that is, 

obtain a formula which gives C in terms of ir and It). 

8. In T=irR(R + Z), find L in terms of the other 
lettera 

Find each letter in terms of the others, in the following 
formulas used in mechanics and physics. If possible, give 
the meaning of the formulas obtained : 

9. S=vt 11. C=l(F-WX) 13. R=*-9?— 

9 ff + s 

10. LW=lw 12. C=4 14. ^ = --h^ 

It f p p' 

15. In the electric furnace, a temperature as high as 
4000° C. has been obtained. What is the equivalent 
temperature on the Fahrenheit scale ? 

16. What temperature is numerically the same on both 

the Centigrade and Fahrenheit scales ? 

Sug. Eliminate C between the equations C = f (F — 32) and 
C = F. 

17. Find that temperature on the Fahrenheit scale 
which is numerically double the equivalent temperature 
on the Centigrade scale. 

18. Also find that temperature on the Fahrenheit scale 
which is numerically one half the equivalent temperature 
on the Centigrade scale. 

19. How many examples in Exercise 6 (p. 18) can you 
now work at sight ? 



CHAPTER V 

GRAPHS 

24. A Variable is a quantity which has an indefinite 
number of different values. 

A function is a variable which depends on another 
variable for its value. 

Thus, the area of a circle is a function of the radius of the circle ; 
the wages which a laborer receives is a function of the time that the 
man works. 

A graph is a diagram representing the relation between 
a function and the variable on which the function depends 
for its value. 

A function may depend for its value on more than one variable. 
Thus, the area of a rectangle depends on two quantities — the length 
of the rectangle and the breadth. The present treatment of graphs, 
however, is limited to functions which depend on a single variable. 

In algebra, we study only those functions which have a definite 
value for each definite value of the variable. 

25. Uses of Graphs. A graph is useful in showing at a 
glance the place where the function represented ha§ the 
greatest or least value and where it is changing its value 
most rapidly, and in making evident similar properties of 
the function. 

Graphs of algebraic equations are useful in making evi- 
dent certain properties of equations which are otherwise 
difficult to understand. A graph also often furnishes a 
rapid method of determining the root (or roots) of an 
equation. 
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26. Framework of Eeference. Axes are two straight 
lines perpendicular to each other which are used as an 
auxiliary framework in constructing graphs; as XX 1 
and YY'. 

The jr-axis, or axia of abscissas, is the horizontal axis ; as 
7 The y-axis, or axis of ordinates, is the vertical axis ; 

as YY'. 
p The origin is the point 

at which the axes inter- 
sect ; as the point 0. 

The ordinate of a point 
is the line drawn from 
the given point parallel 
to the y-axis and termi- 
nated by the a-axis. 
The abscissa of a point 



S- 



o 



r' 



is the part of the a-axis intercepted between the origin 
and the ordinate. 

Thus, the ordinate of the point P is AP, and the 
abscissa is OA. 

\y 

The ordinate is 
sometimes termed 
the "y" of a 
point, and the ab- 
scissa, the " x " of 
a poirit. 



Q 
(-8, 2) r ~ 



P 

+ -|(2, 4) 

i 
I 
I 



X\ — I — I — I — l — h 



O 



R\ 
(.-2-2)'' 



I 



Ordinates 
above the a-axis 
are taken as 
plus; those be- 
low, as minus. 
Abscissas to the 
right of the origin are plus ; those to the left are minus* 



I 



H — I — I — I — I — I — IX 






Y' 
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The coordinates of a point are the abscissa and the ordi- 
nate taken together. They are usually written together 
in parenthesis with the abscissa first and a comma between. 

Thus, the point (2, 4) is the point whose abscissa is 2 and ordi- 
nate 4, or the point P of the figure. Similarly, the point (— 3, 2) is 
Q ; (_ 2, - 2) is R; and (1, - 4) is S. 

The quadrants are the four parts into which the ax.es di- 
vide a plane. Thus, the points P, Q, JJ, and S lie in the 
first, second, thirds and fourth quadrants, respectively. 

EXERCISE 26 

Draw axes and locate each of the following points : 
i. (2, 3), (-3, 2), (4, -2), (-4, -3), (-5, 8), 
(2, - 6). 

2. (5, 0), (3£, 0), (0, 4), (0, - 3), (0, - 1). 

3. (3, - V2), (2V3, 0), (V2, -3V3), (-3, - JV2). 

4. Construct the triangle whose vertices are (3, 4), 
(-2, 3), (-1,-4). 

5. Construct the quadrilateral whose vertices are 
(- 3, 4), (- 2, - 5), (4, - 3), (1, 4). 

6. All the points on the #-axis have what ordinate ? 

» 

7. All the points on the y-axis have what abscissa ? 

8. Plot the following pairs of points and find the 
distance between each pair : 

(1) (2, 2), (5, 6) (3) (- 3, 5), (2, - 7)- 

(2) (- 3, - 2), (5, 4) (4) ( - 4, - 6), (- 1, 3) 

9. Construct the rectangle whose vertices are (—4, 4), 
(3, 4), (-4, -2), (3, -2), and find the number of 
square spaces in its area. 

10. Construct the triangle whose vertices are (3, — 3), 
(—4, — 3), (—1, 5) and find the number of square spaces 
in its area. 
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11. Construct the triangle whose vertices are (—1, 4), 
(5, — 4), (1, — 1), and find the length of its sides. 

12. Make up and work an example similar to Ex. 9. 

13. In which quadrant are the abscissa and ordinate 
both positive ? Both negative ? 

In which quadrant is the abscissa negative and the 
ordinate positive ? In which is the abscissa positive and 
the ordinate negative ? 

Graphs op Equations op the First Degree 

27. To construct the Graph of an Equation of the First 
Degree containing Two Unknown Quantities, as x and y. 




Let x have a series of convenient values, as 0, 1, 2, 3, etc., 
— 1,-2,-3, etc. ; 

Find the corresponding values of y ; 

Locate the points thus determined, and draw a line through 
these points. 
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X 


y 





1 


1 


-1 


2 


-3 


3 


-5 


etc. 


etc. 


-1 


3 


-2 


5 . 


etc. 


etc. 



Ex. Construct the graph of the equation y = 1 — 2 x. 

Construct the points (0, 1), (1, -1), (2, -3), 
(3, — 5), ( — 1, 3), ( — 2, 5), etc., and draw a line through 
them. The straight line AB is thus found to be 
the graph of y = 1 — 2x. 

28. Linear Equations. It will always be 
found that the graph of an equation of the 
first degree which contains not more than two 
unknown quantities is a straight line. Hence, 

A linear equation is an equation of the first degree. 

29. Abbreviated Method of constructing the Graph of a 
Linear Equation. Since a straight line is determined by 
two points, in order to construct the graph of an equation 
of the first degree, it is sufficient to construct any two points 
of the graph and draw a straight line through them. 

Ex. 1. Graph 3 x - 2y = 6. 

Whens=0,y=-3; 
■when y = 0, x = 2. 
Hence, the graph 
passes through the 
points (0, — 3) and 
(2, 0), or CD is the 
required graph. 

The greater the dis- 
tance between the 
points chosen, the 
more accurate the con- 
struction will be. It 
is usually advisable to 
test the result obtained by locating a third point and observing 
whether it falls upon the graph as constructed. 

If the given line does not pass through the origin, or near the 
origin on both axes, it is usually best to construct the line by 
determining the points where the line crosses the axes as above, 
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Ex. 2. Graph by — Ix = 1. 

When x = 0, y = i ; when y = 0, x = — J. Hence, the graph passes 
close to the origin on both axes. Hence, find two points on the 
requited graph at some distance from each other, as by letting x = 
7, and finding y = J, 10. Let the pupil construct the figure. 

EXERCISE 26 

Graph the following: 

*•*-* + ! 10 . £ZL?_1, 

2. y = s-3 2 2 y 

3. 3a; + 4y = 12 11. z=3 

4. 3s-4y+12 = u- *=-2 

* 13. y = 4 

6. y= 3a; 

14. v = — 4 

7. 2y = a; * 

8. 3a; + 5y = l 15 - * = ° 

9. a?=2(y — 1) 16. y = 

17. Construct the triangle whose sides are the graphs 
of the equations 4a; 4- Zy + 2= 0, 3a; — y + 5=0, 
2s-5y + 14 = 0. 

18. Graph 2a; — 3y = a when a = 1. On the same 
diagram, graph the equation obtained by letting a = 2. 
Also a= 3. 4. —2. 

19. On one diagram graph y = 6 when 6 = 1; 6 = 2; 
6 = 3, - 2, - 3. 

20. An equation of the form y = b represents a line in 
what position with reference to the axis of x ? To the 
axis of y ? 

21. An equation of the form x = a represents a line in 
what position with reference to each of the two axes ? 
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22. Make up and work an example similar to Ex. 6. 
To Ex. 17. 

23. How many examples in Exercise 7 (p. 20) can you 
work orally as sight examples ? 

30. Graphic Solution of Simultaneous Linear Equations. If 

we construct the graph of the equation 2 y -}- 3 a; = — 5 
(the line AR) and the graph of 4 y + x = 5 (the line 
(72)), and measure the coordinates of their point of 
intersection, we find this point to be (— 3, 2). 
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If we solve the pair of simultaneous equations 

, ~~ by the ordinary algebraic method, we 

4y+a=5 J • s 

find that x = — 3 and y = 2. 

In general, the roots of two simultaneous linear equations 

correspond to the coordinates of the point of intersection of 
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their graph*; for these coordinates are the only ones 
which satisfy both graphs, and their values are also the 
only values of x and y which satisfy both equations. 

Hence, to obtain the graphic solution of two simulta- 
neous equations, 

Draw the graph* of the given equations, and measure the 
coordinates of the point (or points) of intersection. 

Graphing two simultaneous equations is a conven- 
ient method of testing or checking their algebraic solu- 
tion. 

31. Simultaneous Linear Equations whose Graphs are 
Parallel Lines. Construct the graph of 3z—2y = 6 and 
also of 3 x — 2 y = 2. 

You will find that the graphs obtained are parallel straight lines. 
Now try to solve the same equations algebraically. You will find 
that when either x or y is eliminated, the other unknown quantity 
is eliminated also, and that it is therefore impossible to obtain a 
solution. The reason why an algebraic solution is impossible is 
made clear by the fact that the graphs, being parallel lines, 
cannot intersect ; that is to say, there are no values of x and y 
which will satisfy both of these lines, or both equations, at the same 
time. 

32. Graphic Solution of an Equation of the First Degree of 
One Unknown Quantity. By substituting for y in the first 

y = 2x — 5 



equation of the pair 



the two equations reduce 



to 2 x — 5 = 0. Accordingly, the graphic solution of an 
equation like 2 x — 5 = can be obtained by combining the 
graphs of y = 2 x— 5 and y = 0. In other words, the root 
of 2 x — 5 = is represented graphically by the abscissa 
of the point where the graph of y=2#— 5 crosses the 
#-axis. 
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EXERCISE 27 



Solve both algebraically and graphically : 



1. 2x-7y=9 
5a;+3y = 2 

2. 3z-2y = l 
y=2-x 

3. a; + 3+5y = 

7a;+8y = 6 

4. x = 3 

2y + 3a;=5 

9. Construct the graphs of 



5. 3z + 2y=21 
y = 2z 

6. a; — y "~ = 5 

7 

. o , a + 10 

7. 6 a; — 5 y = 3 
5a;-6y = 8 

8. y = 3a? + 9 

2a; + 7y + 6 = 

3a;-2y = 4 



9a;-6y = 4 

Can you solve this pair of equations algebraically? 
Give reasons for your answer. 

10. Construct the triangle whose sides are the graphs 
of the equations 3 y + 8 a? = 26, 4 y — 9 a; = 15, 7 y — a; 4- 18 
= 0, and find the coordinates of the vertices of the 
triangle. 

11. Construct the quadrilateral whose sides are the 
graphs of the equations y + 2 x = 10, 5 y + 2 x = 26, 
y + 11 x + 16 = 0, 6y — 5 x +25 = 0, and find the co- 
ordinates of the vertices of the quadrilateral. 

12. Make up and work an example similar to Ex. 1. 
To Ex. 9. 

13. Also an example similar to Ex. 10. 

14. How many examples in Exercise 9 (p. 24) can you 
now work at sight ? 
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33. Graphic Solution of Written Problems. 

I. Bail way Problems. 

Ex. Two places, A and B, are 120 miles apart. At a 

given time a train leaves each of the two places and travels 

toward the other, the train from A at 40 miles an hour 

and the train from B at 20 miles. In how many hours 

will they meet and how many miles from A ? 

The train dispatcher represents the distance between the stations 
by the line AB, each space denoting 10 miles. Each space on A I 

represents 1 hour. He 
locates E four units to 
the right of A and one 
unit above AB, and F 
two units to the left of B 
and one unit above AB. 
He produces AE and BF 
to meet at C, and draws 
CD perpendicular to AB. 
He obtains the distance 
from A at which the trains meet, by measuring AD to scale (and 
hence determines the siding at which one train must wait for the 
other). Here AD = 80 miles. He obtains the time that elapses 
before the trains meet, by measuring CD to scale. Here CD = 2 
hours. 

The advantage of the graphical method is that in this solution it 
is easy to make allowance for any waits which trains may make at 
stations. Hence, railroad time-tables are often constructed entirely 
by graphical methods. 

II. Problems in the Mixture of Materials. 

Ex. In order to obtain a mixture containing 25 % of 
butter fat, in what proportion should cream containing 
30 % of fat be mixed with milk containing 5 % ? 

Graphical Solution 

We construct a rectangle, and write in two adjacent corners 
(here the left-hand corners) the per cents of fat (30 and 5) in the two 



30 


25 


20 


5 




5 
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given fluids ; and in the middle of the rec- 
tangle we write the per cent (25) desired in 
the mixture. The differences between the 
number in the middle and the numbers in 
the corners (20 and 5) are then found and 
placed as in the diagram. The differences thus found show the rela- 
tive amounts of the given fluids to be used, viz. : 5 parts of milk, and 
20 of cream. 

Now solve this problem algebraically by the method used in solving 
Ex. 33, p. 62. 

By an examination of this algebraic solution, discover for yourself 
the reason for the above graphical solution. 

EXERCISE 18 

1. The distance between New York and Philadelphia 
is 90 miles. If a train leaves New York at noon and 
goes 30 miles an hour, and another train leaves Phila- 
delphia at the same time and goes 20 miles an hour, at 
what time will they meet ? How far from New York will 
they meet ? 

2. The distance from New York to Boston by a certain 
route is 240 miles. If a train leaves Boston at 2 p.m. and 
goes at the rate of 45 miles an hour, and another train leaves 
New York at the same time and goes 35 miles an hour, 
at what time and how far from New York will they meet ? 

3. The distance from A to B is 36 miles. At 
9 a.m., a boy starts from A and walks toward B at the 
uniform rate of 4 miles an hour. At the same time, an- 
other boy starts from B on a bicycle and rides toward A 
at the rate of 12 miles an hour, but at the end of each 
hour of riding he rests J hour. By means of a graph, 
determine where and when the two boys will meet. 

4. In order to obtain a mixture containing 20% of 
butter fat, in what proportion must cream containing 
28 % of fat be mixed with milk containing 4 % ? 
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5. In order to obtain a mixture containing 24% of 
butter fat, in what proportion must cream containing 
30 fy of fat be mixed with cream containing 20 % ? 

6. In what proportion must coffee worth 24 $ a pound 
be mixed with coffee worth 16 $ a pound to make a mix- 
ture worth 18 ^ a pound ? 

7. Make up and work an example similar to Ex. 4. 

8. Also an example similar to Ex. 1. 

9. Also an example similar to Ex. 3. 

EXERCISE 29 

Review 

1. State the degree of each term of 

3 a:V - 5 x 6 - 3 xy + 7 - 8xy 2 + 11 y - 7 x 

2. Remove the parentheses and collect terms in 

3 x 2 - 6(x - 1)(2 x + 3) -{- 3 x + [4 x - 3i -1 - 5(x - 2)]} 

3. Divide 8 a 8 + 6 8 4- c 3 — 6 abc by 2a + Hc and verify your 
result (1) by substitution of numerical values for a, b, and c; (2) by 
multiplication of the quotient by the divisor. 



4. Factor : (1) a 4 + 4 a 2 x 2 + 16 x 4 



(2) i-^ + i 



x 2 xy ' y 2 



Simplify : 

- a 2 +ft 2 
a 3 



(3) a 2 + 2 aft + 6 2 - 3 a - 3 b 

(4) a 2 - ft 2 - c 2 - 2 be + 2 ax + x 2 



a 



+ 



6. 



7. 



8. 



_ &2 a + fe b _ a 

( x + y + x -y \ + ( * + y _ *-y \ 

\x — y x + y / \x — y x + y) 



a 



y 

b 



+ 



(a - b)(a - c) (c - &)(6 - a) (c - a)(c - 6) 



l + 8x 8 



1 - 



2x 



1 + 



2x 



9. 



1-2* 



l-£ 

8 

1 + * + ^ 
2 4 



+ (*-2) 
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Solve : 

10. j(3-2x)-i(x-3)-l=K* + 9)-t 
X 1 f X / rt „ x+1 



11. 



12. 



13. 



3 



MH'-'-^HM-M 



1 



x — 2 x — 4 ar — 3 x — 5 

23 _ 2 jc + 5 5 a: + 13 

6 12 

17. ax = c — by 

x y 



5- \x 

3 4(x - 9) 



14. 1 = 7 + - 



i=M 

x y 
15. 10x + 9y = 66:ry 

2 = 2? + _l_ 
x 4 4y 

is. i- 2 * + y + 5 * + y = o 

11 13 



?y = r-joa: 

18. dx + (a + 6)y = 1 

(a + 6)x + dy = 1 

19. (a + 6)x = 3a& + (a-6)y 
(a — 6)x = aft + (a + 6)y 



3y 



-s- 2 (*+ 5 ) = 2 



20. 3s + y + 32 = l 

3y-5z = 1 

9x + 10« = 1 -3y 

21. State and illustrate some of the advantages connected with 
the use of algebraic symbols. (See DurelVs Algebra, Book One, pp. 
248-250.) 

22. State and illustrate some of the advantages connected with 
the use of elementary algebraic processes. 



Give the value of 
1 1 



1. 



3z 9x 



2. £±J + *J=J£ 
2 2 

Expand : 

'• (I-!)" 



EXSRCISS SO 
Oral Review 



3 £±l_£j^J? 
2 2 

4. l-l 



*• \i~y>) 
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Factor : 

7. z*-2£ + i. 9.1-12+1 

y y a x 2 xy y 2 

8 . ±--± + ± 10. a»-£ 
a 3 aft ft 2 ft« 

11. Divide each of the following by 2: 1 ?, 5, Z, §, 11, 2*, 

3 3 3 5 3 7 y 

JL § £ a + * 3q 26 5ft a 6ft g 
2y' a:' 6' 2 ' 26' 3a' a * 56* 

12. Divide ^ by 3 a. By 4a. 3ft. 5c. 6ft. 

13. Divide 1 by each of the following fractions: }-, -, — , -, — , 

2 3 ft y 2 ft 

h -r*» 2 *> 4 *- 

3x a + ft 

14. Give the reciprocal of each of the fractions named in Ex. 13. 

2 1 2 4 S 

15. Give the value of - when x = 2. When x = - ; - ; 4 ; - ; -• 

x 2*3*52 

16. Simplify those of the following fractions which can be reduced 
to lower terms : 

3a? 3ary 3a: 3ar 4 + x ax ax 

3x + y* S(x + yY Sy 9 3 + x' 4 + y' ax + ft* a(x + y) 

Solve each of the following for x : 

17. - = % 20. -=ft 23. -3 = ? 
a; 5 a x 

18. ? = 4 21. « = c 24. -* = * 

a; a; 2 a; 

19. i- = 4 22. 1= -5 25. ^=2 

2ac a: 4 <f x 

When a = 2, ft = l,a: = 0, give the value of 

26. 3 abx 30. (3 a + b)x 34> (a + &>? 

27. 3a + fta; 31 ^2 + fa. 

28 ' 3a&3 32. (3a + a:)* "'a + s 



3a 
5 aft 



CHAPTER VI 
INVOLUTION AND EVOLUTION 

Involution 

34. Involution is the operation of raising an expression 
to any required power. 

Since a power is the product of equal factors, involution is a 

species of multiplication. In this multiplication, the fact that the 

quantities multiplied are equal leads to important abbreviations of 

the work. 

Powers of Monomials 

35. Law of Exponents or Index Law. 

Since a B =a x a x a, 

(a 8 ) 4 a (a x a x a) (a x a x a) (a x a x a) {a x a x a) 

= a8** = aia 

In general, in raising a* to the mf h power, we have the 
factor a taken m x n times, or 

(«»)"» = AT n I. 

Also, (aft)* = a6 x ab x ab . . . to n factors 

= (axflXfl -ton factors) (b xb xb ••• to n factors) 

.-. (a6) n = a w 6 n II. 

This law enables us to reduce the process of finding the 
power of a product to the simpler process of finding the 
power of each factor of the given product. 

36. Law of Signs. It is evident from the law of signs 
in multiplication that 

(1) An even power of a quantity (whether plus or minu%) 

is always positive. 

Thus, (- 5aby = 25 a*6 2 

81 
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(2) An odd power of a quantity has the same sign as the 
original quantity. 

Thus, ( - 2 ay = - 128 a 1 

37. Involution of Monomials in General. Hence, to raise 
a monomial to a required power, 

liaise the coefficient to the required power ; 
Multiply the exponent of each literal factor by the index of 
the required power ; 

Prefix the proper sign to the result. 

Ex. ( - 5 aV) 4 = 625 aW Ans. 

38. Powers of Fractions. By a method similar to that 
used in Art. 35, it can be shown that 

f a?y = a** 



(; 



Hence, to raise a fraction to a required power, 
liaise both numerator and denominator to the required 
power, and prefix the proper sign to the resulting fraction. 

3 a^V 27 a 8 6 6 

125 x*y { 



Ex. f-f^y, "^, Ans. 



Powers of Binomials 

39. General Method. In obtaining a required power of 
a binomial, it is possible to abbreviate the work even more 
than in the involution of a monomial. 

It is sufficient, in taking up the subject here for the first 
time, to obtain several powers of a binomial by actual mul- 
tiplication, and by comparing them, to obtain a general 
method for writing out the power of any binomial. A 
formal proof of the method is given later. (See p. 221.) 

+ J) 2 = a 2 + 2aJ+ J2 

(a + b)* = a*+3a*b +3afi 2 +& 8 
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(a + by = a 4 + 4a 8 6 + 6 a 2 b 2 + 4 ab* + 6 4 

(a + 6)6 = a 6 + 5 a*J + 10 a B b 2 + 10 a 2 6 8 + 5 a6* + J 6 

If 6 is negative, the terms containing odd powers of b 
will be negative ; that is, the second, fourth, sixth, and all 
even terms, will be negative. 

Comparing the results obtained, it is perceived that 

I. The number of terms equals the exponent of the power 
of the binomial, plus one. 

II. Exponents. The exponent of a in the first term equals 
the index of the required power, and diminishes by 1 in 
each succeeding term. The exponent of b in the second 
term is 1, and increases by 1 in each succeeding term. 

III. Coefficients. The coefficient of the first term is 1; 
the coefficient of the second term is the index of the re- 
quired power. 

From any given term, to find the coefficient of the next 
term, multiply the coefficient of the given term by the exponent 
of a in that term and divide by the number of the given term. 

IV. Signs of Terms. If the binomial is a difference, the 
signs of the even terms are minus; otherwise the signs of 
all the terms are plus. 

Ex. (a + by = a? + 7 a*b + 21 a 5 J 2 + 35 a 4 6 3 + 35 a 8 6 4 

+ 21a 2 6 5 +7ai 6 + 6 7 

The coefficient of the third term = *LlL* = 21. 

2 

The other coefficients are determined similarly. 

Observe that the coefficients of the latter half of the expansion are the 

same as those of the first half in reverse order, 

40. Binomials with Complex Terms. If the terms of the 
given binomial have coefficients or exponents other than 
unity, it is usually best to separate into two steps the 
process of writing out the required power. 
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Ex. (4^-}P)*-(4<*f-5(4<*)'(}P) + 10(4rf)P(}P)> 

-10(4 a 2 ) 2 Q J 8 ) 8 +5(4 a 2 )^* 8 )*- (J 6 8 ) 6 
= 1024 a 10 - 640 a 8 * 8 + 160 a'J 6 - 20 a*#> 

Check the work by letting a = 2, 6 = 2. 

41. Application to Polynomials. 

Ex. 0*-8y+2*) s -[(z a -8y) + 2«]* 

= (a?-3y) 8 +3(^-3y) 2 (2*) 

+ 3(z 2 -3y)(2«) 2 +(2*) 8 
=z 6 -9aty+27z 2 y 2 -27y 8 +6aAs 
-36« 2 yz+54y 2 z+12a^! 2 -36^ 2 +88 8 . An». 
Let the pupil eheck the work. 

EXERCISE SI 

Write the square of 

l. -fa 2 6 2. ~y 3. 2|ac* 

o 

4. 3a; B y n_1 5. — ■fcaP'y*™ 

Write the value of 

6. (3zy 2 ) 8 12. (.005) 8 1? ( 3q*y 

7. (-4a6)* M /2_a% 2 \ 6 ' V 6ft*--/ 

8 . (_| a *J2)2 V 3 J 18. i(|) 4 

9. (.05) 2 «• (-*« 2J3 ) 4 *>• (3 J) 2 
10. (.005) 2 "• ("2 a 2 ) 7 20. (2 J) 8 

11. (.05) 8 16 ' i-\#? 

21. Give the value of 3 x 2 2 . Also of (3 x 2) 2 . 

22. On squared paper show the meaning of (.4) 2 , or 
.16. Also of (1.3) 2 . Of(.3) 2 . Of(2.3) 2 . 

23. To 5 <?d? add the square of one half of • 



29. (»-*)• 34. G + ^d 2 ) 6 39 f ft _*Y 
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24. Find the value of ar*~ l when a = |, r = 3, and 

71= 5. 

25. Show that 2 7 x 5 7 = 10 7 . Is there any advantage 
in knowing this relation ? 

Expand and check : 

26. (6 + a) 6 31. Qa + 2by 36. (3a a -2J)* 

27. (6 -a:) 6 32. (a - l) 7 37. (J a 8 + 3 J) 6 

28. (a + s) 8 33 - 2 ~2 ? ) 6 38. (2 a 2 -J) 7 

30. (J + 22;) 6 35. (3*3-1)* \ V 

40. (a^-z+l) 8 41. (l + 3z-a*) 8 

42. (a^+^+y 2 ) 4 43. (3-a:+2rc a ) 8 44. (a?-a?-l)* 

45. How many terras are there in the expansion of 
(a + *) 2 ? Of(a + a;) 8 ? Of(a + z) n ? What is the num- 
ber of the middle term in the expansion of (a + a) 1 *? 

46. Write out the last three terms in the expansion of 
(a + a?) 18 . Also of (a - a) 18 . 

Give orally the value of the various powers of 

47. 2 up to 2 10 49. 4 up to 4 6 

48. 3 up to 3 6 50. 5 up to 5 4 

51. 6 up to 6 4 

52. The square of each number from l 2 up to 29 s . 

53. Give the value of 2«, 3 6 , 2 8 , 5 1 , l 6 , 2 10 , 5 4 . 

54. Give at sight the value of ofl — x when x = 2. 
Also when a? = l. — 1. 0. J. 

55. Make up and work an example similar to Ex. 12. 
To Ex. 37. 

56. Also an example similar to Ex. 40. To Ex. 46. 
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Evolution 

42. A Root of a given quantity is a quantity which, 
taken as a fadtor a certain number of times, will produce 
the given quantity. 

43. Evolution is the process of finding a required root 
of a quantity. 

What is the radical or root sign? What is the mean- 
ing of V9? Oly/al OfV7? 

44. Number of Roots. Taking a particular example, we 
find that V5 has two values, viz. : + 2 and — 2, for 
( + 2) 2 = 4 and (-2) a = 4. 

A number containing a square root of a negative quan- 
tity is termed an imaginary number. 

A real number is a number which does not contain an 
imaginary number. 

The nature of the square of an imaginary number, as of V— 4, 
is explained in Chapter IX (p. 119). 

If we include imaginary roots, it may be shown that when any 
root of a given number is extracted, the number of possible roots equals 
the index of the root to be extracted. 

Thus, in taking the cube root of 8, we find three possible roots, 

viz..: 2, - 1 + v^3, and - 1 - V^l. 

45. The Principal Root of a number is that real root of 
the number which has the same sign as the number itself. 

Thus, the principal root for Vi is 2 ; for V27 is 3 ; for V— 27 
is -3. 

In this chapter, only the principal roots of the numbers are con- 
sidered. 

Evolution of Monomials 

46. Index Law. Since (a w ) w = a mn (Art. 35, p. 81), it 
follows that 

^s/a mn = a m I. 

where m and n are positive integers. 
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Hence, the process of finding the root of a quantity 
affected by an exponent becomes simply a division of 
exponents. 

Also, Vab = -VaVb II. 

For, let Va = #, V6 = y ; 

.-. x n = a . . (1) y n =6 . . (2) 

But x n y n = (xy) n (by Art. 35) 

Substitute x n and y n from (1) and (2), 

ab = (VaVb) n (3) 

Extract the nth root of each member of (3), 

■\/ab = VaVb 

This reduces the process of finding the nth root of a 
product to the simpler process of finding the nth root of 
each of the factors composing the product. 

47. Method. Hence, to extract a required root of any 
monomial, 

Extract the required root of the coefficient; 

Divide the exponent of each letter by the index of the re- 
quired root; 

Prefix the proper sign to the result. 
How may the work be checked ? 

EXERCISE 38 

Write the square root of 

1. 16 a¥ 3. £a 2 zy 25 x*»+* 

2. 9zy 4. T 9 ga 4n 16 
Write the value of 

7. -VWoW 10. VWcfix™ 

8. y~vnw U. ^64 a 12 * 6 "" ^""243^ 



12. 



n!^ 



16 

10 



13. l\_*** 
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Find the value of x in each of the following equations : 
14. a* = 81 16. a? = 128 

15. 3* = -32 17. 3* = ^ 

18. Find the largest square factor in each of the follow- 

in S : 54, 98, 320, 242, 450. 

19. Find the largest cube which is a factor of each of 
the following : 

40, 135, 88, 250, 432, 567, 686. 

Extract the square root of each of the following by tak- 
ing out pairs of like factors (or square factors) : 

20. 5184 22. 21 x 75 x 112 

21. 11664 23. 11 x 27 x 99 x 192 

24. Make up and work an example similar to Ex. 8. 
To Ex. 9. To Ex. 22. 

Square Root 

48. Square Boot of Polynomials. In order to determine 
a general method for finding the square root of any poly- 
nomial which is a square, we consider the relation between 
the terms of a binomial and the terms of its square; as 
between a 4- b and its square, a 2 + 2 ab -H b 2 . This relation 
stated in inverse form gives us the required method. 
The essence of the method consists in writing a 2 + 2 ab + J 2 
in the form a 2 -f J(2 a + 6). 

In squaring a trinomial, a -f- b + <?, we may regard a + b 
as a single quantity, and denote it by a symbol, as p. We 
then obtain the square in the form p 2 + 2pc + c 2 . 

Evidently we may reverse this process, and extract a 
square root to three terms by regarding two terms of the 
root, when found, as a single quantity. Similarly, a fourth 
term of a root, or any number of terms, may be obtained 
by regarding the root already found as a single quantity. 
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Ex. Extract the square root of a 4 + 10 a z b + 19 aVfl — 
30a& 8 + 96 4 . 

a 4 + 10 a*b + 19 a 2 ft 2 - 30 aft 8 + 9 6 4 |a a + 5 aft - 36 a . Uoot. 
a 4 



2a 2 + 5a6 



10a 8 6 + 19a 2 /> a 
10a"ft + 25a 2 6 2 



2a 3 + 10a£-3& 2 



-6a 2 6 2 -80a& 8 + 96* 
-6a 2 6*-30a& 8 +9&* 



The work may be checked by squaring the result obtained, or by 
numerical substitution. 

Let the pupil state the above process as a rule. 

49. Square Root of Arithmetical Numbers. The same 
general method as that used in Art. 48 may be used to 
extract the square root of arithmetical numbers. 

The details of the method of extracting the square root of num- 
bers are explained in arithmetic (see DurelVs Advanced Arithmetic). 
As an illustration of the process, we give the following example : 

Ex. Extract the square root of 679.6449. 

6f9.6?£9 j 26.07 Root 
4 
46 



279 
276 



5207 



36449 
36449 



50. For extraction of Cube Root see Appendix, p. 267. 

EXERCISE 33 

Extract the square root and check : 

1. 296 2 -266* + 12J 6 -14#>-10& + 9& 6 + l 

2. 4y t -12J 2 p 8 + 20^ + 96«-30& !! + 25 

3. a 2 - 2 ab + b 2 + 25 +10 a -10 b 

4. 24a 8 i + 24ai 5 + 9a 6 +9&«-8a*i a -8a 2 i 4 -50a 8 fi8 
*. 22a^-20*» + 4-4a;+17« 2 + 9««-24« 6 



90 DURELL'S ALGEBRA: BOOK TWO 

6. | ar*-3zfy+ 16 aty 2 " 10 xy 8 + 25y* 

a 4 a xx* 

_ a 2 . x* . x 2 o , ^ 
or 4 dr a 

10 . i? + J_ + * + 2l> 2x 2_ 

9 9a* ^ 9s 3 Zp 

Find to three terms the square root of 

11. cfi-\-6b 12. 1 — 4a? 13. a? — Sxy + y a 

Find the square root and check wherever possible : 

14. 283024 16. 8042896 18. .64048009 

15. 9312.25 17. 4916.8144 19. 10.06475625 
20. 17.5 22. .4 24. ^ 26. 9.0042 

21. 7$ 23. 9^ 25. .081 27. 176.5 

Compute to three places the value of 

28. VUV2 29. V4 VT- V5 30. ^(VT+V*) 

31. Find the altitude of. an equilateral triangle whose 
side is 27 in. 

32. Find the side of an equilateral triangle whose alti- 
tude'is 27 in. 

33. Find the side of a square whose diagonal is 36 in. 

34. If a city park is 800 yd. long and 600 yd. wide, 
how much is saved by walking from a corner to the 
opposite corner along a diagonal instead of along the 
sides? How much time does a man save in a year by- 
walking thus, if he walks at the rate of 4 mi. an hour, 
and crosses the park 4 times a day on 300 days? 
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35. If iT = V«(« - aX* - 6)(> - <0, a = 126, 6 = 50, 
c = 148, # = J (a + b + <?), find JT. What is the meaning 
of this process in geometry ? 

36. Find in feet the radius of a circle whose area is one 
square rod. 

37. Find in feet the length of the tether by which a cow 
must be tied in order that she may graze over two fifths 
of an acre. 

38. If 4 irm = 200 sq. in., and ir = ^, find R. What 
is the meaning of this process as applied to the sphere ? 

39. The area of California is 158,300 sq. mi. Find the 
side of a square having an equivalent area. How may 
you then visualize the area of California ? 

40. By the use of the method of Ex. 39, visualize the 
area of the state in which you live. 

41. A bushel measure is to be a square 12 inches deep. 
Find in inches the inside edge of the square top. 

42. Make up and work an example similar to Ex. 20. 
To Ex. 34. 

43. Also an example similar to Ex. 11. To Ex. 37. 

44. How many examples in Exercise 14 (p. 33) can 
you now work at sight ? 



CHAPTER VII 

EXPONENTS 

51. Positive Integral Exponents. Using a 8 as a brief 
symbol for a x a x a, and a m as a brief symbol for a x a 

X a x a tow factors, we have already found the 

following laws to govern the use of positive integral ex- 
ponents: 

I. a m x a* as m+ * III. (tf" 1 )* as a m » 

II. — = a m "*, ifm>n ; 1N _ 
a" V. (a6) w = a n b n 

52. Fractional and Negative Exponents. We have seen 
that by using fractions as well as integers, and negative as 
well as positive quantity, the field of quantity and opera- 
tion in algebra is greatly extended and some processes are 
made simpler, others more powerful. These same advan- 
tages are secured by the use of fractional and negative 
exponents. 

Let us suppose that the first and fundamental Index 
Law, a m x a n = a m+n , holds for fractional and negative ex- 
ponents, and then inquire what meaning must be assigned 
to these exponents. 

We limit the fractional and negative exponents here treated to 
those whose terms are either positive or negative integers, and com- 
mensurable; that is, expressible in terms of the unit of quantity 
used in the given problem. 

Exponents like V2, as in a ^ are not included in the discussion, 
though the student will find later that the same laws hold for these 
exponents. 

02 
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53. I Meaning of a Fractional Exponent. 
Since by Index Law I, 

it follows that a* is one of the three equal factors which 

may be considered as composing a 2 ; that is, cfi is the cube 
root of a 2 . 

So, in general, 

9 9 9 9 . - , 

a\ x a,q xa q x ak to q factors 

?+*!+?+•.• to 9 ternw 

— Q* 9 9 

= of* = a* 

Hence, in general, in a fractional exponent the numerator 
denotes the power of the base that is to be taken, and the de- 
nominator denotes the root that is to be extracted. 

Ex.1. 27* « \^27* = 8* = 81. Ans. 

Ex.2. a*xa*xat = aM + l = att. Ans. 

Ex. 3. V2 3"+* . 2*3"-* = 2^+* • 2 V~* = 2 2 s 2b = 4 a* 1 . 

Ans. 

Note that in Ex. 1 it is best to extract the required root first. 
In the examples which involve letters, the work may often be 
checked by numerical substitutions. 

EXERCISE 34 

Express with radical signs : 

1. jt* 3. 36* 5. 5^y l 7. 5x* 

_ n-2 

2. y* 4. 2 a*6* 6. 3 ah? 8. a6*y B 
Express with fractional exponents : 

9. W vl 5Vy* 13. Vx*Vfi Zxl/'y 

10. Vx 12. a\/a? 14. 3Va^y ab^Vc 
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Find the value of 

16. 9* 19. -#27* 22. (-27)* 25. (^)* 

17. 16* 20. V25* 23. (-32)* 26. (-*&)* 

18. 81* 21. </W 24. (-125)* 27. (If)* 

Simplify by performing the operations indicated: 

28. a* x a* 31. 3*a* x 3 'a* 34. 2* x 2* 

29. 3 6* x 2 6* 32. a* x a 1 35. ^5 . V5* 

30. a*yl x afy* 33. a* -s- a' 36. J^Va? • a^Vft 

37. 3 1 * • 3* • 3* «• J ' +m ' h "' n + J,_ " 

38. y"+».y«-» 8a*V? 4^V^ 

43. — — • — — 

39. ar*" -26 • ic 8a+2ft 5V6 3V6 3 

40. a? 2 ^ 5 .^- 5 V3^5 8*^5* 

41. a 2+ " . a*- 8 . a 3 ""* ' -s/2 -\/7 2*^7" 

45. Find the value of 5* to three decimal places. (See 
Art. 49.) Also of 5* or Vl25. Multiply the two results. 
Compare the amount of work in thi3 combination of 
processes with that of finding the value of 5 2 . Which 
method gives the more accurate result ? 

46. What two parts are there to every power ? What 
is the difference between an exponent and a power ? 

47. Make up and work an example similar to Ex. 34, 
To Ex. 42. 

48. Also an example similar to Ex. 45. 

49. Work again Exercise 19 (p. 48). 
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54. n. Meaning of the Exponent Zero, or of a°. 

By direct division, — = 1 

a m 

a** 
By subtraction of exponents, — = cfi .\ a = 1 

Thus, a may be regarded as the result of dividing some power of 
a by itself. 

An expression like px 2 + qx + r is sometimes written px 1 + qx + ra°« 
the advantage being that in the latter form every term contains an x, 

55. m. Meaning of a Negative Exponent. 

a k 

By subtraction of exponents, —^ = or* 



By cancellation, 




a* 


a* 1 


a k+n a k 


X a" a" 






_ n 1 




Ex. 1. 


2 


-» = ! = !. 

2 8 8 


Ans. 


Ex. 2. 


4" 


4 I 8 


Ant. 



Negative exponents are useful in enabling us to write 
certain decimal fractions in an abbreviated form. 

Ex. 3. Express .000000007 in a briefer form by the 
use of negative exponents. 

.000000007 = 5L = J- = 7 x 10~ 9 . Ans. 

1,000,000,000 10 9 

56. Transference of Factors in Terms of a Fraction. It 

follows from the meaning of a negative exponent that any 
factor may be transferred from the numerator to the denom- 
inator of a fraction, or vice versa, provided the sign of the ex- 
ponent of the factor is changed. 
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Ex. 1. Transfer to the numerator the factors of the de- 



nominator of 



,-* 



*xy 



= 5a6" 2 xv*. An*. 



Ex. 2. Express with positive exponents 



8 6-2y~i 3 ** 



EXERCISE 35 

Transfer to the numerator all the factors of the de- 
nominator in 

1. —ztz 2. 3. - — = 4. 



a 3 6 8 xy-8 3 s 6 4" 1 a , H 

Express with positive exponents : 

5. a 2 6"« 7. 5a-y* 9. 8(a?-y)-* 

6. * 8. - — — 10. a * + & J 
a -ij-6 4 a?"V 



11 



Obtain the value of 
. 9"* 16. i- 21. (12J)-»+f^)"* 

1 18. 4- 2 +8"* 23. 4» + r§ V8 



V? 15 \2> 



1 /4\~* 2- 8 • 3~ 2 • 4~* 

14. 73 19. (y) 

15 . h 20 . (_?y* 



4"» "• W "' 80.9^.8-t 



4"» \ 8y/ 
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25. Express .000000003 in a briefer form by the use of 
negative exponents. How many more figures and symbols 
are there in the first form than in the second ? 

26. Express .000000001 in a briefer form by the use of 
negative exponents. 

27. Show that 1 millimeter equals 10~ 8 meter. 

28. The micron is a small unit of measure equal to one 
millionth of a meter. Express it as a part of a meter by 
use of a negative exponent. 

29. The length of a wave of violet light is. 000016 in. 
Express this number as 16 in. multiplied by a power of 10. 

Give the value of 

30. 50, 5000, g J f py f ( _ 7) o, (a + 5)0, |. 

31. 8 x 50, 5Q°, 3a0, (3a)0, 9* -t- 30, 1. 

32. 1*, 1"*, 1°, 1* x 1"*, 9* x 1*, 5 - 40 x 1"*. 

33. 8"*xl6*x2° 34. 4- 2 x8* + 2-* 

35. Express 4° as some power of 4 divided by itself. 

36. Express ofi as some power of x divided by itself. 

37. Express 4~ 2 as the quotient of two powers of 4. 

Express x" % as the quotient of two powers of x. Ex- 
press x~ m in like manner. 

38. State the value of $4°. Of $ 4~ 2 . $4~*. 

39. Which is the greater, (J)~ 2 or (£)"" 8 ? 

Simplify the following by performing the indicated 
operations, and reducing the results: 

40. 6 A~*. A* 42. 8 a" 2 -!- 2 a- 8 

41. 8 x^y -*• 4 x V «. a^-8ar* 
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44. — 45. — — 46. 

-3. _*. 

47. a-y^+W^ 48. ±^E 49. ^""^g 

50. Determine which of the following has the greatest 
value: fly, (£)-» (J)0, J. 

Give the value of 

51. 4^ + 8*- (J)"* 52. 4° + 3°-5xr* 

53. Make up and work an example similar to Ex. 20. 
To Ex. 25. Ex. 38. Ex. 51. 

54. How many of the examples in this Exercise can 
you work at sight? 

55. How many examples in Exercise 12 (p. 28) can 
you now work at sight ? 

57. Meaning of (a™)" for Fractional and Negative Expo- 
nents. We now extend the law (a m ) n = a mn to fractional 
and negative exponents. 

Ex. 1. Find the value of (9*)~*. 

\ 81 Vs ' >. 81a;* ' 

= 16^6-1 
81-Saf* 

= 81*oM 

16*6 

2 7 A' 
86 



Ex. 2. 



Ant. 
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Hence, in general, to simplify a complex expression in 
exponents, 

Convert each radioed sign into a fractional exponent; 
Convert each power of a power into a power with a single 
exponent; 

Convert each negative exponent into a positive exponent ; 
Simplify by cancellations and collections. 

EXERCISE 36 

Reduce to simplest form : 

x - W* 6. (9J-*)-* ll. (27*)"* 

2. (ar 8 )* 7. 2 a+b • 2 a ~* 12. (5 a- 4 ) 

3. (5*)° 8. (2° + >)«-* 13. (-3a 2 6"*)- 3 

4. (64*)* 9. (af*y*)"« 14. (x*+« • x*-rf 

5. (4 a*)* 10. (4a- 2 fi-V)* 15. (49 afty*)"* 

16 - (a»+V(a^) »' {VafVV^}" 1 

17. 2 ^(^iH^i)" 4 24. V^ClP? 

18 - {VCV^)-*}" 25 Q' + ')' 

19. (a 8r i- 2 *)~5 

-f 26. xvarTx 



20. ( 8 a f*^_) 



*[^T 



29. 8 _i + 5a°-7(a; + 2y) -l"* 



p-« 



* , * 
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coo-*) W x Uv Wv 



34. 






-2 



35. By a numerical substitution, show that — does not 



a^ ! 



equal a?. Also that — does not equal a?*. 

2? 

36. Write the square root of each of the following: 
9 ar 4 , 9ar-», $ a; 4 , 9 af*, 16 a"*, 16 a"*. 

37. Solve a;'* = 27. 

Sdg. Raise both sides to the power (— }). 

Then, (*"*)"* = (27)"* 

fl 1 1 

27} 9 9 

Find the value of x in each of the following : 

38. x i = 2 42. z~ i = -% 46. a?" l = -^ 

39. a;* = — 27 43. af* = l 47. 3a;*=2 

40. a:"* = 3 **• *~* = 2 «. 4a;* = 9 

41. af* = 4 45. aT* = -3 49. 4af*=9 

50. Make up and work an example similar to Ex. 11. 
To Ex. 28. Ex. 41. 

51. Practice oral work as in Exercise 30 (p. 79). 



• • 



••• „ • 

. • • * * 
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58. Polynomial! whoie Terms contain Fractional or Hegative 
Exponents. 

Ex. 1. Multiply 

a?" 1 — 2 af*y* + 4y by x" x + 2af*y* + 4y. 

x- 1 - 2 ariy 1 + 4 y 

x~ l + 2 *~M + *y 
x -2 _ 2 af"fyi + 4 x-ty 

+ 2 x-iyl - 4x-!y + 8 x~iy\ 
+ 4 x-fy - 8 x~lyl + 16 y* 



x -2 + 4 x -1 y 

Ex. 2. Extract the square root of 



+ 16 y*. Product. 



8 



16 



a -* + °_2a-*+~8a-* + l. 
a Va 

Writing the expression by use of exponents only, 

a~* + 8 a- 1 - 2a"i + 16 a"i - 8 a~l + l |q~t + 4<r* - 1 



2a-* + 4a"i 



8 a- 1 - 2 a~* + 16 a"i 
8 n- 1 + 16 a~* 



2a-! + 4a-l-l 



-2a"*-8a"i+ 1 
-2a-i-8a-*+l 



. EXERCISE 37 

1. Arrange 5 ar 2 + 3 + 4a? — 3a; — x" x in descending 
order of magnitude. 

Also arrange a 2 — a~ n + a* — 1 + a 2 in ascending order. 
Multiply : 

2. 3 s*- 2 a;* + 3 £ + 4 by 2 a;* -3 

3. 3 a"" 2 - 3 a" 1 + 2 by 3 a" 2 - 2 a" 1 

4. 3a*-2a*i*-46*by4a*-3&* 
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5. 3 x* — 5 z* + 4 by 3 - 4 z~* 

6. x~ 2 — x~ l y + y 2 by x~ 2 + x~ x y + y 2 

7. a;* — a;'y ■ + 2 y* by y » + af 'y * -|- 2 a?"* 

Rearrange and then multiply : 

8. 3 a?- 4 x- 2 + 3 by 2 a;" 1 + 3 a; 

9. 3 x* + 2 a;"* - x* by a;"^ + 2 a;* 

,„ o 1 2Va K 6Va 3 . Q 

10. oa — by — + 9 a 

V Vy Vy y 

Divide : 

11. 6 a* — a -f 1 by 2 a* + a* 

12. a: -8 — y 8 by a;" 1 — y 

13. a" 2 + ir 1 * + J 2 by a" 1 - a"*4* + b 

14. a;* + y~* by a;* + y~* 

15. 2 a" 1 + 3 + a 4- 6 a 2 by 2 a"* - a* + 3 a* 

16. aj , + 2a>*-16 2^-32ar 1 bys*-2s* + 4ar*-8af* 

17. a* + a6 ! + 6* - 2 a*6» - aU by a* - 6* + a*6 - aft* 
Extract the square root of 

18. 4a?-12a?* + 7a? + 3a?*+J 

19. a;* — 4a^y* + 4a;y 20. 9 :ry- 2 + 12 y -1 + 4 ar 1 

21. 16a:* + 24aM- la - 12 a*af* + 4 ahT 1 

22. 18-12J-* + &*-65* + 4ft-* 

23. ^ a 8 - f a*6* + f| a 2 6 - £ a*6* + 2 £ aJ 2 

24. 9 18V^ { 15 y 6Vp , o 
a 4 a^ a 2 a; 

~~ 4 a 2 , /-or- . b , o 4vV 

25. -r— + va 8 6 — 2 a + - + a 8 — 

6 4 V6 
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EXERCISE 38 
Review 

1. Simplify (# + 4° - 8*. Also (f)"4 . 4° • 8*. 

2. Which is greater, (2 8 ) 4 or 2 8 • 2 4 ? How many times greater? 

3. Which is greater, (4 * ) 6 or 4~* . 4« ? How many times greater ? 

4. Does (se°) 2 equal x°* ? Illustrate numerically. 

5. Divide9a 6 -21a 8 Vi-^ox + 12a' l x^bj Ja 8 -4aA 
Simplify : 

x n(x*-i)» 9. (x*) a + b • (a*)°-» -*- (x»+»)« 

- X " +1 ' arn ~ 1 10. Solve 3 xi = 32 - 5 xi 

7. (*«-*)«+* -5- ar- w 

a *■-• . zb+a + (*«)« X1 gim lif ^ / 6*\2 + a"* 

12. Arrange and extract the square root of 

x~ 2 + y$ + 2 a:"lyi - 2 x~iy - a:" 1 ^ 

8w 3it ft ft 

13. Find the value of (x 2 — y *)~*~ (x — y*) 

14 . Simplify?^ FaCt0r = . 

r J 6 ^ afe" 8 17. or 2 - y* 

15. Simplify aVq Vd&=* 18. ** - 5 xi + 6 

19. or* - y* 

_i _i_ 9 

16. Simplify [(a-)* "] n_1 20 - D ivide a 2 - 6 8 by Vi-y/b 

21. Find the difference between the value »of (})~ 2 and that of 
(- 2)" 2 . Also between (- 2)~ 2 and - 2~ 2 . 

22. Does 2a -8 equal ? Why? Give a numerical illustration. 

H 2a 8 J 

23. Does x * t f 8y equal ^-±7^ ? Why? Illustrate by giviug a, 

56 5 a*b 

b, x, and y convenient numerical values. 

24. Does a~i + ft" 2 equal — ? Explain as in Ex. 23. 

a* + & 2 

25. Make up an example similar to each of the three preceding 
examples. 



104 DURELL'S ALGEBRA : BOOK- TWO 

26. Show that * *V' -*')»- 3 *'(*'- «')» red,^ to » "'C*'-" 8 )* 

-I ^i n Ca-» + 1) 

27. Reduce (n - l)x«(x» + n) • + (r» + ») » to -* \ 

(*" + *) ; 

28. Show that K* + «r*-K*-«r f = - (*+*)*+(*-*)* 

( X + a )»_ (ar _ a ) * 3( x* - a*)* 

29. Express 8» as a power of 2. Also 4« - 8* • 8~t, 4» • 4"+ 2 . 8»- x 

30. Simplify J*^ 1 )* 31. Expand (s* - 4*-i)» 

2** 1 • 4* * - 

32. Expand (y/x - 2 v/*)* 

33. In the year 1010 the record time for 1 mile traveled on a 
bicycle was 1 min. 7 sec, which was 12} sec. more than twice the 
record for 1 mile traveled by an automobile. Find the latter record. 

34. A certain quantity of 18 1 coffee was mixed with 30? coffee to 
make a mixture of 100 lb. worth 22? a pound. How many pounds of 
each grade of coffee were used ? 

35. Who first suggested the use of a fractional exponent and 
when? Who first showed that such exponents could be used accord- 
ing to mathematical laws ? Who first used zero as an exponent and 

when? 

EXERCISE 39 

Oral 

Give the value of each of the following : 

1. 4*, 4"*, 4-2, 40 (4-*)-i, (4-2)*' -L 

2. (I) 1 , (J)°, (t)~~\ 4* + U) 4 

3. x«+» • x«-* - («•+*)•-* 

4. x* a + b £ 2a - b (x 2 *+ h ) 2a - b 

*±1 n ~ x 

5. x * x a 

6. 2»+ 1 2»- 1 

7. 2*. 2*, 3*. 3"* 

8. 4*-4 2 , 4*. 4°, 7*0 + 50° 

9. (a* + &*)(«*-&*) 



10. 


(a* 


+ 6*)(a*- 


»«> 


11. 


(•« 


- &*) + (a* 


-*> 


12. 


(x~ n 


+ y)(ar»- 


*y) 


13. 


(a* 


+ &*)* 




14. 


C H 


» + ft 4 ) 2 




15. 




-r 8 
-r 1 
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Factor: 

16. a* -6* 18. cr* -ft"* 

17. a* -6* 19. x'*-9 

go o qo 

20. Give the value of each of the following : — , — , — , 3* x 5, 
3 x 6°, 3° x 5°, 3° + 5°, 3° - 5. 

21. Give the value of 16* • 16*. Of (16*)*, 16~* • 16"*, (16"*)"*. 

22. Give the value of ^ . Of -^ . Of *•+» • a: 2 *- 1 . x 1 '*. 

x* 2n 

Give the value of x when 

23. x* = 3 25. aT* = 2 27. a:"* = 3 

24. ** = 4 26. x~* = 4 28. x"* = 8 

29. Give the square root of each of the following: 4x~*, 4x"*, 
4*r«, a~*b* f ax»y"*, Ja»6*. 

30. Give the value of each of the following : (.3)- 2 , l" a x 1° x 1 "*, 
(.01)* 1"* + 4°. 

31. Give the reciprocal of 2. Of f, - f , 4-«, 8"*, 1"*. 



CHAPTER VIII 

RADICALS 

59. Indicated Boots. The root of a quantity may be 
indicated in two different ways : 

(1) By the use of a fractional exponent ; as a*. 

(2) By .the use of a radical sign ; as Va. 

For some purposes, one of these methods is better ; for 
some, the other method. 

Thus, when we have ft* x ft* -*- 6 s where the quantities are alike 
except in their exponents, it is usually better to use fractional ex- 
ponents to indicate roots. But if we have 7Vl2 — GV3 + 2Vi8, 
where exponents are alike, but coefficients and bases unlike, it is 
usually better to use the radical sign to indicate roots. 

In the preceding chapter we considered exponents ; we 
have now to investigate the properties of radicals. 

60. A Radical is a root of a quantity indicated by the 
use of the radical sign ; as Va, V8. 

The radioand is the quantity under the radical sign. 
In treating radicals, we deal only with principal roots 
(see Art. 45, p. 86), unless the contrary is stated. 

61. Surds. An indicated root which may be exactly ex- 
tracted is said to be rational; as V27, since the cube root 
of 27 is 3. 

A surd is an indicated root which cannot be exactly ex- 
tracted; as V5, VI. 

62. The Coefficient of a radical is the number prefixed to 
the radical proper, to show how many times the radical is 
taken. 

Thus, the coefficient of 3 V7 is 3 ; of 5 (a + b)Vx is 5(a + 6). 

106 
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63. Entire Sards. If a surd has unity for its coefficient, 
it is said to be entire. 

64. The Degree of a radical is the number of the indicated 
root. 

Thus, v 5 is a radical of the third degree. 

65. Similar Radicals are those which have the same 
quantity under the radical sign and the same index. 
(The coefficients and signs of the radicals may be unlike. 
Hence, similar radicals must be alike in two respects, and 
may be unlike in two other respects.) 

Thus, 3V7 and — 5VY are similar radicals. 

66. Fundamental Principle. Since a radical and a 
quantity affected by a fractional exponent differ only in 
form, in investigating the properties of radicals we may 
use the properties obtained for fractional exponents. 

111 
Thus, since (ab) n = a n b n 

.•. x/ab = Va • Vb 

Transformations of Radicals 

67. Simplification of a Quantity under the Radical Sign. 

Ex. 1. Simplify ^250 aV. 

j*y/25Qa*x* = ^#125 s« x 2^=1x^2?. Ans. 



Ex. 2. Simplify — ^p-' 



x *27 a 



"7^27 a x*27a 3a x^Sla* 
x *81a 2 9 
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EXERCISE 40 

Express in the simplest form : 
1. -^16 atxtp 3. J V64 aW 9. ^80 a*y™ 



2. V16 ctxtf 6. |V54oW 10. axWafoti) 

3. </YG a*xy a 7. \ V25 a 8 * 2 11. ^64 oa^ 

4. VoT^Pc* 8. -J^o - ^ 12. -^729 #y 

| 12^ 

' \ OtM 

14. V482a%»» 

15. Va" + V» 19. V72 x 40 



13. ^432 «¥• J12aV 



16. V(4 x 1 + 4 a; + l)y 



J 36(-2 a - fl) 8 

17. ^(a + bXcP-P) ' * 4y(x - y) a 

Simplify : 

21. 10V| 26. ^f ^ 4 ' 3~«P 

__ 3 /20~o 2 OB '/9a 2 " 8y 

M . J^ 26. <E 32. f^ N /S 

x 25a *7a a l + xM-a> 



24. V3J 29. V| 

25. V^ — 30. \/t— s 33 « a \~? 

* 8x *4a a x (a + 



*> 



8 



8n+l 



«^ • 2 Xfrw */(« + J) 2 M */o 8 » + 



'• ^ - ■%£ 



*> 



n+8 
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38. Given V3 = 1.73205+, find the value of Vl08 to 
four decimal places in the shortest way. Also that of 

39. Using Vti = 2.44948% make up and work an ex- 
ample similar to Ex. 38. 

40. Who first used the sign V *° denote a root? 
Who first suggested the use of the vinculum instead of 
the parenthesis in this connection, as in using Va + ft in- 
stead of V( a + *) - How were higher roots like ^ -y/ 
first indicated after the invention of the radical sign ? 







EXERCISE 41 










Oral 




Simplify 


at sight 


• 






1. Vl2 




5: 4VJ" 


9. VS 


-Af-f 


2. V? 

3. 2\/j 




6. 10 V| 

7. x*\£ 

*x 


10. V'J 

11. 5V| 


15. W 4iJJ 


4. eVj 




8. VJ 


-Vf 


2' 8 
16. 6\ZI} 



68. Making Entire Surds. 

Ex. 2^5=^8^6 = ^40. ^n«. 

69. Simplification of Indices. 

Ex. ^8 aW> = ^2W?== <^P?. Am. ' 

70. Seducing Radicals to the Same Index. 

Ex. Arrange V2, \^5, \^9 in descending order of 
magnitude. 

V5, ^6, \^9 = 2*, 5*, 9* 

= 2^ 5& 9^ 

= v'fli, vT25, V5L Hence, 1/5, \/9, y/2. Ans. 
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In 
,n+2 



EXERCISE 41 

Express as entire surds : 
1. 5V3 . 4 ^/25a „ a 

3. 5\^3 12. ^4^| 

4- M »• ffV^ 13 . flJZ 

6 - }** io. s*><fiZE 14 . ^.f^ 

7. fVJg* * a;* V *V 

15. x*\l-- a 16. (a-6)J3^?\ 

ar * a — o 

Simplify the indices of the following : 

17. VWx» 20. ^64 Px™ 23. Vl6a*»y8» 

18. ^8 a 8 6V 21. ^729 aW 24. Vi^*^ 



#8 cPb*x» 21. ^729 aW 24. \> 

12/ g , B Q __ 8/K1 BIB __ *>/; 



19. K/aWz» 22. VMW 8 25. V32(a-i)« 

26. ^1024 ^(a; _ y y 27 . ^jf!g 

Reduce to equivalent radicals of the same (lowest) 
degree : 

28. ^2, -i/5 30. y/a, Vx~ 32. y/2, y/$, </S 

29. V5, 1/2 31. V2, </3, -#4 33. <^», -fa», Va 

Show which is greater : 

34. V5, \/T 36. 2V2, -&TT 38. 1/8, 2^J 

35. </6, VI 37. $#2, £ V5 39. \!/\, §Vf 

Arrange in the ascending order of magnitude : 

40. V3, </i, 1/5 42. ^|, 1/$, ^| 

41. \/li, V2, ^80 43. 3, 2V3, £V5 

44. Make up and work an example similar to Ex. 14. 
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45. Also an example similar to Ex. 23. To Ex. 36. 

46. How many examples in Exercise 31 (p. 84) can 
you now work at sight ? 

Operations with Radicals 

71. Addition of Radicals. 

Ex. 6 ViJ - 10 V3j - 5 V\ + 7 V24 

= 6 V^ - 10V^ - 5 VJ + 14 V6 
= 5V6 - 8V5 - 2V5 + 14V6 
= 19V6-10V5. Ans. 

72. Multiplication and Involution of Radicals. 

Ex. 1. 3^/5 x 4 V2 = 3^/26 x 4^8 

= 12\/200. Am. 

Ex.2. (V3) 8 ==(3*) 8 = 3* = 81. Ana. 

73. Division of Radicals. „ 
Ex. 8V2 + 2V5=4V| = |V10. Am. 

EXERCISE 43 

Simplify and collect : 

1. 2V27-3VI8 + V300- V162 

2. f^f- gTf + ^48 



3: a^2~i+\/l28a8a:--v / 250a 8 a! 

a 

«. |Vl62^ + 20a;V4j-^V2^-a^g 

5. V24^-6a^ + ^V|-aV66|+^V96^ 

6. 5V(a - byx- 3V(2 a - 3 J) 2 * + VA + 2 abx+Vh: 

7. V(a-J) 2 y+ V(a + 6) 2 y-V^+V(l-a) 2 y-Vy 

8. 4V|-5V6-3V| + 2\/36 
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9. Compute to three decimal places the numerical value 

of V60 + V98 — V72 without first simplifying and collect- 
ing the radicals. Then simplify first and compute. Com- 
pare the amount of work in the two processes* 

10. State some of the advantages in being able to sim- 
plify radicals. 

Multiply : 

»• |VfbyjV| 14. V3, -^ and ^ J 

12. V6 by -v^ 15. aVa - bVb by 8 Vab 

13. 2< / 8 by V|, l«- V5-VT by V5+V7 

17. fV8+2V32-jV48by 2V8-JV32+V12 

18. 10 VJ - 4 VJ + JVBOO by V| + 8V2-£V5 

19. Va: + 2-Va: — 2 by Va:+2 + Va;-2 

20. I V^^P + £Va a + i 2 by £Va a - 6 a - £Va a + 6 a 

21. In the shortest way find the value of 

(3V2 - V5)(4V3 + V7)(3V2 + V5)(4 V3 - V7) 

Divide : 

22. $ V48 by f V72 24. Vol by VJc 

23. \Vbhy\yffi 23. ^by^| 

26. 15 V12 - 12V40 - 4VI06 by 3 V16 

27. Compute in the shortest way the value of (V2) 8 . 
Also of (V2) M , (V3) u , (- Vsy, (JV2) 8 , (^6)». 

Expand : 

2a (2V3-V2) 2 31. (V2-V3) 8 

29. (V3-2) 8 32. (Vi+7-V«^y) 3 

30. (£V3-2V2)* 33. (V3-V2 + 1) 8 



7 7 -v/2 7 
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34. State the rule for multiplying one radical by 
another. 

35. Make up and work an example similar to Ex. 9. 
To Ex ? 13. 

36. Abo one similar to Ex. 17. To Ex. 23. To 
Ex. 27. 

37. How many examples in Exercise 32 (p. 87) can 
you now work at sight? 

74. nationalizing a Denominator. 

</i </i 1/2 

Ex 2 5 = 5 x 3v a+2N/ft 

3V^-2V6 3Va-2V6 3VS + 2V6 

g 15Va + 10V5 Am 
9a-46 

EXERCISE 44 

Reduce to an equivalent fraction with rational denomi- 
nator : 

! _i_ 3 J_ 5 ^jj~ l 

3VT ' -s/2 ' Va-V6 

5 V^+J 5-lVE 

3V2i ' Va^T ' 4\^ 

4 V5 - 2V2 Va a + fl> 4- Va" - ft 2 

3V6+4V2 ' V^ + fta-V^^P 

3-Vs + 2 V2-V6-2 

3+VaT+2 ' V6-V2-2 

9# V3-VJ+2 u> 4V5 



V3+Va: + 2 3VS-2V3 + 2 
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13 Va + 6- Va-Vb 3+V5 3-V5 

_ Va + b - Va + V6 * 3-V6 3+V5 

!*• " = 16. X 



Va-Va a -6 2 " V7 + V3 VT-V3 

17. State the rule for rationalizing a monomial denom- 
inator. 

18. State the rule for rationalizing a binomial denom- 
inator. 

Use the process of rationalizing the denominator as an 
aid in finding to four decimal places the numerical value 

0f 19. A 21 * 23. ^ 

V5 V200 2+V6 

^ 5 00 2V7 OA 3V6-2V5 

20. 22. 24. = 

2V7 3V5 2V6+V5 

25. Make up and work an example similar to Ex. 3. 
To Ex. 10. 

26. Also one similar to Ex. 22. To. Ex. 23. 

27. How many examples in Exercise 13 (p. 30) can 
you now work at sight ? 

Square Root of a Binomial Surd 

75. A Quadratic Surd is a surd of the second degree ; as 
V3 and Va6. 

A binomial surd is a binomial expression, at least one 
term of which contains a surd ; as V2 + 5 V3, or a + Vfi. 

76. A. The product of two dissimilar quadratic surds is 
a quadratic surd. 

Thus, V2 x V6 = Vl2 = 2V3 

Or Vafl x Vabc = abVc 
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Proof. If the surds are dissimilar, one of them must 
have under the radical sign a factor which the other does 
not contain. This factor must remain under the radical 
sign in the product. 

77. B. The sum or the difference of two dissimilar quad- 
ratic surds cannot equal a rational quantity. 

We use x ± y as a short way of writing x + y and x — y. 

Proof. If Va±V6 can equal a rational quantity, <?, 

squaring, a ± 2 Vai + b = c 3 

±2Va6 = c a -a-i 

But Vab is a surd by Art. 76; hence, we have a surd 
equal to a rational quantity, which is impossible. 

78. C. If a + Vb =x + Vy, then a = x, b = y. 

Proof. If a + Vb = x + Vy 

transposing, Vb — Vy = x — a 

If b does not equal y, we have the difference of two 

surds equal to a rational quantity, which is impossible; 

hence, 

6 = y a =x 

In like manner, show that if 

a— Vb=x — Vy, then a = #, J = y. 

79. D. i/Vjc + Vy = Va4-Vft, thenx + y=a. 

Squaring the given equals, x + y + 2 Vxy = a + Vb 

Hence, x + y — a (Art. 78) 

In like manner, if Vx — Vy = V a — Vb 

it may be shown that x + y = a 

Also, since 2 Vxy = Vb (Art. 78) 

x + y — 2Vxy = a — VS 

and Va: — Vy = V a — VS 
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80. Extraction of the Square Soot of a Binomial Surd. 

Ex. Extract the square root of 5 + 2 V(T 

Let * V£ + V^=.V5 + 2V6 .-.x + y = 5 (Art.79) 

Then, . V£-Vy=V5 -2V6 (Art.79) 

Multiplying, x — y = V25 — 24 .*. a: — y = 1 

.«. x = 3 

y = 2 
.-. Va;+ Vy =V3 + V2 



81. Finding the Square Boot of a Binomial Surd by In- 
spection. 

By actual multiplication we may find 

( V2 + V5) a = 2 + 2 VIO + 5 = 7 + 2 V 10 

In the square, 7 + 2VlO, 7 is the sum of 2 and 5, 10 is 
the product of 2 and 5. Hence, in extracting the square 
root of a binomial surd, 

Transform the surd term so that its coefficient shall be 2 ; 

Find two numbers such that their sum shall equal the 
rational term, and their product equal the quantity under the 
radical; 

Extract the square root of each of these numbers, and con- 
nect the results by the proper sign. 

Ex. Find the square root of 18 + 8V5. 

18 + 8V5 = 18+2V80 
The two numbers whose sum is 18 and product is 80 are 8 and 10. 



.-. Vl8 + 8V5=V8+\/l0 

= 2V2+vlO. Root. 
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EXERCISE 45 

Find the square root of 

1. 17-12V2 8. 77-24VTS 

2. 23 + 4V15 9. 87-36V5 

3. 35-12V6 10. 14 + 3V3 

4. 9-6V2 . ll. 8-^V2 

5. 42 + 28V2 12. 5J + 3V5 

6. 73-12V36 13. 4£-|V3 

7. 26 + 4V30 14. 2w + 2Vm a -w a 

15. 10 a 2 + 9 + 6 aVcfi+1 

Find the fourth root of 

16. 28 - 16 V3 18. 193 - 132 V2 

17. 97-56V3 19. Y + ^oVe 

Find by inspection the square root of 

20. 3 + 2V2 23. 23-6VT0 

21. 9-2VI5 24. 18-12V2 

22. 21 + 12V3 25. 7 + 4V3 

26. Prove that Va ± Vb cannot equal Vc. 

27. Prove that Va cannot equal b + Vc. 

2a Make up and work an example similar to Ex. 2. 
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IMAGINARY QUANTITIES 

82. An Imaginary Quantity is an indicated even root of 
a negative quantity ; as V— 4, ^—3, and V— a. 

The term "imaginary" is used because, so long as we 
confine ourselves to plus quantity and to its direct 
opposite, minus quantity, there is no number which mul- 
tiplied by itself will give a negative number, as — 4, for 
instance. All the quantity considered hitherto, that is, 
all positive or negative quantity, whether it is rational or 
irrational, is called real quantity. 

If we extend the realm of quantity outside of positive 
and negative quantity, imaginary numbers are as real as 
any others, as will be shown in the next article. 

A complex number is a number part real and part imagi- 
nary ; as 3 + 2V— 1 and 
a + b V^T. 

83. Meaning of V— 1. 

If OA = +1, and OA' is of 

the same length, but lying in 

A the opposite direction from O, 



AL 



O 



-1 

-vFT 



B 



f-T 



0.4' = -1. 



+ 1 



Hence, we regard the opera- 
tion of converting a plus quan- 
tity into negative quantity as 
equivalent to a rotation through 
an angle of 180°. If we divide 
this rotation into two equal 
rotations, each of these will be a rotation through 90°. 

Hence, V— 1 must be equivalent (geometrically) to the result of 
rotating the plus unit of quantity through 90°. Hence, V— 1 on our 
figure will be represented by OB. 

118 
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Hence, it is easy to see, also, that V— 1 x V— 1 = — 1. 

We thus perceive that the introduction of imaginary quantity 
enlarges the field of quantity considered in algebra from mere quan- 
tity in a line to quantity in a plane. This gives a vast extension to 
the power of algebraic processes and introduces many economies in 
them, as will be found by the student who pursues the study of 
mathematics extensively. 

In taking up the subject for the first time, we Consider only a few 
of the first properties of imaginaries, so called. 

84. The Fundamental Principle in treating imaginaries is 
that V^l x V^l = - 1. 



Using i as a symbol for V — 1, this principle is i x i= —1, 
or i%= — 1. 

Considering this matter algebraically, if we use the law 
of signs in the most general form, 

( v^i) 2 = v^i x v^n: = vi = ± i 

Now, if we extract the square root of -f- 1, we shall not 

have V— 1. But if we extract the square root of — 1, 
we shall have V— 1. 



Hence, we must limit the product V— 1 x V— 1 to — 1. 

Likewise, V— a xV- b = VaV— 1 x V6V— 1 

= VaVi( V^T) 2 = - Va6 
Or, using the symbol i, ai x hi = — ab. 



85. Powers of V— 1. 



(V^l) 2 =-1 .-. i» = -l 



\ i 8 = — i 

(\^T) 4 = ( V31)8vCTl = + 1 ... t 4 = I 

(See 0A f of figure in Art. 83.) 

Thus, the first four powers of V— 1 are V— 1, —1, — V— 1, 
+ 1 ; and for the higher powers, as the fifth, sixth, etc., these four 
results recur regularly, The same fact is clear from the figure in 
Art. 83. 
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86. Operations with Imagiaaries. It follows from Art. 
84 that, in performing operations with imaginaries, we use 
all the ordinary laws of algebra, with the exception of a 
limitation in the use of signs, which may be mechanically 
stated as follows : 

The product of two minus signs under the radical sign of 
the second degree gives a minus sign outside the radical sign. 
But in dividing first indicate the division and afterwards 
rationalize the denominator. 



Ex. 1, Add V-9, - 3 + 2 V- 1, 7 - 2V^l6. 



V- 9 = 3v^TT 

- 3 + 2V^~I = - 3 + 2V^1 



4 _ 3 V- 1. Sum. 

Ex. 2. Multiply 2 V^3 + 3 V^6 by 3 V^~3 - 5 V="2. 



2V-3 + 3V- tf 
3VZT3-5>/^"2 

6(_3)-9vT8 

+ 10V6 + 15VT2 

- 18 - 27 V2 + 10 V6 + 30V3. Product. 

Ex. 3. Divide - 2 V6 by V^~2. 

-2V6 _ -2V6 V^~2 
y/^2 v^2 \T~2 



= ~ 2V ~ 12 = 2\^"8. Quotient. 
-2 



Ex. 4. Extract the square root of 1 + 4V— 3. 

l + 4v^r~3 = i + 2>/=T2 

The two numbers which multiplied together give — 12, and added 
together give 1, are 4 and — 3. 

... Vl + 4V^~f - Vi + y/^H = 2 + v^T3. /&**. 
Let the pupil work the above examples using i instead of — 1. 
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EXERCISE 46 

Collect : 
1. 7V^1 + 3V^49-10V^9 

3. 5V^-3V3| + 4V"^50-V^200 

4. 2V^?-3aV^4 + -V-lt)a*-*V-36a a 

a 

5. a + }v^-6-aV^-V^ + 2V^a 5 -a 

6. (a-2ft)V^T-(2a + 6)V^l 

7. Express in terms of i the results obtained in Exs. 1-6. 
Multiply : 

8. V"=abyV^2 11. -V^~12by -V318 

9. V^H> by - 2 V^5 12. 2 V^li by - 2 V^21 
10 . _V^Tby-VT 13. - 5V^2 by - 2V^~6 

14. — yJx — y by Vy — x 

15. — a Vl — a by — V(a— l) 8 

16 . V^l + V^2 by V^T- aV^2 

17. 3 V^3 - 2 V~^2 by 2 V^3 4- 3 V^2 

18. 2V2-2V^2by 3V2 + 3V^2 

19 . 3 y/ZTs _ y3~£ by 2 V3 - V"^ 

20. V^l-V^2 + V^3by V^l+V^2 + V^3 

21 . V^~3 + V^ by V3 + V^2 

22. s-2+V^l} by x-2-V^3 

23. aV— a + 6V— 6 by aV— a — 6V— J 

24. a — 1 — V— 1 by # — 1 + V— 1 

25. Multiply x - by a; '—- 

A A 

26. In the shortest way find the value of 

(V^3 + V^2)(V3 + V2)(V^3 - V^2)(V3 - V2) 
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Divide : 

27. - V18 by V^6 29. - 6 V^~15 by 2V^3 

28. -V^12by-V^2 30. 8V^8by-2Va 

31. 2V-18 - 4V^15 + 10V30 by - 2 V^~3 

32. oV^a - 2 aV-ba - a 2 VWa s by - aV^a 

Express with rational denominators : 

33. 1 37 8 V_£5 - V^ 

3-V-2 * 2V-5-3V^2 

M 2-V3a VJ^T + vnr^ 



35. 



2 +y- r 3. " 2vt=^-v^t 

2V2 + V^2 ' 2-3V^l 



36. 



a + 5V^1 3V2 + 2V37_y3io 

a _JV^l * 3V2-2V^7 + V^To 



Find the square root of 



41. 3-6V-6 44. 12VT0-38 



42. 1-2V-6 45. -29-24V^6 



43. 12V- 6- 6 46. 7 + 40V^~2 

47. By use of i (or V — 1), factor a 2 + 6 a . Also a* + b*. 
a^ + 2. aV+J 2 . a^ + 1. 2* + l. 



48. For what values of x is V2 — x imaginary ? v2 — x 2 ? 



49. Find the value of (V^T) 5 . Of (- V^l)*, ( V^l) 6 , 
(~V~1)', (V~l)-«, OV^l)" 9 , (V^T) 1 . 
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Ex. Simplify 3(V- 1 + 2) 2 - (2V=1 -l) 2 . 



Substitute t forV— 1. 

3(i + 2)2 - (2* - 1)2 = 3i a + 12 • 4- 12 - 4t» + 4t - 1 

= -i a + 16t + ll 



= -(-1)+ 16V- 1 + 11 
= 12+16V^I. Ans. 
Simplify : 

50. P+SP-2& 52. PxPxSP 

51 . z *3_5i + 4i4 53# (i.l)8_^_l)2 +3 (i_l) 

54. (v^nr-i) 8 --(V^T-i) 2 +2(V^i-i) 

55. (V^T-2)(3V"^1 + 1)-(V^1-S) 2 -(V^2) 2 

56. (V^1-1) 4 +3(V^1-1) 8 + 4(V^1-1) 2 

57. If a = ^^-— ^, find the value of 3 x 2 -6 x + 7. Of 

s 3 -53 2 +2a-l. 

58. Simplify i^ + \ Also i 4 '+ 2 , i**+\ i^K 

59. Who first discussed imaginary quantities and 
when? Who first put the use of these quantities on a 

scientific basis ? Who invented the symbol i for V— 1 ? 

60. Make up and work an example similar to Ex. 2. 
To Ex. 17. To Ex. 51. 



Simplify and collect : 



EXERCISE 47 
Review 



i. aVSP-iOtJT-SJii^ + aVlsS* 

*5 a * 5 

2. 2\/^~50 + 5VTJ - 6VJ - 2v^ 

3. 3^-2^27-51/^1 + ^12 

4. ( a + &)8 V^=i + (a - &) 2 V^TTp + V(a 2 - ft 2 )' 

'a + o 
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Multiply : 

5. 2>/3 by 4^5 7. V4-V5 by VI+y/E 

6. 3\^2by2v^T3 a V3- 2\/^~6bj y/l + 2V=5 



Rationalize the denominator of 
8 



12. 



3#S ' Va+ V? 

10. _?_ 13. ^±^±i 
5V^2 V3-V2-1 

11. ^ + ^» 14. ^ 



15. 



V-a-V-6 l-V-2+V^B 

6 6 



ft + V#» - a? b - V#» - x* 

16 Vx 4- y 4- Vs — y , "^x -f y — Vs — y 
Vx~+y — \/x — y y/x + y + Vx — y 
Determine which is greater : 

17. 4>/3or5\/2 18. J>/2 or J #15 

Find the square root of 
19. -7-2VI0 20. 33+20V2 

21. Simplify (3 V=l + 2) 2 - 4(3 - V^T) + 5. 

2 



22. Solve Vx - Vx^S = 



Vx-8 



23. Solve ^-f^l = 4. 

y/x + 2 + v^li 

24. When a = 2, 6 = 8, c = 4, find to two decimal places the value 

of J^ + /X. 

25. Divide 1 — "\/x — yVx + xyby yVx — y. 

26. Find the value of x* — 2x+l when x = — — ^ • 

27. Also when a: = — — ^ — = — 

38. Collect 8(a + »w£±? + 2(o- 6 )A E[- 2 (f ^ Vgrft 
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29. Simplify (1) (Vo+)h (2) x/Vfyp, (3) -yVy/x^^. 

30. Find the value of 5 i 4 - 3 t» + 2 t a + 7 1 - 4. 
Rationalize the denominator of 

31. 2 32. _^Lt^L 

VV7 + 3- VV7 -3 x + y+Vxy 

33. Solve for x and y : {8^^+4 + 2*731 = 18, 

Wx + 4-3Vy-l = e. 

EXERCISE 48 

Oral Review 

1. State which of the following are imaginary: V— 3, — y/\, 
- Vj, VCT|, ^T8, ^316, ^31. 

Reduce to simplest form : 

2. 2Vf, -L, V^Is, vf, 3 V3|, VI, *S 5Vj 

V2 * « 

3. V=2 x v^g", V^2 x V3, - v^~2 x V3, VI x V5, 
V— a x V— a, — Va x V— a 

4. - V3 x V=5, t 8 x i\ - i 2 x i 8 , 3t x 2t, - 5t x 3* 

5. 1 -f- V2, 1 -*- J V2, J -f- }V2, 2 -s- \/=4, 2 -*- V^J 

6. (V^lf + v^Xv^l* - ^, (V5 + V2)(V5 - v^), 
(V^ + V^Tb) (v^T^ _ v^), (5 + V=2) (5 - V="2), 
(i + iV32)(J-jV32) 

7. 1 1 1 1 jV-3 
V3-V2' y/a-Vb iVg' VS-V^' JV=2 

8. </9-Vl2, 2V*i + A/8, \/9+v^27, (a/2) 8 , (V=3)« 

9. Does (a + sc) n equal a n + re"? 

10. Does \/o+lc equal Wi + Vi? 

11. Is (ax) n equal to a**? 1 ? 

12. Is Vox equal to VaVxl 

13. What advantage is it to know the principle contained in Ex. 11 ? 

14. That contained in Ex. 12 ? 

15. Which is greater, (3 6 ) 10 or 3 6 • 3 10 ? How many times greater ? 



CHAPTER X 



40td.< 



X 



W-x 



QUADRATIC EQUATIONS OF ONE UNKNOWN 

QUANTITY 

87. Heed and Utility of Equations of the Second Degree. 

Ex. A certain field of grain 

is 60 rd. long and 40 rd. wide. 

How wide a strip must be cut 

off along two adjacent sides in 

order that 5 acres may be left 

uncut ? 

Let 

Then 

Hence, 

Hence, in order to find the value of x, it will be necessary to solve 
an equation of the second degree. 



W-a? 



x 



*> rd. 



x = width of strip in rods 
(60-x)(40-ar)=5 x 160 
x*- 100 x + 1600 = 



88. A Quadratio Equation of one unknown quantity is an 
equation containing the second power of the unknown 
quantity, but no higher power. 

A pure quadratic equation is one in which the second 
power of the unknown quantity occurs, but not the first 
power. 

Ex. 9a?- 25 = 0. 

A pure quadratic equation is sometimes termed an incomplete 
quadratic equation. 

An affected (or complete) quadratic equation is one in 
which both the first and second powers of the unknown 
quantity occur. 

Ex. 9s a -5 x- 25 = 0. 

126 



PURE QUADRATIC EQUATIONS 
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Pure Quadratic Equations 

89. Solution of Fare Quadratics. Since only the second 
power, a 2 , of the unknown quantity occurs in a pure 
quadratic equation, in solving such an equation, we 

Reduce th.e, given equation to the form x 2 = c; 
Extract the square root of both members. 

3 



Ex. Solve 



2?__ q _^ + 5 



11 " 6 

Clearing of fractions, 18 - 6 x 2 = 198 - 11 x 2 - 55 
Hence, x 2 = 25 

Extracting the square root of each member, 

x = + 5, or x = — 5 

That is, since the square of + 5 is 25, and also the square of — 5 is 
25, x has two values, either of which satisfies the original equation. 
These two values of x are best written together. 

Thus x = ± 5. Roots, 



Check. For x = 5. 
3 _ x a 3-25 



11 



11 



= -2 



3 ** + 5 - 3 25+5 _ o 
6 6 



Check. For x = — 5. 
3 _ & 3-25 



11 



11 



= -2 



3 x 2 + 5 = 3 25 -I- 5 = 2 
6 6 



EXERCISE 49 

Solve and check : 
1. 5x*-2i = x* + 40 

a. » 5-!±8^-0 
ar x 2 

x + 1 10 x-1 



4. 



5. 



x + Z a? -9 rr-3 
4 Sx 9x 



+ 



3*4-1 1-3* 932-1 



= 
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*-8 *-6 s+6 *+8 

ax— ft _ 10 i 2 ax+b 
ax + b ah? — ft 2 b — ax 

8. 30r + 3) 2 =270-3(>--3) 2 

9. 2(px — }) 2 — ( px — j) 2 + ( jd -f g's) 2 = 

15 5 

10. If x 2 = -, find the value of x when v = -• 

2v — v a 4 

11. If a? as — - , find x when v = — - • 

3 + 2 v - 4 v 2 5 

12. State Ex. 1 as a problem concerning an unknown 
number. 

13. State Ex. 4 in like manner. 

14. A certain floor is to be four times as long as it is 
wide and is to contain 10,000 sq. ft. Find its dimensions. 

15. The width of a certain field is one fourth of the 
length. If each side of the field is increased by one fourth 
of itself, the area of the field is increased by 22,500 
sq. yd. Find the dimensions of the field. 

16. Who first formed the idea of absolute or indepen- 
dent negative numbers? (See p. 262.) How was nega- 
tive number used before this ? How did the Arabs treat it? 

17. Make up and work an example similar to Ex. 6. 
To Ex. 14. 

Affected Quadratic Equations 

90. Completing the Square. An affected quadratic equa- 
tion may in every instance be reduced to the form 

a? +px = q. 

An equation in this form may then be solved by a 
process called completing the square. This process con- 
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sists in adding to both members of the equation such a 
number as will make the left-hand member a perfect 
square. The use of familiar elementary processes then 
gives the value of x. 

Thus, to solve x a + 10 x = 24 

take half the coefficient of x (that is, 5), square it, and add the result 
(that is, 25) to both members of the original equation. 

We obtain 

**+10ar + 25 = 49 

Or (x + 5)* = 7* 

Extract the square root of both members, 

a?+ 5 = ±7 
Hence, x = — 5 ± 7 

That is, a:=-5 + 7=2. '] 

Also, i = -5-7=-12.| Roots ' 

Hence we have the general rule : 

By clearing the given equation of fractions and parentheses, 
transposing terms, and dividing by the coefficient of £, reduce 
the given equation to the form x* + px = q; 

Add the square of half the coefficient of xto each member 
of the equation ; 

Extract the square root of each member; 

Solve the resulting simple equations. 

Before clearing an equation of fractions, it is important 
to reduce each fraction to its simplest form. 

Ex. 1. Solve 6 x 2 + 7 x = 3. 

Dividing by 6, x* + } x = J 

Completing the square, ar a + J x + (^) a = i + ift = ifi 
Extracting the square root, x + i? = ± H 



Check. For x = J. 

6x a + 7x = 6xi+7xi 



x = J, — J. Roots. 
Check. For x = — |. 
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Ex. 2. Solve ^^i=-5. 

or — 4 

If we fail to reduce the fraction — — f- to its simplest form before 

x 2 — 4 

clearing the equation of fractions, we obtain 

2x-4 = 5x 8 -20 
5x«-2:c-16 = 
Whence, x = 2, - f 



Check. For x = 2. 
2x-4 4-4 



Check. For x = - f . 

2*-4 = -¥-4 = -¥ = 5 
s*-4 Ji-4 -if 



X 2 _ 4 4-4 
Hence, x = 2 is not a root 

The root x = 2 was introduced (see Art. 18) by a failure to reduce 
the given fraction to its simplest form. 

Let the pupil giye the correct solution of Ex. 3. 

EXERCISE 60 

Solve and check : 

1. x*-lx=-12 5. a*- .5x + .06 = 

2. 9a^-18a: + 8 = 6. x 2 + .45* + .02 = 

3. 6a*-7s-5 = 5^ = 2 

4. a*+8£a; + 10£ = ' 6 3 

8. 6a*=13a<a; + l)-6(a; + l) 2 

9. (a;-l) 2 (a; + 3)-a<a;+5)(2;-2)=0 

2s + 3 7-a? ^ 7-3a? 

" 2(2a;-l) 2(s+l) 4-3a; 

11. 2(2s-l)(2x-3)--2<> + :L)(> + 3) 

+ (a;+3)(2a;-8)= s 

12. 3(a; - 2) - 3 a{a; + 2)-4(a*-4) = 

,_ x—l 5 2 a? 15 5 — x A 

13. — — = 14. = 

2 2 z-1 5-* 4 a? 



15. 



3s-4 4a;-14 = 2a?-l 1 
a;— 1 1 — a^ a; -h 1 



16 . ^£. = 2 -5±2 
*+2 2* 



17. 
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3 — x x — 3 bx — 7 



2 + 3* 3a;-2 4-9*2 

18. J(13-5*)-J(^-*)=0 

19. x* + 5x + 2 = 20. 3a?-2:r + 7=:0 
21 *+l + 2*+l + 8*+8 _ 

X — 'l X + 1 1 — X 

22. 5(a; + l)(a;-3)-2(a;-])(2r-5)=0 

3 6 - 

24. In the equation x* + 5 x — 7 = 0, find the values of 
a to three decimal places. 

25. Find the values of x to three decimal places in 
3*2 + 52;- 7 = 0. 

26. The square of a certain number diminished by 5 
times the number equals 6. Find the number. 

27. Find three consecutive numbers the sum of whose 
squares is 245. 

28. State Ex. 3 as a problem concerning an unknown 
number. State Ex. 5 in like manner. 

91. Literal Quadratic Equations are solved by the methods 
employed in solving quadratic equations with numerical 
coefficients. 

Ex. 1. Solve ax + 1 = 

ax 

Clearing of fractions, a 2 x 2 + ax = 3 — ah? 
Hence, 2 a 2 x 2 + ax = 3 

9 . X O 

x 2 H = 



2a 2a 2 



, x ( 1 V 25 
2a U J 16 a 5 



Let the pupil check the work. 



1 3 
x = — , . Roots* 

a 2a 
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Ex.2. Solve + q)z i -(2p+q)z+p = Q. 

p + q p+q 

4Vp + 9 y 4^ p + ? / ^, + j 
x- 2 P + 7 =± 2_ 

x = 1, — £— . Roots, 
p + q 

Let the pupil check the work. 

EXERCISE 51 

Solve and check : 

l. z*-7ax=-12a* 6 . a^ 15 " 1 ' -™* 

8 a 2 4 a 

3. x*=6aW-abx 8 . ^ _ aa? + 6x = aft 

4. 2x*+px=10p 2 9. z 2 +3aa;+2fcr=-6a6 

5. 3 Aj 2 = 4tfefo + 4df 2 10. pq = x*—px + qx 

11. 2 6 2 z 2 + 2a 2 = 5afo 

12. SPrf + Slpx- olx = 5p 

13. afos 2 - (a 2 i 2 4- ^> -f abc = 
2a + a; , a-2x 8 



15. 



2a-x a + 2x 3 
a-26 1 



8^-26 2 2z + 6 2a 

16. a*-6ara + a 2 (9(? 2 -4 5 2 )=0 

,_ a; 2 — Sax . for 

17. f- 2 a = 



a — b 6— a 

18. az 2 +px + q=Q 19. a 2 + bx + c = 

20. p(x* - 6 2 ) + &0 2 - J 2 + c) + ex = 
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21. Make up and work an example similar to Ex. 2. 
To Ex. 8. 

92. The Factorial Method of solving equations consists 
in transposing all terms to the left-hand side, factoring the 
resulting expression, and letting each factor = 0. 

Ex.1. Solves 8 + 8 = 0. 

Factoring, (x + 2) (x 2 - 2 x + 4) = 

x + 2 = 0, gives x = — 2. Root. 
Also, x 2 -2x + 4 = 

Whence, x 2 — 2 x = — 4 

x = 1 ± v^3. tfoote. 
Let the pupil check the work. 

The factorial method of solution is especially helpful in 
solving certain literal quadratic equations. 

Ex. 2. Solve (p + q)x* - (2 p + q)x + p = by the fac- 
torial method. 

We obtain [(p + q)x — p] (x — 1) = 

Hence, x = 1, — -2 — . Roots. 

p + q 

Let the pupil check the work. 

This example is the same as Ex. 2 solved on p. 132. On comparing 
the two solutions, we observe that at least three fourths of the labor 
of solution is saved by use of the factorial method. 

SXSRCISE 02 

Solve and check: 

1. ^-6^ + 8 = 3. 2a 2 + 5a;-12 = 

2. a?-6^+8a; = 4. 3^+3 = 102; 

5. <*--l)<> + 2)(2;-3)=0 

6. 0=3a?(^-4) 9. 2* = 16:r 

7. 2*-27 = io. ^-5a¥ + 4a 4 = 

8. 2^ = 27 11. a 6 + ^-a:-l = 

12. 3(2? - 4) = b(x - 2) 
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13. *(2*-l)(8^-42-4)s0 

14. 5*0*-4)+2(a--2) = 

15. z 8 - lx -6 = 

16. s 8 -32?-10:f+24=0 

17. 6^-23^H-16a;-3 = 

18. a*-8a?H-17a:-10 = 

19. Find the six roots of afi - 64 = 0. 

20. Find all the values of J/1. Also of -^27. 

21. Obtain a complete solution of the equation x$ =27. 

22. Solve a 2 — (2 a + 5 b)x + 10 ab = by the method 
of Art. 90. Also solve the same equation by the factorial 
method. Compare the amount of work in the two proc- 
esses. Why do we not solve .all quadratic equations by 
the factorial method? 

Solve by the factorial method : 

23. x* + 3ax-10a 2 = 24. 2* + 2x- 8bx = 6 b 

25. cda? + Ac + cPx + cd = 



26. 



s+l = jp + 1 2? x b + c 



x* jp * b—x x b—x 

28. Make up and work an example similar to Ex. 2. 
To Ex. 5. 

29. An example similar to Ex. 8. To Ex. 16. Ex. 22. 

30. How many examples in this Exercise can you solve 
at sight? 

Equations in the Quadratic Form 

93. Simple Unknown Quantity. An equation containing 
only two powers of the unknown quantity, the index of 
one power being twice the index of the other power, is an 
equation of the quadratic form. It may be solved by the 
methods already given for affected quadratic equations. 
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Ex. 1. Solve z* - 10 z 2 = - 9. 

Adding 5 2 to both members will make the left-hand member a 
perfect square. Thus, 

x*-10x 2 +25 = 16 
Hence, x* — 5 = ±4 

x 2 = 9, or 1 
x = ±3, ±1. Roots. 

Let the -pupil check the work. 

This equation might also have been solved by the fac- 
torial method. 



Ex. 2. Solve 2 V*=" a - 3 Var 1 = 2. 
Using fractional exponents, 

2x~*-3x~* = 2 
Whence, x ~* — } x * = 1 

** - ( ) + A = tt 

*"* - } = ± i 

*~* = 2, -J 

Whence, x$ = J, —2 

x = J, — 8. Roots. 
Let the pupil check the work. 

94. Compound Unknown Quantity. A polynomial may be 
used in place of a single quantity as an unknown quantity. 

Ex. 1. Solve SVxT^ - 2\^aT+~9 = 8. 

This equation may be written 3(x + 9)*- 2(x + 9)*= 8. 

Let (x + 9)i= y ; then (x + 9)*= y 2 

Hence, substituting, 3y a — 2 y = 8 
Whence, y = 2, — f 



v^x+9 = 2 


^x + 9 = -f 


x + 9 = 16 


x + 9 = W 


x = 7. itoo/. 


x = — y/» -Roof. 



Let the pupil check the work. 
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Add 2 tdjbotb ««le%, 

jfea 4-'6 x + 2.+ 3 V* 2 .+ 5 * + 2 = 28> 

11 Letr - *" V^Jka; + U S y; theny a +3y = 28 
Whence, ^ y = 

Hence, V^ 5x^2 = 4 
* * x 9 +5a:+2 = 16 

^J ** x = 2, - 7. 

Roots. 



ar*+5a; + 2 = 49 

x = ~|±iV213. 

Roots. 



Let the pupil check the work. 

■* EXERCISE S3 

Solve and check: ^^ ^ 

2. s* + 2 = 3s 3 io:^*-3z*H^2 = 

3. 26r> = ** + 25 11. ^laf* + 5 af* = 2 

4. 9a^-13x 2 + 4 = 4 12. 6a;- 1 --^ = 12 

5 . ^"9^8 = u 9 .4 + J. -ll8 ^ . ■ 

6. *£*-l(f)-fl& >t^ 14 . 7^-4^ = 3 
«* **jb.**-2 = ^ 15. 2 ** - 9 v'i + 4 = 

8.' 3 Vx + 4 = %-tyx ,. ji6. (S+ 2)^ -^ + 2)* = 2 
17. (2a^-a;) 2 -4(2ai i -a;)+3i=0 

k 18. a? + x - 3 Vz 2 + x - 2 = 

19. (3z-2)*-4(3a;-2)$+3 = 

20. ^3a;^- 2a^-(3a;-2a^)i=^ * ' 

21. 4~- 8 a; + 2 = 6 Va? - 3 a; - 3* 
•22. (a: + 2)f -^aV+ 2)* + 2 = 



«. 
4 
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23. 6(a? + aO-7Vaz(>±-l)-2 = 8 

24. 3af* -7a: 1 = 4 25. 16z* - 22 = 3a:"* 

26. 5(2 a?- 1)*- 4 = ^(2a3<r I)- 1 

27. 6 = 5-2*-^ 28. _^*+£±2 = 5 
a* + 2a: a:+l a? 2 

29. Make up and work an example similar to Ex. 1. 
To Ex. 9. 

30. Also an example similar tQ Ex. 16. . 

9 

t 

Radical Equations 

95. Radical Equations Resulting in Affected Quadratic 
Equations. If an equation is eiqared of radicals, the 
result is often a quadratic equation. «*^ 

" \. fix. Solve Vx+o r- V2a^ 7 = Vz. 

Transposing, \/x 4- 5 — y/x = V2x - 1 ,- , 

Squaring, x +"5 - 2 Vx* + bx _+ x = 2 ^ •*' 7 
Hence, Va;* + 5 a: = 6 

Whence* ' a; 2 + 5 x = 36 "^ 

x = J, - 9 

Substituting these vajues in the origin adequation, we find that the 
only value that verifies is x <f= 4, whrch is thB root. The other value, 
x = — 9, is not a root of the'original equation, but is introduced by * 
squaring i* the process of clearing the equation of radical signs. It 
satisfies the equation, 

Var+ 5 - V2ar - ^=rV Vx. 
(See the treatment of extraneous rootsAp. 43-47.) 

t EXERCISE 64 

Solve and check : 

1. a: + 5Va; + 2-4 = 3 . 2a:- 5- 3VaT+2 = 

2. 16Va;-16a:-3==0 4. 4;=V4a: + 17 -f VaT+T 

5. V2^i + V2^i = V3 " \ 
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7. V2z + 7+V3z-18-V7s + l = 

8. Vl — x +Vl — x — V# = 1 



9. Vfl-^ + Va + a;- V2 a 4- 2 J = 

10. V3V+l-2V2s + l + -zr =0 

4 

11. V8aj = —F=- Vz-2 

Va-2 

12. Vi-V3-fV3-V3^+^=0 

13. I + -=1 ^ 

V3^x + V$ V3 + Z-V3 » 

2 J 



Va-3+V3a-l Vz-1 

15. State the rule for solving radical equations. 

16. State Ex. 1 of this Exercise as a problem concern- 
ing an unknown number. 

17. Similarly, state Ex. 3. Ex. 6. 

18. Practice oral work with exponents as in Exercise 
39 (p. 104). 

96. Other Methods of Solving Quadratic Equations, besides 
those given in the preceding part of this chapter, may be 
used. One of these methods may occasionally be used to 
advantage for some special purpose. 



97. Hindoo Method to Avoid Fractions in Completing the 
Square. After simplifying the equation, 

Multiply through by four times the coefficient of x 2 ; 
Add to loth tides the square of the coefficient of x in. the 
simplified equation. 
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The reason for this process is evident, since if ax* + &r=c 
is multiplied by 4 a, we obtain 

4 a 2 a? + 4 abx = 4 ac. 

The addition of J 2 gives on the left-hand side 4 a 2 x 2 + 4 abx 
+ 6 2 , which is a perfect square. 

Ex. Solve 3 a 2 — 4 a; = 7 by the Hindoo method. 

Multiply by 4 x 3 (or 12), 36 s 2 - 48 x = 84. 

To each member add the square of the coefficient of x in the orig- 
inal equation ; that is, add (— 4) 2 , or 16. 

36 x 2 - 48 x + 16 = 100 
6a;- 4 = ±10 
6s = 14, -6 
a: = J, — 1. Roots. 

Let the pupil check the work. 

EXERCISE 55 

Solve and check : 

1. ^-8^+7 = 6. 6 x 2 = 12 bfi-bx 

2. 7 = 3a^-4a: 7. s 2 +(3&-2> = 66 

3. 3z 2 -7* = 26 8. 4z 4 +9 = 13as 2 

4. 3£s 2 -2a; = 4 9. 3a* + 4**- 4 = 

5. x 2 -±ax = \2a 2 10. (a 2 -lV+(a 2 +l>=a 

98. Use of Formula. Any quadratic equation can be 

reduced to the form 

ax 2 + bx + c = 0. 

Solving this equation by use of Art. 90, 



_ h ± VS 2 - 4 ac 

x = — • 

2a 

By substituting in this result, as a formula, the values of a, 
fl, c in any given equation, the value of x may be obtained. 
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Ex. Solve 3 z 2 — 4 x — 7 = by use of the formula. 
Here a = 3, b = — 4, c — — 7. 

Substituting for a, 6, <? in the formula on page 139, 

4± V16 + 84 4 ±10 T * „ 4 

x - — -, -1. Boots. 

Let the pupil check the work. 

EXERCISE 66 

Work the examples in Exercise 55 by use of the formula 

EXERCISE 57 
Review 



9. x'i - 3 ar~i + 2 = 



Solve and check: 

1. 12x a + or=l 

2. 10a 2 = x* -3 ax 

3. 2v^T3-v^T2 = 4 la 2^*^1=5 -A— 

V X— 1 

4. x*-8x = 11. x 7 -x = Q 

5. **-6s 2 + 8 = 12 x + l = a + b 

3 x b a 

6. x*-9x* + 8 = 

7. 3x a -a:-3V3a: 2 -a:-3 = l 13 ' 1 ^ZT X Z= ~^' 

a z 2 + 3te= 6 a& + 2ax 14. *(* _ 2)(9ar 2 - 25) = 

15. V3 x + 10 = V10 * + 16 + VF+lf 

16. — J_ = l + I + 1 
1 + a + x a x 



"■ HMKH 

18. 2V5^-V2ar-1= 4 * +1 



V2s- 1 

19. 3ar 2 + 15* - 2Vz 2 + bx + 1 =2 

20. 3v^+ 12 +2Vx + 12 = 14 

21. V2a?-a 2 + \/x-Vx + 3a 2 = 
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22. JL_i5- + 4 = 

y/* y/x* 

23 2*- 1 -. *>\x + 2) 
x + 2 a a (2x-l) 

25. Who, as far as we know, first solved a quadratic equation, 
and at about what time ? (See p. 263.) 

26. How have the different cases in the solution of a quadratic 
equation been classified at different times ? 

27. Write (but do not solve) an equation of each of the principal 
kinds treated in this chapter. 

EXERCISE W 

1. One number exceeds another by 4, and the sum 
of the squares of the two numbers is 250. Find the 
number. 

2. The sum of the squares of three consecutive num- 
bers is 149. Find the numbers. 

3. Three times the square of a given number, dimin- 
ished by twice the product of the number and the next 
lower number, gives 143. Find the number. 

4. A certain number increased by four times its recip- 
rocal equals 8£. Find the number. 

5. The denominator of a given fraction exceeds the 
numerator by 3, and the sum of the fraction and its 
reciprocal is 2^. Find the fraction. 

6. The length of a given rectangle exceeds the width 
by 5 yd. and the area of the rectangle is 176 sq. yd. Find 
the dimensions of the rectangle. 

7. The base of a triangle is 4 ft. less than the altitude, 
and the area of the triangle is 48 sq. ft. Find the base of 
the triangle. 



/ 
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8. A rectangular lot is surrounded on all sides by a 
driveway 5 yd. wide. The lot is twice as long as it is 
wide. If the area of the lot and driveway together is 
6600 sq. yd., find the dimensions of the lot. 

9. A farmer has a field 60 rd. long and 40 rd. wide. 
How wide a strip must he cut around the field in order 
that 5 acres may be left uncut ? 

10. An open box is to be formed by cutting out equal 
squares from the corners of a square sheet of tin and fold- 
ing up the sides. The box is to be 10 in. deep and is to 
contain 2250 cu. in. Find the length of a side of the 
square sheet of tin. 

11. One baseball nine has won 6 games out of 15, and 
another has won 8 out of 13. How many straight games 
must the first nine win from the second, in order that the 
average of games won by the nines shall be the same ? 

12. A and B together can do a given piece of work in 
2 days. Working alone, A could do the work in 3 days 
less than B. How many days would it take each man 
working alone ? 

13. Two pipes together can fill a tank in 3£ hr. When 
running alone, one pipe takes 12 hr. longer than the other 
to fill the tank. How long does it take each pipe alone 
to fill it ? 

14. Two boats raced 24 miles. The first boat traveled 
8 miles an hour, and the second traveled 14 miles at a 
certain rate and then increased its speed 4 miles an hour. 
The second boat lost by 20 minutes. Find the rates at 
which the second boat traveled. 

15. A boatman can row 16 miles down a stream and 
back in 6 hours. If the rate of the stream is 2 miles an 
hour, find the rate of the boatman in still water. 
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16. In a number containing two digits, the left-hand 
digit is four times as large as the right-hand digit. The 
product of that number and the number obtained by 
inverting the digits is 2296. Find the original number. 

17. In a given number, the tens' digit is one third of the 
units' digit, and the product of that number by the number 
obtained by inverting the digits is 403. Find the number. 

18. In a given number, the units' digit exceeds the tens' 
digit by 3, and the product of that number by the number 
obtained by inverting the digits is 1300. Find the number. 

19. The side of a given square is 1J ft. ,By how much 
must this side be increased, in order that the area of the 
square may be increased by 405 sq. in. ? 

20. Two men, A and B, can together do a piece of 
work in 12 days. B would need 10 days more than A 
to do the whole work. How many days would it take A 
alone to do the work ? 

21. A given field of grain contains 20 acres and is twice 
as long as it is wide. How wide a strip (in rods) must 
be cut around the field, in order that f of the grain shall 
be left uncut ? 

22. A coal bin is to be 8 ft. deep and three times as 
long as it is wide, and is to contain 15 tons of coal. If 
40 cu. ft. is allowed for 1 ton, how long must the bin be ? 

23. One leg of a given triangle exceeds the other by 
2 ft. If the hypotenuse is 10 ft., find the legs of the 
triangle. 

24. Find the side of a square whose diagonal is a inches. 

25. The product of two consecutive numbers is b. 
Find the numbers. 
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26. The side of a given square is a feet. By how 
many feet must this side be increased, in order that the 
area of the square may be increased by b sq. ft. ? 

27. Make up and work an example similar to Ex. 6. 
To Ex. 12. 

28. To two other examples in this Exercise which you 
think are interesting or suggestive. 

EXERCISE 59 

1. In K=irIP, find 12. In K= \ttIP, find D. 

2. Find, in feet, the length of a tether by which a cow must 
be tied in order that she may graze over one half of an acre. 

3. In I^TTJBCR + i), if 2^=440 sq. ft., w = ^, 
ir= 30 ft., find 22. Also find a formula for R in terms of 
the other letters. 

4. In V= J irH(B? + r 2 + Rr^ find r when F= 2662 
cu. in., JT= 21 in., and R = 10 in. 

What is the meaning of the above formula in Solid 
Geometry ? 

5. In 7= 2 irR(R + J5T), find R in terms of the other 
letters. 

What is the meaning of this problem in Solid Geometry ? 

6. In s = %gt 2 , ifg = 32 ft. and >S= J mile, find t. 
What is the meaning of this problem when applied to a 

falling body ? 

7. In s =s J gfl—vt, find t in terms of the other letters. 
As applied to projectiles, what is the meaning of the 

problem ? 

8. In A = a + vt— %gt\ find t in terms of the other 
letters. 

Explain the meaning of the problem as applied to 
projectiles. 
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9. If an arrow shot over the top of a tower reaches 
the ground in 5J seconds, determine the height of the 
steeple (resistance of the air being neglected). Is the 
actual height of the steeple greater or less than the height 
as thus calculated ? (Use g = 32 ft.) 

10. Using the formulas 8=*%g& and ^ = 32.2 ft., find 
the distance a body will fall from the end of 2.4 sec. to 
the end of 4.2 sec. 

11. If g =s 5.4 ft. on the surface of the moon and 32 ft. 
on the surface of the earth, how many seconds longer will 
it take a body to fall 1000 ft. on the moon than on the 
earth ? 



CHAPTER XI 

SIMULTANEOUS QUADRATIC EQUATIONS 

99. Need and Utility of Simultaneous Equations involving 
Quadratic Equations. 

Ex. The area of a rectangular building lot is to be 
7500 sq. ft. and its perimeter is to be 400 ft. Find the 
dimensions of the lot. 



V 



Let x = no. ft. in length of lot 
y = no. ft. in width of lot 



Hence, 2 x + 2 y = 400 . . . . (1) 
# a# = 7500. . . . (•>) 

By solving (1) and (2), x and y can be determined. (See Art. 106.) 

Try to solve the problem by use of only one unknown, 
as x. Even if you succeed in getting a solution, you will 
find the method awkward and inconvenient. 

100. Quadratic Equations containing Two Unknowns. The 
general quadratic equation containing two unknowns is 

ax 2 + hxy + cy 2 + dx + ey +f = 0. 

By giving a, J, <?, etc., different numerical values, in- 
cluding zero, this general equation may be made to take 
many special forms. 

What values must we give a,b,c ••• respectively, in order to 
obtain the equation 5 x 2 + 3 xy + 2 y 2 = 5 from the general equation ? 

The absolute term of an equation is the term which does 
not contain an unknown factor, as / in the above general 
equation. 

146 
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Simultaneous quadratic equations is a brief term for 

simultaneous equations whose solution involves quadratic 

equations. 

Thus, equations (1) and (2) in Art. 99 are simultaneous quadratic 
equations. 

In general, the combination of two simultaneous quad- 
ratic equations by elimination gives an equation of the 
fourth degree in one unknown, which cannot be solved by 
the methods taught in this book. Two simultaneous 
quadratic equations can be solved by elementary methods 
only in certain special cases. 

101. A Homogeneous Equation is one in which all the terms 
containing an unknown quantity are of the same degree. 

Thus, 3 x 2 y — 5 xy 2 + y a = 18 is a homogeneous equation of the 
third degree. What is the degree of the equation xy = 6? 

General Methods of Solution 

Case I 

102. When One Equation is of the First Degree and the 
Other of the Second, two simultaneous equations may always 
be solved by the method of substitution. 

2x-Sy=3 (1) 

42?-7xy = 15 (2) 

Eliminate y, since y occurs only once in equation (2). 
From(l), y = ^ £ 3 = " ? • • • • ( 3 ) 

Hence, from (2), 4 x 2 - 7 a / 2 *"" 3 ) = 15 
Hence, 12 x 2 - 14 x 2 + 21 x = 45 



Ex. Solve 



Substitute for x in (3), y 

Check. 

For x = 3 and y = 1 

2x-3y=6- 3 = 3 
4x a -7xy = 36-21 = 15 



x = 3,V. 1 
= 1,4. } 



Roots. 



Check. 

For x = J f- and y = 4 

2x-3y = 15-12 = 3 
4 a 3 -7xy = 225 -210 = 15 
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EXERCISE M 

Solve and check : 

1. 3s-l=y 2. a? + 2y = l 

5aa-y*=l a?+ 4^ = 6s + ll 

3. 3s — y = 3 

3a?-3xy+5a;-y=8 

4. 2s a +3a;y-4y a + 3:r-8y = 14 
7x-5y = 14 

5. a?-4y a -3a; = 8 . 5 + 2 = 2 

o^5y 3 A 2 3 

* • 9 . *-*-0 

s+2y+4=0 2 3 

7. 2s + 3y = l * v t^t 

6 1 = 2 10. y-4=|(y-:r) 

iy :ry = 2y + x + 2 

11. 5a— 3y+l = 

2y a +3ary-5s a +7s-6y = 4 

12. The sum of two numbers is 3, and twice the square 
of the second number diminished by five times the square 
of the first number gives 3. Find the two numbers. 

13. State Ex. 1 as a problem concerning two unknown 
numbers. 

14. How many examples in Exercise 42 (p. 110) can 
you now work at sight? 

Case II 

103. When Both Equations are Homogeneous and of the 
Second Degree, two simultaneous quadratic equations may 
always be solved by the substitution y = vx. 
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Ex. Solve 2s a -3sy + 4y a = 6. 

s3+3y a =7. 

Substitute y = vx, 2 x* - 3 vx* + 4 v*x* = 6 (1) 

x*+3v*x* = 7 (2) 

From(l), x*=- — 6 A a (3) 

v ' 2 - 8 v + 4 v 2 w 

From (2), * = ITS* (4) 

Equate the values of a; 2 in (3) and (4), 

6 7 



2-3t> + 4t? 2 l + 3v a 

Hence, 6 + 18 v a = 14 - 21 v + 28 v* 

10t> 2 -21i> + 8 = .-.v=l,| 



If v = J, s 2 = 7 



1 + i 
.\ ar = ± 2 

y=t;x = i(±2) = ±l 



K» = f «■ = 



l + w 

y = vx = K± A V ^I) = ± A^di 



Hence, x = ± 2, ± AV31. } ^^ 

y = ±i, ± AV5I.J 

Let the pupil check the work. 

Two simultaneous equations of the kind treated in 
Case II may also be solved by eliminating the absolute 
term between them and factoring to find the value of one 
unknown in terms of the other, and then proceeding as in 
Case I. 

EXERCISE 61 

Solve and check : 

1. y a + 3a:y = 28 3. y a =5 + 2a;y 
4 x 2 + xy = 8 s 3 + y a = 29 

2. 4^-3^-1-2 = 4. y a + :ry = 21 
3a?- 2^ + 6 = 2*y-3 a =:8 
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5. a? — zy + y a =21 7. aP + xy + tp^l 
z*-2xy = -15 2^ + 3sy + 4y a = 3 

6. 23 a -4sy+3y a =:17 8. 4s a + 2ay-y a = 41 
a?-y a =16 8a?-5sy + y a = 58 

Solve and check the following miscellaneous examples : 

9. 2s=y-3 12. 46 + s a = 2y a 

4s a + y a = 17 x* = U-xy 

10. a? + 3y a =12 13. K*- 1 ) 39 ^ 

6 xy — 4 y 2 = 11 y 2 — 7 = (a; — y) a 

2y _ s + y 14. 4 y a — ay = x 2 — 16 

' x ~ y 1 = 28»^ 

z — y — a=sO x 2 x 

15. Point out the examples in Exercise 66 (p. 159) 
which come under Case I. Under Case II. 

16. Point out the homogeneous equations in Exs. 21-28 
of Exercise 62. 

17. Express Ex. 1 above as a problem concerning two 
numbers. 

18. Work the example of Art. 99 (p. 146) by the 
method of Art. 102. 

19. Find a number consisting of two digits such that if 
the number is multiplied by the left-hand digit, the result 
will be 105 ; but if the number is multiplied by the right- 
hand digit, the result will be 175. 

20. Make up (but do not solve) an example in each of 
the cases studied thus far in this chapter. 

21. How many examples in Exercise 44 (p. 113) can 
you now work at sight ? 
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Special Methods of Solving Simultaneous 

Quadratics 

104. The methods of Cases I and II are the only general 
methods which can be used in solving all simultaneous 
quadratic equations of a given class. Besides these, how- 
ever, there are certain special methods which enable us to 
solve important particular examples. 

Examples which come directly under Cases I and II 
are often solved more advantageously by one of these 
special methods. 

The special methods apply with particular advantage to 
symmetrical equations. 

105. A Symmetrical Equation is one in which, if y is sub- 
stituted for #, and x for y, the resulting equation is iden- 
tical with the original equation. 

Thus, each of the following is a symmetrical equation : 
x 8 + 3 x 2 y 2 + y 8 = 18, x + y = 12, xy = 6 

Case III 

106. Addition and Subtraction Method (often in connection 
with multiplication and division). In this method the 
object is to find first, the values of x + y and x — y> and then 
the values of x and y themselves. 

\x + y = l (1) 

*y = io (2) 

Here we have the value of x + y given, and the first object is to 
find the value of x — y. 

Square (1), x 2 + 2 xy + y 2 = 49 . . . . (3) 

Multiply (2) by 4, 4 xy = 40 . . . . (4) 

Subtract (4) from (3), x 2 - 2 xy + y 2 = 9 . . . . (5) 

Extract square root of (5), x — y = ± 3 . . . . (6) 
Add (1) and (6), divide by 2, x = 5 or 2. 1 

Subtract (0) from (1), divide by 2, y = 2 or 5. J Roots ' 
Let the pupil check the work. 



Ex. 1. Solve 
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Ex. 2. Solve 


[s8+y»-28 

A 


• a) 






• (2) 


Divide (1) by (2), 


x 3 — xy + y 2 = 7 


• (3) 


Square (2), 


x 9 + 2 xy + y 2 = 16 . . . 


• W 


Subtract (3) from (4), 


3xy = 9 




Hence, 


xy = 3 


• («) 


Subtract (5) from (3), 


a? 2 — 2 xy + y 2 = 4 
.-. x - y = ± 2 




But 


ar + y = 4 




Hence, 


y = l, 3.J 






P 1 + 1 = 7 


• Od 


Ex. 3. Solve 


x y 

i + i-Qs 






• (2) 


Squaring (1), 


-t+— + — = 49 . . . 
x* xy y a 


. (3) 


Subtracting (2) from (8 


1), -?- = 24 . . . 
xy 


• (*) 


Subtracting (4) from (2 


x a xy y 2 


• (5) 


Hence, 


x y 




But, from (1), 


M = 7 

x y 




Hence, adding, 


- =8, 6 

X 








Let the pupil check the 


work. 
EXERCISE 61 




Solve and check: 






1. x + y = 2 


3. 2? + ^= 34 




xy = — 15 


rry = — 15 




2. x -h y = 5 


4. x* + xy+y 2 = 


28 


# 2 + y a =13 


x + y — 6 = 
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3. 9(^ + ^-87 13< 1 + I 9 

xy = - f x* y 8 

x+y=4a * y 

7. *8 + y» = 3J "• «• + *■- -J^ 

s+y = 2 * + y=i 

S. ^ = 37 "• ^t^f 1 

^-ay + ^-87 ^ + 4+^ = 133 

9. a? + «a = 2a a + 2J» ?— _ 

. « * — V xy + y = 7 

a: + « = 2a on 

9 17. a:y=80 

ao. *+£_2£ 1_ 1 = 1 

y x x y 5 

a: + y ==7 18. a?» + y a = 25 

11. z'+y^Se a:-y = 7 

12. 1 + 1 = 7 x-y=2b 

x y 20. a; — y = \p — 2 j 

!=i2 xv ^n-f 

xy 9 2 

Solve and check the following miscellaneous examples : 

2X - *"* 25. ^+?=6 

a? -f 5 xy = 54 x y 

x + y = 2 
22. ^ + y 2 =1368 26 2a* + y a -3y = 30 

y 

27. 3a^ = 28-y a 

y y 2 y a 

28. s 8 — v 8 = — ^ 
* 3 

s-y = 2 



23. 


2y 2 = 15-a# 

z 2 - y 2 + 8 = 


24. 


l + l=i 

* y 

1 + 1 = 25 
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29. Find two numbers such that their sum is 12 and 
their product is 27. 

30. State Ex. 1 as a problem concerning two unknown 
numbers. In like manner, state Ex. 2. Ex. 8. Ex. 17. 

31. Make up and solve a problem concerning two un- 
known numbers such that the solution involves simultane- 
ous quadratic equations. 

32. Point out the symmetrical equations in the examples 
in this Exercise. 

33. Make up (but do not solve) an example in Case I ; 
one in Case II ; and five different examples in Case III. 

Case IV 

107. Solution by the Substitutions, x = a + b and y = a — b. 

fa^-fy 5 = 242. . . . (1) 
\ x + y = 2 . . . . (2) 

Substitutes = a + b, y = a — b in (1) and (2), 
Then, (a + &)* + (a - b)* = 242 .... (3) 

a +b + a-b = 2 . . . . (4) 
From (3), 2 a 5 + 20 a 8 6 2 + 10 aft* = 242 . . . . (5) 

From (4), 2a = 2 .... (6) 

Divide (5) and (6) by 2, and substitute 1 for a in (5), 

1+ 106 2 + 56* = 121 
Hence, b = ± 2, ± v^~6 

But a = 1 



Ex. Solve 



Hence, x = a + b = 3, — 1, 1 ± V - 

y = a-b= - 1,3,1TV 
Let the pupil check the work. 



} Roots. 

-6.J 



EXERCISE 63 

Solve : 

1. z 6 + y 6 =244 3. z 6 +# 5 =211 

x+ y =4 x+y = 1 

2. z 4 +# 4 = 82 4. z 4 + # 4 = 257 
x+y=2 %—y=b 
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5. ofi — y b = 2 
x-y = 2 



6. a^+16y 4 = 97 
s+2y=5 



Work the following miscellaneous problems : 

17 



7. x + 4 y = 14 

y 2 + 4z=2y + ll 



9. * + £ = £< 
y # 4 

s-2y=2 

8. x 2 = y 2 + 3 10. x* + xy + y 2 = 7 

5x* + 3y 2 = 15 + 4 zy a* + sy + y 4 = 91 



U. Solve Ex. 1 by dividing the first equation by the 
second. 

12. Make up (but do not solve) an example illustrating 
each of the cases studied thus far in this chapter. 

Case V 

108. Use of Compound Unknown Quantities. It is often 
expedient to consider some expression (as the sum, difference, 
or product of the unknown quantities) as a single unknown 
quantity, and find its value, and hence the value of the un- 
known quantities themselves. 

fa* + y» = 18-*-y . . (1) 
*y=6 (2) 



Ex. Solve 



Multiply (*2) by 2, 

Add (3) and (1), 

Let 

Then from (t), 



2xy = 12 . . 
x 2 + 2 xy + y 2 = 30 - x - y 
x + y = v 

v 2 = 30 - v 
v 2 + i? = 30 
v = -6, 5 



(3) 
(4) 



Hence, x + y = — 6 
xy = 6 
.-.x = - 3 ± V5. 

y = -3TV^. 

Let the pupil check the work. 



Roots. 



also x + y = 5 
xy = 6 
.-. x = 3, 2. 
y = 2,3- 



Roots. 



t V 
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EXERCISE 64 

Solve and check : 

1. s + y + Va7+y = 6 «• s 2 + y 2 + a; + y= 24 

xy = 3 ay = - 12 

z + 2y = -5 sy=24 

3. .jr + V^-6 ^ + 7^ — 6 

4 ' ^y + y = 6 9 - (*-y) 2 -3<>-y)=40 

*-2y«2 *V-3zy=54 

5. s-y + Va;-y = 6 i . a 2 + y 2 + a; + 5y = 6 

ay = 5 xy-2y = -2 

11. &*y*(** + y*)«70 

»*y* + ** + y* = 17 

Solve the following miscellaneous examples : 

j2 y-s = i 16. s + y + Va; + y= 12 

ip y = 8 17. a? + y 2 = 125 

13. zy + 3y 2 -20 = xy = 22 
^-8*y+8-0 18 a:+2 = 3 

y — i 

14. a^y 2 4-3ary = 18 2a*-a;y=20 
a; + 2v =5 

* 19 . ? + *.l 

,. a; 2 , v 2 7 a 6 

15. -+£- = -- 

y * 2 ^+^=4 

a; + y = l a; y 

20. Make up (but do not solve) an example illustrat- 
ing ea<5h of the cases studied thus far in the chapter. 



«- ■» • • 
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Thus, 



Case VI 

109. Factorial Solutions. The solution of a set of simul- 
taneous quadratic equations is often facilitated by the use 
of factoring, 

1 2s + 3y = 7 

may be solved by Case I, but the solution may be shortened by factor- 
ing in the first equation. The two following equations will then be 
obtained : 

(x-y)(x-2x)=0 

2x + dy = 7 

Since the first equation is satisfied either when x — y — or 
x — 2 y = 0, we obtain the following two sets of equations as equiv- 
alent to the original single set or system : 



( 



Whence, 



x- y = 
2x + Sy = 7 



y = h 



Whence, 



x-2y = 
I2x + 3y = 7 

x = 2. \ 



Ans, 



Ans. 
Let the pupil check the work. 

The solution of this example by the factorial method 
requires less than one fourth the labor involved in the 
solution by the method of Art. 102. 

In general, if A, 2?, (7, and D are algebraic expressions 
integral with reference to x and y, and if 

A-B. (7=0 

2> = 

> 

the given set of equations is equivalent to the foUowing 
three sets : 



U = 
Z> = 



5 = 
Z> = 



f (7=0 
Z> = 



Hence, let the pupil state the sets of simple equations whose solu- 
tion is equivalent to the solution of 

(* - 2y)(Zx + y){x - 3y) = 

4x — y — 5 = 



{ 



158 



DURELL'S ALGEBRA: BOOK TWO 



110. Factorial Method of Solution Aided by Division. 
If A) 2?, O y and D have the meaning given in Art. 109, 

andif \A.C=B.D 

A = B 

it is evident that this system of equations is satisfied 



either when 



or 



B = Q 



0=D 
A = B 

Hence, the last two sets form a system equivalent to the 
original system. 

Note that the equation C = D is obtained by dividing the mem- 
bers of A • C — B • D by the corresponding members of A = B. 

Ex. Solve ^ + a; = 9y 2 (1) 

x* + \ = Qy (2) 

Writing the equation (1) in the form x(x 2 + 1) = 6 y($ y) f we obtain 
the two systems which follow : 



x = ly 



x* + 1 =6y 
Whence, x = 2 ± VS. | Rootg 

Let the pupil check the work. 



x 2 + 1 = 
6y = 

Whence, x = ± V 



-1. 



Roots. 



EXERCISE 65 

Solve by the factorial method : 

5. o-2Xy+3)=o 

0-2y)0+2y) 
6. 1 + x 8 = y 8 



1. x — 2y = 4 

2. x — 3y = l 
s a + 3:ry + 2y 2 =0 

3. #(2; — y) = 

a?— 3 :ry — 4 y 2 = 

4. (s-2)(y-2)=0 
3s 2 - 4zy + y 2 = 



= 



l + z = y 

7. y(a; + 3)=9^-l 
y=3s-l 

8. y 8 + y = 9 x 2 

y 2 -f- 1 = 6 x 
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9. Practice the oral solution of simple equations as in 
Exercise 19 (p. 48). 

10. Solve Ex. 1 of Exercise 61 (p. 149) by eliminating 
the absolute term in the two equations and applying the 
factorial method to the resulting equation. 

11. In the same way work Ex. 2 of Exercise 61 
(p. 149). Also Ex. 3. 

EXERCISE 66 

Review 

In solving a system of simultaneous quadratic equations, the first 
thing to notice is the degree of the equation. Solve and check : 

1. z + 3y = 3 11. 2x 2 + 3x+y-2 = 
2y* + xy=2 3s 2 + 2x + 4y + 7 = 

2. x 8 + y 8 =117 12. xy+2y=5 
* + y = 3 2xy - x = 3 

3. y* = G- X y 13 x - 2 + y -2 = 5 
6x 2 = S-xy x-i + y-i = 3 

4. x — y + Vx — y = 12 a ,. ■ i 

5. x 4 + y* = 17 a: + 3y + 1 = 

X + y=3 15. xV-5xy + 6 = 

6. ( x -l)(y-2)=0 5x + 3y=14 

(2x-5y)(3x-y + 1)=0 

v *" v * y 16. x + y =7 

7. i - 1 = 1 (x - l) 8 + (y - 2) 8 = 28 
2xy+9 = 17. ? + 2=2 I 1 s 



8 - K* — y) = « — 4 

xy = 2x + y + 2 



x+y=7 



18. (* + y)« -(* + *)= 20 

9. - + £=1 2x 2 -3x + 4y=14 

a ft _ 4 19. x 8 - y 8 = - f xy 

x y x- y = 1 

10. x + y + Vx + ,y = 12 20. #(# + 3 x - 7) = 

x-y +Vx - y = 2 (y +z - 3)(y + 2x - 4)=0 
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21. x + y = 28 31. 2x~* + by- 1 = 4 

y/x + Vy = 4 x~ a - 2x" 1 y" 1 + y~ a = 1 

22. x* + y a + x + 3y = 18 32. x* + x = 9y 
xy-y = 12 x a +l = 6y 

23. 1-- = 3 33. x a = x + y 
* y 4 y 3 =3y-x 

^ + ^i = 17 34. 9x a +25y a = 148 

24. a* + xy + y a = 91 5 = — 



x + >/xy + y = 13 



xy 



25 x*-2v*-i *• a? ( x -y)=° 

ft l? x a + 2xy + y a -9 = 

26. 2x + y- — =1 i_ xy 

2x x ~~ y -1 

3x+4y-_ = 2 l + xy~3 

27. x a + 4y a + 80 = 15x + 30y 37. x 8 + y* = 19 

xy - 6 * + y + Vx + y = 2 

28. x 4 + y 4 = 17 38. xy = 4 
xy = 2 xz = 9 

29. x a + y a = xy + 7 yz = 16 
x-y = xy-5 39. xy + xz = 5 

30. x" 1 -f y~ l = 5 xy + yz = 8 
(x + l)-i +(y + l)-i = Jl xz + yz = 9 

40. Make up (but do not solve) an example of each of the cases, 
and the principal sub-forms in each case, treated in this chapter. 

EXSRCISE 67 

1. Find two numbers whose sum is 11 and the sum of 
whose cubes is 539. 

2. The difference of the cubes of two numbers is 279. 
Also the sum of the squares of the numbers increased by 
their product is 93. Find the numbers. 

3. Find two numbers whose sum is 16 and whose 
product is 55. 
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4. Separate 12 into two parts, such that the sum of 
their squares exceeds their product by 63. 

5. Separate 10 into two parts, such that their product 
exceeds the square root of their product by 12. 

6. The sum of two numbers is 4 and the sum of their 
fifth powers is 244. Find the numbers. 

7. The hypotenuse of a right triangle is 20, and the 
sum of the other two sides is 28. Find the length of the 
sides. 

8. The area of a rectangular field is 750 sq. rd., and 
the perimeter of the field is 110 rd. Find the dimensions 
of the field. 

9. The area of a single tennis court is 234 sq. yd. 
If a margin of 15 ft. is added on all sides, the area is 
684 sq. yd. Find the dimensions of the court. 

10. A rectangular park is known to contain 6 acres. 
The path which leads diagonally across it is measured and 
found to be 52 rd. long. Find the length and width of 
the park. 

11. A rectangular piece of tin is made into an open box 
by cutting a 5-inch square from each corner and turning 
up tiie sides and ends. If a 3-inch square were cut from 
each corner, the box, made in the same way, would hold 
the same amount. The width of the tin is 4 inches less 
than its length. How much does the box hold ? 

12. There are two fractions : the numerator of the first 
is the square of the denominator of the second, and the 
numerator of the second is the square of the denominator 
of the first. The sum of the fractions is 5|, and the sum 
of the denominators is 5. Find the fractions. 
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13. If a baseball nine should play three more games and 
win them all, its average of games won would be $. But 
if it should play 12 more games and win them all, its 
present average of games won would be increased by 
20 per cent of its previous average. Find the number of 
games it has already played and the number it has won. 

14. A laborer received $15 for a certain number of 
days' work. If he had received 25 cents less a day, it 
would have taken him two days longer to .earn the same 
amount. How long did he work ? 

15. Two trains run 36 miles at uniform rates. One 
train travels 9 miles per hour faster than the other and 
makes the trip in 12 minutes less than the other. Find 
the rates of the trains. 

16. A rectangular court can be paved with 288 square 
tiles of a certain size. But if a side of the tile used is 
increased by 3 in., only 162 tiles are needed. Find a side 
of each kind of tile. 

17. A certain number contains two digits. If the num- 
ber is multiplied by the units' digit, the product is 216. 
But if the number is multiplied by the number obtained 
by inverting the order of the digits, the product is 2268. 
Find the number. 

18. A man can row 18 miles down a stream in 3 hours. 
But he can row 12 miles down and back in 5 hours. Find 
the man's rate and also the rate of the stream. 

19. A crew can row 16 miles down a stream and back 
in 6 hours. Bat if they row at half their usual rate, they 
can go only 5 miles down the stream and back in 6 hours. 
Find the rate of the crew and also that of the stream. 

20. Find two numbers, the sum of whose squares is 
225, and the difference of whose squares is 63. 
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21. The area of a (double) tennis court is 312 sq. yd., 
and the length exceeds the width by 42 ft. Find the 
dimensions of the court. 

22. Telegraph poles are set at equal distances apart. 
In order to have two less to the mile, it will be necessary 
to set them 20 ft. farther apart. Find out how far apart 
they are now. 

23. A rectangular field of grain contains 30 acres. If 
a strip 10 rd. wide is cut around the field, 15 acres will be 
left uncut. Find the dimension of the field. 

24. The denominator of a certain fraction exceeds the 
numerator by 6. If the numerator of the fraction is 
increased by 3 and the denominator by 15, the value of 
the fraction becomes J of what it was originally. Find 
the fraction. 

25. The product of two numbers is 85. If the larger 
of the two numbers is divided by the smaller, the quotient 
is 3 and the remainder 2. Find the numbers. 

26. A company contracted to make 252 automobiles. 
Two factories, working together, can make this number in 
12 days. Working alone, one factory requires 7 days 
longer than the other to do this amount. Find the num- 
ber of days in which each factory alone can fulfill the 
contract. 

27. Find two numbers whose sum is b and the sum of 
whose cubes is a. 

28. The area of a right triangle is p and the hypotenuse 
is q. Find the other two sides. 

29. Make up and solve three examples similar to such 
problems in this Exercise as you think are most interesting 
or suggestive. 



CHAPTER XII 



GRAPHS OF QUADRATIC AND HIGHER EQUATIONS 

111. Graph of a Quadratic Equation of Two Unknown 
Quantities. 

Ex. 1. Construct the graph of y = a? — 
5x + 6. 

The graph obtained is the curve ABC. A curve of 
this kind is called a parabola. The path of a projectile, 
for instance, that of a baseball when thrown or batted 
(resistance of the air being neglected), is au arc of a 
parabola. 

Y 



X 


y 





6 


1 





2 





3 





4 


2 


5 


6 


2} 


-i 


etc. 




-1 


12 


etc. 
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It will be noted that the above method of graphing is 
the same as that given in Art. 28 (p. 71), but that 
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here it is sometimes advantageous to let x have frac- 
tional values, as £, ^, T ^, |, etc. The observant pupil 
will also find methods of abbreviating the work in cer- 
tain cases. 

In general, it will be found that the graph of a quad- 
ratic equation of two unknown quantities is a curved line, 
and, in particular, either a circle, parabola, ellipse, or 
hyperbola. 

Ex. 2. Construct the graph of 4 x 2 - 9 y a = 36. 



X 


y 





imag. 


1 


iraag. 


2 


imag. 


3 





4 


±1.7 


5 


±2.6 


6 


±3.4 



For negative values of x, the values of y are the same 
as for the corresponding positive values of x. Hence, the 
graph is a curve of two branches, A B C and A'B'C, of 
the species known as the hyperbola. 



etc. 




O 




—X 



r' 
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EXERCISE 68 

Graph the following : 

1. y = a* - 2 14. y 2 - x 2 = 4 

2. y = z* + 2 z- 3 15. z 2 -y 2 = 4 

3. y = z 2 — 2 a + 1 16. xy = 3 

4. y = a? — 3 x — 4 17. a:y = — 3 

5. y = | a: 2 18. # + a;y = 2 

6. y = z 2 +} 19. (aj-2) 2 +y 2 = 9 

7. z 2 + y 2 =25 20. 16y 2 -a^ = -16 

8. x* + y 2 = % 21. y 2 = 9x + l 

9. y 2 = 9 x - x 2 22. y 2 = 9 

10. 16a? + 9y 2 = 144 23. a^ + zy + y 2 = 25 

11. x 2 + 9 y 2 = 9 24. a; 2 = 9 

12. 9 a? + y 2 = 9 25. x 2 -Sx + 2=0 

13. y 2 = 16a; 

Sug. Show that whatever the value of y, x always = 1 or 2 ; hence, 
the required graph is two straight lines parallel with the y-axis. 

26. On one diagram, graph the results obtained by 
letting a = 1, 2, 4, 9 in succession, in x 2 -f y 2 = «• . 

27. Treat in like manner xy — a, 

28. Make up and work an example similar to Ex. 1. 
To Ex. 2. To Ex. 9. 

29. Also an example similar to Ex. 14. To Ex. 15. 
To Ex. 25. To Ex. 26. 



Ex. Solve graphically 



112. Graphic Solution of Simultaneous Quadratic Equations. 

fa; 2 + y 2 = 25. 
y + 2z-5 = 0. 

> 

Constructing the graph of x 2 + y 2 = 25, we obtain the circle ABC 
(p. 167). Constructing the graph of y + 2x — 5 = 0, we obtain the 
straight line FH. 
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Measuring the coordinates of the points of intersection of the two 
graphs, we find the points to be (4, — 3) and (0, 5). 

These results may be verified by solving the two given simultaneous 
equations algebraically. 




113. Special Cases; Imaginary Roots. Construct the 
graphs of a? + y 2 = i and x + y=8. You will find that 
these two graphs do not intersect. Then solve the given 
equations in the ordinary algebraic way. You will find 
that the roots are imaginary. If you treat the equations 
ofl -f- y 2 = 1 and 4 x 2 + 9 y 2 = 36 in the same way, you will 
obtain a similar result. 

In general, imaginary roots of simultaneous equations cor- 
respond to points of non-intersection of the graphs of the given 
equations. 

Remember that in solving a pair of simultaneous equations, the 
number of values of x (and also of y) is equal to the sum of the de- 
grees of the two equations. Hence, if two simultaneous equations 
are both of the second degree, their graphs should intersect in four 
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points ; and if their graphs are found to intersect in only two points, 
for instance, the other two points must correspond to imaginary 
roots. 

The pupil may illustrate this by graphing and also solving alge- 
braically y 2 = 4 x and x 2 + y 2 = 25. 

EXERCISE 69 

Solve both algebraically and graphically: 

1. y a =9a? 11. zy = -l 
y-«aO x + y = 

2. y* = 9x 12. a? + y a = 25 
y = 3 x xy= — 12 

3. y a = 9a; 13. x* + y* = 25 
x-\-y = Q x—y=—l 

4. y 2 = 2x 14. a?-4y = 

a; + y = 4 3i a + 2y a = 14 

5. s a + y a =25 15. x* + y*-10y = 
3z+y-5=0 s = 2y 

6. x* + y*=25 16. ar J + y J = 16 
y-z=l s a + 9y a = 48 

7. 3* + y 2 = 25 17. 4y a -3s a = 24 
4y-3s=0 x a + ^ 2 = 6 

8. zy = 4 18. 3a? + y a =3 
x + y = 5 y = # — 2 

9. #y = — 4 19. a; — y — 6 = 
x + y = 3 y a = 6 # -^ # a 

10. xy = -3 20. a? + y a -r-3a; + y = 18 

# + y = — 2 #y — a? = 12 

21. Obtain both the algebraic and graphical solution of 
4s a -9y a = 36 and a? + y a =a 2 , when a=l. Also when 
a = 3. When a = 4. Graph all results on a single dia- 
gram. 
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I. Solve graphically a a +y = 3 and s + y a = 5. Also 
try to solve this pair of equations algebraically. 

23. Make up and work an example similar to Ex. 2. 
To Ex. 5. To Ex. 8. 

24. Also an example similar to Ex. 21. To Ex. 22. 

114. Graphic Solution of a Quadratic or Higher Equation of 
One Unknown Quantity. By substituting for y in the first 
equation, the pair of equations y = a? — 5 a; + 6 and y = 
reduces to a^— 5rc+6 = 0. Accordingly, the graphic 
solution of an equation like x 2 — bx + 6=0 is obtained 
by solving graphically y = z 2 — bx + Q and y = 0. 

In other words, the roots of a quadratic equation of one 
unknown quantity, ax 2 + bx + c = 0, are represented graphi- 
cally by the abscissas of the points where the graph of y = ax 2 
+ bx + c meets the x axis. 

Ex. Solve graphically x 2 — 5x+ 6=0. 

The graph of y = x 2 — 5 x + 6 is the curved line ABC of the figure 
in Art. Ill (p. 164). 

This curve crosses the x-axis at the points (2, 0) and (3, 0) 
.*. x = 2, 3. Roots. 

The same results are obtained by solving the equation x 2 — 5 x + 6 
= algebraically. 

This method of solution applies also to a cubic equation 
or to an equation of one unknown quantity of any degree. 

Thus, to solve the equation jc 8 — 3 x a + 5 a; — 2 = 0, graph the equa- 
tion y = X s — &x 2 + 5x — 2. The abscissas of the points where this 
graph crosses the ataxia have the same value as the roots of the given 
equation x* — 3x 2 + 5x — 2=0. 

EXERCISE 70 

Solve both graphically and algebraically : 

1. a^~4 = 3. 43 3 + 8a-5 = 

2. a?-3ir-4 = 4. a?-6a?+9 = 
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5. a*-4a; + l = 6. tf-Zx^Q 

7. a^-2a:-l = 
Sug. Solve algebraically by the factorial method. 

8 . rc8-a?-62: = 9. or*- 2a: 2 - 2x + 4 = 

10. a*-5a? + 4 = 

11. Make up and work an example similar to Ex. 1. 
To Ex. 2. Ex. 10. 



Some Applied Graphs 

115. Wider Application of Graphs. Besides their use in 
ordinary algebra, graphs may be used to represent the 
properties of a great variety of functions, in particular 
those occurring in the various departments of science and 
in business life. 

Sometimes it is found convenient to use a different scale 
in laying off magnitudes on one axis from that used on 
the other axis. 

EXERCISE 71 

1. Graph C = $(F — 32), making the scale on the 
C-axis one half as large as that on the F-axis. 

2. A thermometer reads as follows at different hours 
during the day : 



Hour . . . 


7 A.M. 


O A.M. 


If A. M. 


10 A.M. 


11 A.M. 


12 A.M. 


1 P.M. 


2 P.M. 


Temperature 


50° 


61° 


54° 


59° 


65° 


71° 


75° 


78° 




Hour . . . 


3 P.M. 


4 P.M. 


5 P.M. 


6 P.M. 


7 P.M. 


8 P.M. 


9 P.M. 


10 P.M. 


Temperature 


78° 


77° 


71° 


65° 


60° 


57° 


55° 


51° 



Construct a graph showing the relation between the 
temperature above 60° (taken as plus) and that below 
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(taken as minus), and the hour of the day. Then point 
out some facts to be learned from this graph. 

3. Graph V = — , and on the graph obtained measure 

the value of V when P = 1.5. 

4. Construct the graph of * = 16.1 1 2 making the s-scale 
but one tenth as large as the £-scale. . 

5. The average temperature on the first day in each 
month for a period of thirty years in New York City was 
as follows. Graph these data. 

New York 



Date . . . 


Jan. 1 


Feb. 1 


March 1 


April 1 


May 1 


June 1 


Temperature . 


31° 


31° 


36° 


42° 


64° 


64° 




Date 
Temperature . 


July 1 


Aug. 1 


Sept. 1 


Oct. 1 


Nuv. 1 


Dec. 1 


71° 


73° 


69° 


61° 


49° 


39° 



The corresponding temperatures in London were as 

follows : 

London 



Date . . . 


Jan. 1 


Feb. 1 


March 1 


April 1 


May 1 


June 1 


Temperature . 


37° 


38° 


40° 


46° 


50° 


67° 




Date . . . 


July 1 


Aug. 1 


Sept. 1 


Oct. 1 


Nov. 1 


Dec. 1 


Temperature . 


62° 


62° 


59° 


64° 


46° 


41° 



Graph these results on the same paper with the graph 
of the New York temperatures and then compare the two 
curves of annual temperature, and give three facts which 
may be inferred from these curves. 
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6. The following table shows the number of years which 
a person having attained a certain age may expect to live. 
Construct a graph of life expectancy from the data. 



Age in Years . . 


• • 







2 




4 


6 


8 
50.2 


10 

48.8 


20 
41.5 


30 
34.3 


Life Expectancy in 


Years 


38.7 


47.6 


50.8 


51.2 






40 


50 


60 


70 


80 


00 


100 


Life Expectancy in 


Years . 


27.6 


21.1 


14.3 


0.2 


5.2 


3.2 


2.3 



From this graph determine your life expectancy at the 
present time, and also that of several acquaintances of 
various ages. 

7. Graph the growth of the population of the United 
States, using the following table : 





1700 


1800 


1810 


1820 


1830 


1840 


1850 


Millions .... 


4 


5 


7 


10 


13 


17 


23 





1860 


1870 


1880 


1800 


1900 


1010 




31 


30 


50 


63 


76 


02 



From your graph determine, as accurately as you can, 
the population in 1815. In 1835. In 1895. In 1905. 

From your graph determine, as nearly as you can, in 
what year the population was 35 millions. 70 millions. 
80 millions. 



8. The following table gives the amount of $1 at sim- 
ple interest, and also at compound interest at 4 % for 5, 
10, 15, 20, etc., years. On the same diagram draw (1) a 
graph of the amounts at simple interest, (2) a graph of 
the amounts at compound interest. 
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Years . . . 




$1 
1 


6 


10 


16 


20 


26 


80 


36 


Amounts at 
Simple Int. 


91.20 


$1.40 


$1.60 


$1.80 


$2.00 


$2.20 


$2.40 


Amounts at 
Com. Int. 


1.22 


1.48 


1.80 


2.10 


2.67 


3.24 


3.06 



The amounts of $1 at 5% for the same periods of time 
at compound interest are $1, 11.28, $1.63, $2.08, $2.65, 
$3.39, $4.32, $5.52. On the same diagram make a graph 
of these amounts. 

9. The following table gives various wind pressures : 



Velocity of wind 
in mi. per hr. 


10 
1.6 


20 
2 


30 
4.6 


40 
8 


60 
12.6 


60 
18 


70 
2.46 


80 
32 


00 
40.6 


100 


Pressure in lb. 

per sq. ft. 


60 



1 

Graph the above table of facts. From this graph de- 
termine, as exactly as you can, the pressure when the 
velocity of the wind is 25 mi. per hour. 45 mi. 65 mi. 

10. From the table in Ex. 9, determine approximately 
the velocity of the wind when the wind pressure is 5 lb. 
per square foot. 10 lb. 30 lb. 

11. Graph y = a;*. 12. Graph y = a*. 

13. Construct the parallelogram whose sides are the 
graphs of the equations 3y— 4#— 13 = 0, 3y— 4a;+19=0, 
y = 3, y = — 1. Find the coordinates of the vertices of 
this parallelogram, and also its area. 

14. Graphs, or geometric pictures of numerical. data,' take 
many different forms beside the linear graphs treated in this 
book. For instance, the density with which national banks 
are distributed over the country may be indicated by dots 
on a map. Collect examples of different kinds of graphs. 



CHAPTER XIII 

GENERAL PROPERTIES OF QUADRATIC EQUATIONS 

116. Character of the Roots Inferred from the Coefficients. 

It is important to be able to infer at once from the nature 
of the coefficients of an equation whether the roots of the 
equation are equal or unequal, real or imaginary, positive 
or negative. 

Any quadratic equation may be reduced to the form 
ax 2 + bx + c = 0, in which a is positive. 

Solving ax 2 -}- bx + <?= 0, and denoting the roots by r v 
r 2 (read, r sub-one, r sub-two), we obtain 



_ b + y/b 2 -4ac -b-Vb*-4 



n = — . , r 2 = 



ac 



2a * 2a 

From these expressions we infer that 

1. If b 2 — 4 ac is positive, the roots are real and unequal. 

2. If b 2 — 4 ac equals zero, the roots are real and equal. 

3. If b 2 — 4 ac is negative, the roots are imaginary. 

The roots are rational if b 2 — 4 ac is a perfect square or 
zero. 

Since the values of b 2 — 4 ac enable us to discriminate 
between different kinds of roots, this expression is termed 
the discriminant of ax 2 + bx + c = 0. 

Ex. 1. Determine the character of the roots of the 
equation, x 2 — 2x — 1 = 0. 

We have a = 1, b = — 2, c = — 1 

6 2 -4 ac = 4 + 4 = 8 
Hence, the roots are real and unequal. 
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Ex. 2. Of x 2 - 2x + 1 = 

Here a = 1, b = - 2, c = 1 

5 2 -4ac = 4-4 = 
Hence, the roots are real and equal. 

Ex. 3. Of x 2 - 2x + 2 = 

Here a = 1, & = - 2, c = 2 

& 2 -4a<; = 4- 8 =-4 

Hence, the roots are imaginary. 

The results obtained in Exs. 1, 2, and 3 may be con- 
veniently illustrated by means of graphs. 



y = a: 3 — 2x — lis the curve (1) and 



It is found that the graph of 
crosses the z-axis at the two 
points A and B (correspond- 
ing to the two roots of 
x 2 - 2s -1 = 0). 

The graph of y = x 2 — 2 x 
+ 1 is the curve (2) and 
meets the a:-axis at only 
one point (corresponding to 
the two equal roots of 
a: 2 -2a;+l = 0). 

The graph of y — x 1 — 2 x 
+ 2 is the curve (3) which 
does not meet the x-axis at 
all (which illustrates the fact 
that the roots of the equa- 
tion x 2 — 2ar + 2 = are im- 
aginary). 



117. Determining Coefficients so that the Roots shall satisfy 
a Given Condition. It is often possible so to determine the 
coefficients of an equation that the roots shall satisfy a 
given condition. 

Ex. Find the value of m which will give equal roots 
for the equation (m — 1)# 2 + wa; + 27»-3=0. 











Y 












































\ 
























w 
























w 
























\W 3) 




















V 


\\ 






















OM 


ft 






// 


















\k 


S/i 


















i -. 




u 




















A 




J* 


IB 










X 










V, 


^^^ 


. 





























































176 DURELL'S ALGEBRA : BOOK TWO 

By Art. 116, 2, in order that the roots may be equal 6 a — 4 ac = 0. 
In the given equation, a = m — 1, b = m f c = 2 m — 3 

.-. to 3 - 4(ro -l)(2ro - 3)= 
m a -8m 8 + 20wi-12 = 

7wi 2 -20ro = - 12 

m = 2, f . Arts. 

Check. Substituting these values for m in the original equation, 
x 2 + 2 x +1 = 0, x 8 - 6 x + 9 = 0, 
in each of which equations the roots are equal. 

EXERCISE 71 

Without solving, determine the character of the roots in 
1. x*-bx + §=Q m 9^ + 4 

7. x = — - 



2. 3a?-7a?-2 = 



12 



3. 4a* = 4s-l * 6* + ¥-10* 

4. 3^ + 2a:+l = 9 ' * = 1(^+ 1 ) 

5. 2s*-5s+3 = 10 " 35*+ 18 + 12a* = 
„ ! 11. 4 a; 2 =2 x -3 

3 12. 7a^4-l = 5a; 

13. Determine by inspection the nature of the roots in 

(1) a?-4rr + 2=0 

(2) 2*-4* + 4-0 

(3) s 2 -4z + 6 = 

Verify your results by use of graphs. 

14. Make up and work an example similar to Ex. 13. 

15. In 3 a? — 2 x + 1 = 0, determine the character of the 
roots by solving the equation. Now determine their 
character by the method of Art. 116. Compare the 
amount of work in the two processes. 
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Determine the value of m for which the roots of each 
equation will be equal : 

16. 2x 2 -2a; + 7n= 19. ±a? + \ = mx 

17. mv* - 5 x + 2 = 20. (m + l)a? + ma? = l 

18. 2s 2 -w:r + 12J = 21. (>+ 1)2* + 3w = 12a? 

22. (w + l)a? + (ift-l>H» + l = 

_ 2s a +3s+2 1 
7 + 3a; — 2? m 

24. What is meant by the root of an equation ? 

25. In Ex. 16, for what values of m are the roots 
imaginary? Real and unequal? 

26. Answer the same questions for Ex. 17. Ex. 20. 

27. Show that if one root of a quadratic equation is 
imaginary, the other root must be imaginary also. 

28. State and prove a similar fact concerning irrational 
roots. 

29. In a? — 6 x + c = 0, substitute (1) a value of c which 
will make the roots of the resulting equation equal ; (2) 
a value which will make the roots imaginary ; (3) a value 
which will make the roots real, unequal, and rational. 

30. How many of the above examples can you work at 
sight ? 

118. Relation between Roots and Coefficients. In Art. 116 
a method was obtained of inferring, from the coefficients 
of a quadratic equation, the qualitative nature of the roots. 
A more exact, or quantitative^ relation between the roots and 
coefficients will now be obtained. This relation will enable 
us in any given equation to determine the sum or product 
(and often other functions) of the roots, without the 
labor of solving the equation. 



178 DURELI/S ALGEBRA : BOOK TWO 

Dividing both members of ax* + Ix + c = by a, we 
obtain an equation in the form a? + px + q = 0. 

Solving this equation and denoting its roots by a and j8, 

2 2 



Adding the roots, a + = — ^? =t - 



2 



P 



Multiplying the roots, afi = P*~(P* — ii) = ? 

Hence, in general, 

(1) The sum of the roots o/jr a 4-^JC4-^ = equals — p^ 
or the coefficient of x with the sign changed ; 

(2) The product of the roots equals the known term q. 

Ex. 1. Without solving the equation, find the sum 
and also the product of the roots of 5(1 — 2 x) = 3 a?. 

The given equation reduces to x 2 + *fix — f = 0. 

Hence, sum of roots = — ^, product of roots = — |. Ans. 



Ex. 2. Form the equation whose roots are — 



The roots are 



2 
_ 1 + \/Z~3 _ i _ tSZTs 



= - 1 + V-a -1 -yC8 = -2 = x 



Hence, sum of roots 

' 2 2 

Product of roots = 1 ~('" 8 ) = ^4^ = 1 

4 4 

Hence, x 1 + x + 1 = is the required equation. 
Checks for the above example may be obtained by solving the 
equations obtained. 

119. Factoring a Quadratic Expression. Any quadratic 
expression may be factored by letting the given expression 
equal zero, and using the property stated in Art. 118. 
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Ex. Factor 3a?-ix + 5 

Take 3(s 2 - J x + J) = 

Solve a^-fx + i = 

Whence, x = 2 ±y (~~ U 

o 

Hence, the factors of 3 x* — 4 a: + 5 are 



EXERCISE 73 

Find, by inspection, the sum and product of the roots 
in each of the following equations : 

1. x*+Zx + b = Q 6. a a s a -aa; + 2 = 

2. 2? — x + l = Q 7. 5»-4a^ = l 

3. i r a -5a:=10 8. Z-lx=l\a? 

4. 2x2-6^-3 = Q #_ x-a 



, a;-5^ « 4^+1 

5. *+i_ ^_ x w 1 _ 2 <a-2«*«8« 

Form the equations whose roots are 

11. 2, 3 17. .08, - .2 2 ± V2 

22. 

12. 3,-2 is. ab, -a 2 

13. -1, -5 a 6 23. 1± ^~ :T 

19. , J 

»• 5 '- 04 h a _ -2±V^2 

15 . -l f -| 20. 1 + V2,1-V2 24. 

16. §, - $ 21. - 3 ± V3 25. \ a ± cyf^b 

26. Form an equation whose roots are 2 ± i (see p. 119). 

27. Form an equation whose roots are 3, t, — i. 

28. If one root of the equation x 2 — *$-x — $ = is 3, 
find the other root in two different ways. 
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29. If one root of the equation 3 a? — 4 # + 2 =s is 

2 4- V— 2 

, find the other root in three different ways. 

30. Form the equation in which one root is — § and the 
product of the roots is — f . 

31. Make up and work an example similar to Ex. 28. 
Also to Ex. 30. 

Factor : 

32. 3a?-10a;-8 35. a? + 14-6rr 

33. a?+2x-l 36. 25^+2-30:1; 

34. x 2 -x-l 37. 3a?-3z a -l 

38. If r and s represent the roots of 3 x 2 — 8 x + 5 = 0, 
find, without determining the actual roots, the values of 

r+«; r%\ r 2 +« a ; r— «; r 2 — « a ; r^* 8 ; - + -; ; -= — -v 

39. Find the values of the same expressions for the 
equation 2s 2 - 9s + 7 = 0. Also for 6 a 2 - x - 12 = 0. 

40. Find the values of the same expressions for the equa- 
tion ax? + bx + c = 0. Also for the equation a?+px+ q= 0. 

41. If m and n represent the roots of the equation 
10 2? + 9a;— 7 = 0, form that equation whose roots shall 

be mn and m + n. m — n and — h -• 

m n 

42. In aofi + bx + c = 0, if c = a, show that one root is 
the reciprocal of the other. 

43. For what value of p does the equation a? +(7jp — 3) 
x— (5 J9 + 10) = have a zero root? Find the other root. 

Sua. If one root is zero, what does the product of the roots equal? 

44. How many of the examples in this Exercise can you 
work at sight ? 

45. Practice oral work with exponents as in Exercise 39 
(p. 104). 



CHAPTER XIV 

RATIO AND PROPORTION 

Ratio 

120. The Ratio of two algebraic quantities is their exact 

relation of magnitude. It is the indicated quotient of the 

one quantity divided by the other, expressed either in 

the form of a fraction or by the symbol : placed between 

the two quantities. 

Thus, the ratio of a to 6 is expressed as ^, or as a : b. 

b 

121. Utility of Ratios. Ratios have the same uses as 
fractions, and also other uses obtained by selecting im- 
portant kinds of ratios, naming them (see Art. 123), and 
working out their properties once for all. Also proper- 
ties of equal ratios are worked out once for all and stated 
in such a form as facilitates their application to problems. 

122. The Terms of a Ratio are the two quantities com- 
pared. The antecedent is the first term. The consequent 
is the second term. 

The terms of a ratio must be expressed in terms of a common 
unit. Thus, to express the ratio of 3 qt. to 2 bu., either the quarts 
must be expressed as bushels or the bushels as quarts. 

If two quantities, as 5 in. and 2 bu., cannot be expressed in terms 
of the same unit, no ratio between them is possible. 

123. Kinds of Eatio. An inverse ratio is a ratio obtained 
by interchanging antecedent and consequent. 

Thus, the direct ratio of a to b is a : b ; the inverse ratio of the 
same quantities labia. 

181 
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A compound ratio is one formed by taking the product 
of the corresponding terras of two given ratios. 

Thus, ac : bd is the ratio compounded of a : b and c : d. 

A duplicate ratio is formed by compounding a ratio with 

itself. 

Thus, the duplicate ratio of a : b is a 2 : J 3 . In like manner, the 
triplicate ratio of a : b is a 8 : b*. 

A commensurable ratio is a ratio that can be expressed in 
terms of two integers. 

OJL 5 91 in 91 

Thus, -* equals - -«-— - , or — Or ^2 is a commensurable ratio. 
b\ H 2 4 21 5} 

An incommensurable ratio is a ratio which cannot be 
expressed in terms of two integers. 

y/ZJ \ 4149 + 

Thus, — - equals — — • The fraction in the numerator can- 

5 5 

not be completed so that the numerator and denominator can be 
expressed as a ratio of integers in terms of the same unit; hence, 

v'2 

— is an incommensurable ratio. 

5 

The properties of incommensurable ratios are obtained 
from those of commensurable ratios by an indirect method 
not discussed in this book. 

124. Fundamental Property of Ratios. If both antecedent 

and consequent of a ratio are multiplied or divided by the 

same quantity, the value of the ratio is not changed. 

-el . a ma 

* or, since 7 = — 7 

mo 
a : b has the same value as ma : mb. 

Proportion 

125. A Proportion is an expression of the equality of two 

or more equal ratios ; as - = -, or a : b = c : d. 

b d 

The above proportion is read " a is to b as c is to.d." 
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126. Terms of a Proportion. The four quantities used 
in a proportion are called its terms or proportionals. 

The first and third terms are the antecedents. 

The second and fourth terms are the consequents. 

The first and last terms are the extremes. 

The second and third terms are the means. 

In a :b = c:d, d is a fourth proportional to a, 6, and c. 

127. A Continued Proportion is one in which each conse- 
quent and the next antecedent are the same ; as 

a:b = b:c= c:d=d:e 

In the continued proportion a : b = I : c, b is called a 
mean proportional between a and c ; c is called a third pro- 
portional to a and b. 

Two proportions of the form x : y = a : 6, and y : z = b : c 
may be combined in the form x : y : z = a : b : c. 

128. Equal Products made into a Proportion. If the 

product of two quantities is equal to the product of two other 
quantities, either two may be made the means, and the other 
two the extremes of a proportion. 

For, if ad=bc 

Dividing by bd, t = ~5 

o a 

.«. a :b= c: d 

129. Fundamental Property of a Proportion. For algebraic 
purposes, the fundamental property of a proportion is that 

The product of the means is equal to the product of the 
extremes. 

For, if a:b = c:d 

then - = - 

b d 

Multiplying by W, ad = be 
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In like manner, if a : b =» b : e 

6*= ae .•. b = Vac 

This property enables us to convert a proportion into an 
equation, and to solve a given proportion by solving the 
equation thus obtained. 

EXERCISE 74 

Simplify each of the following ratios: 

1. 5f:lf a*-4y» . (2y-*V 

2. 2 ft. 4 in. :8 m. 5 (.01*)»:.2* 

3. 87 J % : 37 j % 6. (2 a*)* : (2 o*)a* 

7. One rectangle is 5 yd. long and 7 J ft. wide; an- 
other rectangle is 5 f t. x 2 ft. 6 in. Find the ratio of the 
areas of the two rectangles. 

8. Find the ratio of the volumes of two boxes whose 
dimensions are respectively 3' 6" x 2' x 1' 3" and 2' 9" x 
1' 8" x 1' 6". 

Find the ratio of x to y when 

9. Sx — 8y = 2ir+5y 
10. 5rr— 3y:2# — 5y = £ 
U. 6a*+l5y* = 19xy 

12. a 2 + aby 2 = (a + b)xy 

13. Give the inverse of the ratio 7 : 3. Also of p : q. 

14. Determine which ratio is greater, 5 : 12 or 19 : 40. 

15. Show which of the following ratios are commensu- 
rable and which incommensurable : 

(1) 5} in. : 2f in. (2) Vl2 : V27 (3) VT2 : VIS 

16. IE the death rate in New York City in the year 
1866 was 34 per thousand, and in 1912 was 14.1 per 
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thousand, find how many lives in a population of 4,500,000 
were saved in 1912 by the reduced death rate. 

17. Explain the ratio called specific gravity. If 
1 cu. ft. of water weighs 62.5 lb., find the weight of a 
wagon load of dirt 6 ft. x 2 ft. x 1J ft. if the specific 
gravity of dirt is 2.1. 

18. Make up and solve an example similar to Ex. 17 
concerning a wagon load of brick. 

19. If a ratio is less than unity, does adding the same 
quantity to both terms of the ratio increase or diminish 

the value of the ratio ? By how much, if the ratio is - 

and c is added to both terms ? 

20. Answer the same questions if the given ratio is 
greater than unity. 

21. If you do not already know it, ascertain the mean- 
ing of nutritive ratio. Make up and work two examples 
concerning nutritive ratios. 

Find the mean proportional between 

22. 8 a 2 and 18afy 2 23. .1 and .004 

24. (a 2 - J 2 ) 2 and (a + &) 4 

rtC x*-§x+§ , a* + & - 12 re 2 

25. -±— and — \ — — 

x + 4 4 x — 12 

26. _!V?-L and 8 ^2 + 20 



2 Vb + 5 V3 3 V6 - 4V3 

Find the fourth proportional to 

27. 8f> 3j, 5 T 8 T 28. (a + 6) 2 , a 2 - J 2 , (a - J) 2 

Find the third proportional to 

29. x 2 - 1 and (x + l) 2 31. b — \ and \ — 1 

b o 

30. .3 and ,09 32. a 2 - b 2 and (a - 6) 2 
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33. If the first, second, and fourth terras of a propor- 
tion are 3, 12, and 8 respectively, find the third term. 

Solve for x and check : 

34. 2: 3z-l = 3s: b-2x 

35. 3z+l:5:r + 4 = z + 3:4:r + 5 

36. 33 + 5:z + 4 = l — X :2 — x 

37. x + 5a : 3a — x=3x+10a:x — 10 a 

38. What number must be added to each of the terms 
of % to make the value of the fraction J ? 

39. A baseball nine has won 18 games out of 23. How 
many straight games must it win, in order that its average 
of games won shall equal £ ? 

40. Find the number which, when subtracted from each 
of the numbers 9, 18, 21, 48, will give results in proportion. 

41. Two numbers are to each other as 3 to 2. If 6 is 
added to the greater and subtracted from the less, the sum 
of the results thus obtained will be to the difference as 3 
to 1. Find the numbers. 

42. Two numbers are in the ratio c : d. If a is added 
to the first and subtracted from the second, the results 
will be in the ratio 3 : 2. Find the numbers. 

43. Find two numbers whose difference is d and which 
are to each other as a : J. 

44. A certain kind of brass is an alloy containing 2\ 
parts of copper and 1 part of zinc. How many ounces of 
copper are contained in 2 lb. 10 oz. of this brass ? 

45. The horse power generated by a stream falling over 
a dam is proportional to the height of the dam. If on a 
certain stream a dam 5 ft. high generates 200 H. P., how 
much higher must the dam be made in order to get 500 
H.P,? 
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46. That a door may look well, its height should be to 
its width approximately as 7 : 5. If a door is to be 7 ft. 
3 in. high, how wide should it be ? 

47. Convert each of the following into a proportion: 
(1) xy = ab; (2) (> + y) 2 = a 2 - J 2 ; (3) 3zy = 2ab. 

48. In a certain year the profits of a given business 
were $ 15,600. Divide these profits into two parts which 
are as 8 to 5. Also into three parts which are as 6, 4, 3. 

49. Separate a : b : c = 4 : 5 : 6 into two proportions. 

50. If air is regarded as a mixture of two gases, oxygen 
and nitrogen, whose volumes are as 21 : 79, find the num- 
ber of cubic feet of each of these gases in a room whose 
volume is 6000 cu. ft. 

51. If a given piece of land can be divided into 60 

building lots, each 30 ft. wide, how many lots 40 ft. wide 

would it make ? 

Sug. If x denotes the number of lots 40 ft. wide, 

30 x 60 = 40 x x 
or x : 60 = 30 : 40 

This problem can be solved either from the equation or 
from the proportion. 

A proportion of this kind is termed an inverse proportion. 

52. If 4800 shingles 4 in. wide are needed in building a 
house, how many 3-inch shingles would be needed ? 

53. If 12 yd. of cloth 36 in. wide are necessary for a 
dress, how many yards 27 in. wide would be needed ? 

54. If a trolley company reduces the hours of its em- 
ployees from 10 to 8 hours per day, by what per cent must 
it increase the number of its employees? 

55. Make up and work an example similar to Ex. 30. 
To Ex. 39. 
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56. An example similar to Ex. 48. To. Ex. 53. 

57. Work again Exercise 48 (p. 125). 

130. Transformations of a Proportion. Before converting 
a proportion into an equation, we may often simplify the 
proportion by the use of one or more of the following 
principles : 

If a : b = c : ef, then 

1. a : c=b : d (called alternation). 

2. b : a = d : c (inversion). 

8. a + b:b = c + d:d (addition). 

4. a— 6 : } = <? — did (subtraction). 

5. a + b : a — b = c+ d : c— d (addition and subtraction). 

For, from a : b = c : d, we have ad = bc (Art. 129); whence we ob- 
tain 1 and 2 (Art. 128). 

Also ? = £, whence, £+l=£+l. 
b a b d 

Whence, Z±± = c -±± (or 3). 
b c 

Let the pupil prove 4 in like manner, and obtain 5 from 3 and 4. 

Ex.l. Solve l^li + ! X ^l = l^ X l + 2x + ^ 

2x 3 + 3z 2 -3a;+l 3^ + a 2 - 2z- 1 

By addition and subtraction, * — * * 

J Gx-2 4a; + 2 

t\i„'a- u 2x 2 2* + 3 3x+l 

Whence, 5r*-8a;-4 = 

x = 2, — f . .4ns. 
The factor 2 a: 2 also gives the roots x = 0, 0. -4 ns. 

Check. For x = 2. 

2 a; 8 + 3 s" + 3s-l _ 16 + 12 + 6-1 = 33 

2x» + 3x a -3a:+l 16 + 12-6 + 1 23 

3a;8 4 . :| .2 + 2a:+l _ :: 24 + 4 + 4 + 1 ^33 

Sx* + x *-2x-l 24 + 4-4-1 23 

Let the pupil check the work for x = — f 

Also f or . x = 
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131. Given some proportion (or equality of several equal 
ratios), as a : 6 =<? : d> a required proportion is often readily 

proved by taking T = — = r (hence a = br, c = dr), and 

substituting for a and c in the required proportion. 

Ex. Given a:b = c:d, 
prove a ib = Va 2 + 3 c 2 : V6 2 + 3 cP. 

Let - = - = r .*. a = br, c = dr 

b d 

Substitute in each ratio the values a = br, c = dr 

f-7" 



tt •y/a* + St* V6*r 2 + 8 rfV* r V/> 2 + 3 d 2 

V^Tarf* VPTarf 3 V6 2 + a d» 



• - = — a C * siuceeach of the two fractions equals 
"* V& 2 +3rf 2 

the same expression, viz. r. 

Hence, a given expression may be proved to be identical 
with another expression either (1) by reducing the first 
expression directly to the form of the second ; or (2) by 
reducing both expressions to a common third form. 

132. Composition of Several Equal Ratios. In a series of 
equal ratios, the sum of all the antecedents is to the sum of all 
the consequents as any one antecedent is to its consequent. 

r\* a c e a 

Glven ' i=d = fh 

Let each of the equal ratios equal r. 

. \ a = br, c = dr, e —fr, g = hr 
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Adding the last series of equalities, 

a + c + e + g= (b + d+f+h)r 

. q+c+g+ff _ r= a 
"b+d+f+h b 

.•. a + c + e+g: b + d+f+h = a: b 

EXERCISE 75 

Solve and check : 

s2 + 4a; + 3 ^ 3s 2 +lltt-10 
zP + Qx-3 32?+9#+10 

2. Zx* + bx* + 5x+l\iZx* + bx*-5x-l\ 

= a?-7z 2 +3:r::r 8 -.7s 2 -3x 

x+p—q p+q+x 
4. VzT2 :V2z + 3 = Va?^4: Va^-s+8 
_ Vz + VB 2 _ Vz + 1 - Vs - 1 Q 

5. _ = — 6, — = _^_ z= o — X 

Vx — V6 1 V* + 1 + Y# - 1 

z+VM^z V3+1 



7. 



X 



-V3tT^r V3-1 



5jp— V4a? — 3p 2 __ 3jt?~ Var + ff 2 
3^? + V4:r — 3^ jt? + Vx + J9 2 

If a : 6 = <? : c?, prove : 
9. a-(?:6-d = Va 2 + c 2 : V6 2 +<P 

10. a 2 + 6 2 :-? 3 - = c 2 -hcP:-^- 

11. Va 2 + aft + 6 2 : Vc 2 + cd + d 2 



= Va 2 -a6 + 6 2 :Vc 2 -<?tf + cP 
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If a, 6, <?, d are in continued proportion, prove : 

12. a : b + d = c 8 : <?d + <P 13. a : c = a 2 + afl ': b 2 + J<? 

14. a 2 + J a + c 2 : ab + 6c + cd = aJ + 6<? 4- cd : 6 2 + c 2 + <P 

15. If (ji + q) (r - *) -I- (q + r) (s - p) + ^y- r« = 0, 
prove that p : q = r : 8. 

16. Given (2a + 2 J + 3 <? + 3 <f)(2 a- 2 6- 3<? + 3<J) 
= (2a-26+3<?-3<f)(2a + 2J-3<?-3d), prove a : J. 
= <? : d. 

17. Find two numbers, such that if 3 is added to each, 
they shall be in the ratio of 1 to 2. But if 1 is subtracted 
from each, they shall be in the ratio 1 to 3. 

18. Separate 52 into two parts, such that if each part 
is diminished by 6, the results shall be in the ratio of 
7 to 3. 

19. Find two numbers, such that their sum, difference, 
and the sum of their squares are in the ratio 5:3: 17. 

20. Given x-\-y\x — y = a + b\a — b, and x 2 + y 2 
= a 2 b\a 2 + 6 2 ), find x and y. 

21. If -^_ = -£_ = _?_, finds+v + *. 

a — b b — c c— a 

22. If four quantities are in proportion and the second 
is a mean proportional between the third and fourth, prove 
that the third will be a mean proportional between the first 
and second. 

23. If = = -, prove that each of these 

b + c c + a a + b 

fractions = 1. Also that a = b = c. 

24. Show by the use of a proportion whose terms are 
letters, that if the same number is added to each term, the 
results cannot be in proportion. Also give a numerical 
illustration of this property of proportions. 
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25. Before the adoption of modern sanitary methods by 
armies, the ratio of the number of men who died from 
wounds received in battle to the number who died of 
disease was as 1 : 2. If under improved sanitation the 
above ratio was changed to 2 : 1, find the number of lives 
saved in a war where 54,000 men lost their lives. 

26. If the rear and front wheels of a wagon are respec- 
tively p ft. and q ft. in circumference, how many rotations 
does the rear wheel make while the front wheel rotates r 
times ? 

27. If P as — 2L_ = show that p — q + r = 0. 

o + c c + a a — b 

28. Itp + 2q + r:q + r = p + q:q, prove that q is a 
mean proportional between p and r. 

29. If a, J, <?, d are in continued proportion, prove that 

q<? = q g +c a = a a +2 6 a + 3c a . ^ a 2 
bd V* + d* 6 a + 2c 3 + 3d 2 J 2 * 

30. Make up and work an example similar to Ex. 9. 
To Ex. 18. 

Meaning op the Ratio Forms -, ^, -, £> 

a w 

133. The Meaning of - has been made clear in Exs. 33- 

35, p. 15. The same result has also been made evident in 
the process of constructing certain graphs. 
In general, 

Zero divided by any number (except zero) gives zero. 

134. Infinity is a number (or quantity) greater than any 
assignable (or definitely expressible) number. 

The symbol for infinity is oo. 

The symbol == means "approaches.'' 
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a . 



135. The Meaning of g is made clear most readily by the 
use of graphs. 



Ex. Graph y= — 
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Graphing y = - for the positive values of x t we obtain the branch 

x 

ABC in the above diagram. 

From the diagram it is evident that as the value of x becomes 

smaller, that of y I or - ) increases, and as x = 0, y I or - J = oo. 
If y = - is graphed for the negative values of x, in like manner as 



= 0, y ( or -j = -oo. 



Hence, in general, 

As the value of the denominator of any fraction approaches 
zero (the value of the numerator being finite) * the value of 
the fraction approaches infinity (or negative infinity). 

This statement is often abbreviated into the form - = oo. 
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136. The Meaning of r is best shown algebraically. 

a? — 1 
Ex. Find the value of — when x = 1. 

x — 1 

■ 

If we substitute the given value of x directly in the given fraction, 

a* - 1 1-1 



we obtaiu 



x-1 1-1 



If, however, we simplify the fraction before substituting and then 
substitute 1 for x, we obtain 

x— 1 x — 1 

Hence, in this case - represents the value 2. 

Show, in a similar manner, that when x = 1, the value 

rr 8 — 1 a* 4 — 1 
of - is 3. Also that the value of is 4. 

x — 1 • x — 1 

Hence, the value of - varies with circumstances, or as it 
is usually expressed, 

- is indeterminate. 

137. The Meaning of || is best shown algebraically. 

Ex. Find the value of -*- — — -, when x = 1. 

x — 1 or — 1 

By direct substitution, -*- — — - = - ■+■ - = — (see Art. 135). 

But if the given expression is simplified before the substitution 
for x is made, 

we have — i- -*- —±— = -L- x ^^-= x + 1 = 1 + 1 = 2. 
a: — 1 or — 1 x — 1 1 

Hence, in this case °° stands for the value 2. 

7 CO 
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Show, in like manner, that oo may stand for 3, 4, or any number. 
We express the result arrived at as follows : 

55 is indeterminate. 

oo 

The above results for the meaning of -, -, -, & might 

be obtained by purely logical methods, but the thorough 
discussion of these methods lies beyond the scope of this 
book. 

EXERCISE 76 

2 2 2 

1. Graph y = - and thus find the value of - and -— • 

or 

2. Graph y = • In this process, what special ratio 

x — 1 

is evaluated ? 

x_ 
z — x 



3. Graph y = and make a similar inference. 



By an algebraic process, find the value of 
4. — ^— when x = 2. 6. — ^— when a = 1. 



x 



-2 a-1 



5. when x = 2. 7. — when a = 2. 

z-2 a 2_ a _2 

Find the value of 

^ x* v A 10. x~ 6 when x = 0. 
8. — when a; = 0. 



2 



i 



1 11. 7* when x = 0. 

9. — when # =s 0. 
a? 

x 2 

12. when# = 0. When x = 1. 

x— 1 

13. 5 x - $ 14. 3 x - # + # 

3 
15. 5 a; h x(x — 1) when x = 1. Also when a; = 0. 
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16. axO + JxO-cxO 

17. -y/5 when x = 0. 

Va4- y/x t 
IS. — —=— - when x = a. 



Va — 



a: 



19. What is the limit of when n is increased 

indefinitely ? * + - 



1 



20. Find the value which i— approaches 

when 6 = 0. When<?=0. a=0. 

21. Find the same values for — — ^— — — • 

2a 

22. Who invented oo as the sign for infinity? 

23. Make up and work an example similar to Ex. 2. 
To Ex. 8. To Ex. 10. 

24. Make up and work an example similar to Ex. 14. 
To Ex. 18. 

25. How many of the examples in this Exercise can 
you work at sight? 



CHAPTER XV 

THE PROGRESSIONS 

138. A Series is a succession of terms formed according 

to some law, as 

1, 4, 9, 16, 25, ... 

1 — X + x 2 — X 9 + X 4 — , ••• 

2, 4, 8, 16, 32, .- 

139. Utility in an Algebraic Treatment of Series. 

Ex. If a car going down an inclined plane travels in 
successive seconds, 2 ft., 6 ft., 10 ft., 14 ft., etc., how far 
will it go in 30 seconds ? 

The direct method of solution would be to set down the 30 num- 
bers involved and add them. But by investigating the laws of the 
series involved and expressing these as formulas, it will be found 
(see Art. 142) that this long addition can be converted into two 
short multiplications and much labor can thus be saved. 

The algebraic study of the laws of series will enable us to save 
labor in various ways, and to obtain other important results. 

Arithmetical Progression 

140. An Arithmetical Progression is a series each term of 
which is formed by adding a constant quantity, called the 
difference, to the preceding term. 

Thus, 1, 4, 7, 10, 13, ••• is an arithmetical progression (denoted 
by A. P.) in which the difference is 3. 

Given an arithmetical progression, to determine the 
difference : from any term subtract the preceding term. 

Thus, in the A. P., i, - J, - 3, 

the difference = — f — 1= — |. 

197 
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141. Quantities and Symbols. In an A. P. we are con- 
cerned with five quantities : 

1. The fir st term, denoted by a. 

2. The common difference, denoted by d. 

3. The last term, denoted by I. 

4. The number of terms, denoted by n. 

5. The sum of the terms, denoted by *. 

142. Two Fundamental Formulas. Since in an A. P. 
each term is formed by adding the common difference, d, 
to the preceding term, the general form of an A. P. is 

a, a + d, a + 2d, a + Sd, ••• 

Hence, the coefficient of d in each term is one less than 
the number of the term. 

Thus, the 7th term is a + 6 d, 

12th term is a + 11 d, 

nth term is a + (n — Y)d. 
Hence, Z = a + (w — Y)d (1) 

Also, 
i = a + (a + i) + (a + 2i)+ ... +(l-d)+l . (2) 

Writing the terms of this series in reverse order, 

« = Z-l-(Z-d)-h(Z-2rf)+ ... +(a + ^) + « • • (3) 
Adding (2) and (3), 

2«=(a + + O + + O + 0+ — +O + + O+0 
= n(a + Z) 

.•••-|(a + (*) 

If we substitute for I in (4) from (1), 

« = |[2« + (n-l)<*] (6) 
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Hence, combining results, we have the two fundamental 
formulas for I and *, 

I. I = a + (n - l)rf 
II. i-?(a + 

Thus formula I substitutes a multiplication for succes- 
sive additions of the common difference ; and formula II 
substitutes a multiplication for the addition of the succes- 
sive terms. 

Ex. 1. Find the 12th term and the sum of 12 terms of 
the A. P., 5, 3, 1, - 1, - 3, ... 

In this series a = 5, d = — 2, n = 12 

From I, I = 5 +(12 - 1)(- 2)= 5 - 22 =- 17 

From II, * = V(5-17)=-72. Sum. 

Ex. Find the sum of n terms of the A. P., 
a + 6 a — 6 a— 36 



2 • 2 ' 



., ... 



Here a = a ]T , d = — 6, n = » 

Substituting in the fundamental formula, * = - [2 a + (n — l)cf] 

• = !&»+ *+(»-!)(-*)] 
= s[o+(2-n)6]. Sum. 

EXERCISE 77 

1. Give the value of (J in Exs. 2-15. 

2. Find the 8th term in the series 3, 7, 11, ••• 

3. Find the 9th term and the sum of 9 terms in 7, 3, 
— 1, ••• 

4. Find the 20th and 28th terms in 5, J£, V* — 
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• •• 



5. Find the 16th and 25th terms in - 13 J, - 9, - 4J, 

6. Find the 7th and 10th terms and the sum of 10 terms 
in the series £, §, fa ••• 

7. Find the 18th term and the sum of 18 terms in the 
series 3, 2.4, 1.8, ••• 

8. Find the 30th term of the series 1, 4, 7, 10, ••• by 
successive additions of the common difference. Now 
find the 80th term by use of the formula. About how 
much shorter is the second process than the first ? 

Find the sum of the series : 

9. 3, 8, 13, ••• to 8 terms. 

10. 3, — 3, — 9, ••• to 9 terms. 

11. 2 J, 3|, 5, — to 14 terms. 

12. — £, £, £, ••• to 38 terms. 

13. — f, — j, — \fa ••• to 55 terms. 

14. 5V2 - 2V3, 4V2 - 3 V3, ... to 11 terms. 

15. 3 a ,2a,a + -, ... to 12 terms. 

a a 

16. 1, 4, 7, 10, ••• to n terms. 

17. 6, 3, 0, — 3, — 6, ... to p terms. 

18. 5, 3, 1, — 1, ... to n terms. 

19. 2z — y, x + yi 3y, ••• to r terms. 

20. Find the sum of the first 30 odd numbers by writing 
them down and adding them. Now find their sum by use 
of the formula. Compare the amount of work in the two 
processes. 

21. How many strokes does a clock make in striking 
each hour of the day ? 
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22. If a man saves f 100 in his 20th year, $150 the next 
year, and $200 the next, and so on through his 50th year, 
how much will he save in all ? 

23. If a body falls 16.1 ft. in one second, 3 times as far 
in the next second, 5 times as far in the third second, and 
so on, how far will it fall in 6 seconds ? In 15 seconds ? 

24. If the velocity of a falling body at the end of 1 second 
is 32.2 ft. per second, at the end of the next second is 64.4 
ft., at the end of the third second is 96.6 ft., what is it at 
the end of 10 seconds ? 

25. A body rolling down an inclined plane goes 6 ft. in 
the first second, three times as far in the next second, 5 
times as far in the third second, and so on. How far will 
it go in 10 seconds ? 

26. State in general language the first of the formulas 
obtained in Art. 142. 

Suo. " The last term equals the first term increased by," etc. 

27. State the second formula of Art. 142 in general 
language. 

28. State the third formula of Art. 142. 

29. Make up and work an example similar to Ex. 9. 
To Ex. 16. Ex. 22. Ex. 25. 

30. How many examples in Exercise 35 (p. 96) can 
you now work at sight ? 

143. Given Any Three of the Five Quantities, a, d, I, n, s, to 
find the Other Two. 

The method in general is as follows : 

If the three known quantities are found in one of the formulas 
of Art. 142, substitute the three given values in the formula 
and solve the resulting equation. 
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The remaining unknown quantity may then be found by 
use of one of the other formulas of Art. 142. 

If the three given quantities do not occur in one of the 
formulas of Art. 142, substitute in two of these formulas and 
solve by elimination. 

Ex. 1. Given I = 13, s = 49, n = 7, find a and d. 

Since the letters I, s, n, and a all occur in the formula * = -(a + /)> 

substitute the values of /, s, and n in this formula. 

Hence, 49 = \(a + 13) 

98 = 7 a + 91 .\a = l. Ans. 

From 1 = a +(n— l)rf 

13 = 1 + (7 - \)d .-. d = 2. ^rw. 

Ex. 2. Given tf = 2, Z = 21, s = 121, find a, n 

Since J, /, and s do not occur in one formula, we 
Substitute for </, /, s in Formulas I and II, 

21 = a+(n -1)2 (1) 

121 = »(" + 21 ) (2 ) 

.-. a + 2 n = 23 (3) 

an + 21 n = 242 (4) 

Substitute for a in (4) from (3), 
n(23-2n)+21n = 242 
Whence, n = 11. 1 * 

Hence, from (3), a = 1. J 

EXERCISE 78 

Find the first term and the sum of the series when 
l. d = 3, Z = 40, n=13 2. d = £, Z=18£, w=33 

Find the first term and the common difference when 
3. « = 275, Z = 45, w=ll 4. * = 4, Z = -10, n=8 

5. « = -246£, f = -34|, w = 17 

6. s = 9, J = 2§ , n = 9 

7. *=- Y» J=-4, n=47 
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Find n and d when 

8. a= — 5, Z=15, * = 105 

9. a = 19, I = - 21, s = - 21 

10. a = ^,/ = -f,* = -2i 

11. a=-3J, J = 9£, « = 48 
Find a and w when 

12. «=10, d = 3, Z = 8 13. « = 10, d = -3, Z=-4 

14. Z = -8, d = -3, * = -3 

15. J ^d«-^,--y 

How many consecutive terms must be taken in the series 

16. 1, 1J, 2, ••- to make the sum 45? 

17. £, J, J, ••• to make the sum — 1? 

18. £ , \ , 1, ••• to make the sum 4.5 ? 

19. A body rolling down an inclined plane goes 6 ft. 
the first second, 18 ft. the next second, 30 ft. the third 
second, and so on. In how many seconds will it have 
traveled 486 ft.? 

20. Make up and work an example similar to Ex. 1. 
To Ex. 12. Ex. 19. 

21. How many examples in Exercise 36 (p. 99) can 
you now work at sight? 

144. Arithmetical Means. 

Ex. Insert 9 arithmetical means between 1 and 5. 
We have given a = 1, 1 = 5, n = 11. Hence, we find d = }. 
The required means are therefore 1$, 1$, 2$, ••• Ans. 

In case only a single arithmetical mean is to be inserted 
between two quantities, a and 6, this one mean is found 

most readily by use of the formula 1" . For if x de- 
notes the required mean, the A. P. is a, a, b. 
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Hence, x — a = J — x 

2x=a+b 

a+b 
Xss — l_- 



EXERCISE 79 

Insert 

1. Four arithmetical means between 7 and — 3. 

2. Seven arithmetical means between 4 and 6. 

3* Thirteen arithmetical means between \ and — g. 

4. Fifteen arithmetical means between — 4| and 9. 

5. The arithmetical mean between 2£ and — 5$. 

6. The arithmetical mean between x + 1 and x — 1. 

7. Find the A.M. between % and -. and . 

o a x+y x—y 

8. If the height of Bunker Hill Monument is 221 ft., 
of the Washington Monument 555 ft., and the length of 
the Olympic 882 ft., by how much does the middle one of 
these numbers differ from the arithmetical mean between 
the other two ? 

9. Make up and work a similar example concerning 
12\ mi., 49 mi., and 100 mi., which are the lengths of the 
Simplon Tunnel, the Panama Canal, and the Suez Canal 
respectively. 

10 Rome was founded 753 B. C. and fell 476 A. D. 
How far is the latter number from being an arithmetical 
mean between the former and the number of the year in 
which Columbus discovered America? 

11. Ether boils at a temperature of 96° F., alcohol at 
167°, and water at 212°. How far is 167° from being an 
arithmetical mean between the other two temperatures? 
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12. Show that if twice one number equals the sum of 
two other numbers, the three numbers may be arranged 
as an A. P. 

13. State the formula x = ^-~ (of Art. 144) in gen- 
eral language. 

14. Work at sight such examples on pp. 110-111 as the 
teacher may indicate. 

145. Miscellaneous Examples. 

Ex. 1. The 7th term of an A. P. is 5, and the, 14th 
term is — 9. Find the first term. 

By the use of Formula I (Art 142), 

the 7th term is a + 6 d, and the 14th term is a + 13 d. 

.-. a + 6rf = 5 (1) 

a + 13d = -9 (2) 

Subtracting (1) from (2), 7 d = - 14 

d = -2 
Substitute for d in (1), a - 12 = 5 

a = 17. An*. 

Ex. 2. The sum of five numbers in A. P. is 15, and the 
sum of the 1st and 4th numbers is 9. Find the numbers. 

Denote the numbers by 

x-2y, x-y, x, x + y, x+2y 

Add, 5x=15 (1) 

Also, (*-2y) + (x + y)=9 

.-. 2x-y = 9 (2) 

From (1) x = 3 hence, from (2), y = — 3 

Hence, the numbers are 9, 6, 3, 0, — 3. An*. 

Similarly, in dealing with four unknown quantities in A. P., we 
denote them by 

x-3y, x-y, x + y, x+3y 
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EXERCISE 80 

Find the first two terms of the series wherein 

1. The 4th term is 11 and the 10th is 23. 

2. The 6th term is - 3 and the 12th is - 12. 

3. The 7th term is — £ and the 16th is 2£. 

4. The 5th term is c — 3 b and the 11th is 3 b — 5 c. 

5. Find the sum of the first n odd numbers. State 
the result obtained as a rule in general language. 

6. Set down the first 20 odd numbers and find their 
sum by addition. Now find their sum by the formula re- 
sult obtained in the preceding example. Compare the 
amount of work in the two processes. 

7. Find the sum of the first n numbers divisible by 7. 

8. Make up and work an example similar to Ex. 6, 
but showing the utility of the result obtained in Ex. 7. 

9. Which term in the series 1£, 1J, 1 J, ••• is 18 ? 

10. The first term of an arithmetical progression is 8 ; 
the 3d term is to the 7th as the 8th is to the 10th. 
Find the series. 

11. Find four numbers in A. P., such that the sum of 
the first two is 1, and the sum of the last two is — 19. 

12. Find four numbers in A. P. whose sum is 16 and 
whose product is 105. 

13. A man travels 2\ mi. the first day, 2| the second, 3 
the third, and so on ; at the end of his journey he finds 
that if he had traveled 6^ mi. every day he would have 
required the same time. How many days was he 
walking ? 
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14. The sum of 10 numbers in an A. P. is 145, and the 
sum of the fourth and ninth terms is 5 times the third 
term. Find the series. 

15. If the 11th term is 7 and the 21st term is 8g, find 
the 41st term of the same A. P. 

16. In an A. P. of 21 terms the sum of the last three 
terms is 23, and the sum of the middle three is 5. Find 
the series. 

17. Required five numbers in A. P., such that the sum 
of the first, third, and fourth terms shall be 8, and the 
product of the second and fifth shall be — 54. 

18. The sum of five numbers in A. P. is 40, and the sum 
of their squares is 410. Find the numbers. 

19. The 14th term of an A. P. is 38 ; the 90th term is 
152 ; and the last term is 218. Find the number of terms. 

20. How many numbers of two figures are there divisi- 
ble by 3? By 7? How many numbers of three figures 
are divisible by 6? By 9? 

21. How many numbers of four figures are there divisible 
by 11? Find the sum of all the numbers of three figures 
divisible by 7. 

22. If a car starts at the top of a hill and runs down an 
inclined track 2 ft. the first second, 6 ft. the next second, 
10 ft. the next, etc., and reaches the bottom in 12 seconds, 
how long is the track? 

23. Sulphur fuses at a temperature of 239° F., tin at 442°, 
and lead at 617°. By how much does 442° differ from the 
arithmetical mean between the other two temperatures? 

24. Copper fuses at a temperature of 2200° F., gold at 
2518°, and iron at 2800°. Treat these temperatures in a 
way similar to that used in the preceding example. 
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25. The heights of Mt. Washington, Pike's Peak, Mt. 
McKinley, and Mt. Everest are respectively 6290 ft., 
14,147 ft., 20,464 ft., and 29,002 ft. Find the difference 
between each of these numbers and the corresponding term 
in an A. P. whose first term is 6290 ft. and common differ- 
ence 7500 ft. 

26. Using the data in Ex. 25, find the difference be- 
tween each number and the corresponding term in an A. P. 
whose second term is 14,200 ft. and common difference 
7600 ft. 

27. If a body falls 16-^ ft. in the first second; three 
times this distance in the next second ; five times in the 
third, and so on, how far will it fall in the 30th second? 
How far will it have fallen during the 30 seconds? In 
how many seconds will it have fallen 6433J ft. ? 

28. If a, J, c,di are in A. P., prove: (1) th'dta+d=b + c; 
(2) that a&, 6A, ck, dk, are also in A. P. ; and (3) that a + A, 
ft -h A, <? + &, d + k are in A. P. State this problem with- 
out the use of the symbols, a, 6, <?, c?, k ; that is, in general 
language. 

29. Make up and work an example similar to Ex 1. 
To Ex. 7. Ex. 22. 

30. Practice oral work with fractions as in Exercise 30 
(p. 79). 

Geometrical Progression 

146. A Geometrical Progression is a series each term of 
which is formed by multiplying the preceding term by a 
constant quantity called the ratio. 

Thus, 1, 3, 9, 27, 81, ••• is a geometrical progression (or G. P.) in 
which the ratio is 3. 
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Given a geometrical progression, to determine the ratio : 
divide any term by the preceding term. 

Thus, in the G.P., - 3, }, - }, ... 

the ratio = — * , or — - 

-3 2 

147. Quantities and Symbols. The symbols a, Z, n, 8 have 
the same meaning as in A. P. Besides these, r is used to 
denote the ratio. 

148. Two Fundamental Formulas. Since in a G. P. each 
term is formed by multiplying the preceding term by the 
common ratio, r, the general form of a G. P. is 

a, ar, ar 2 , ar 3 , ar 4 , ••• 

Hence, the exponent of r in each term is one less than 
the number of the term. 

Thus, the 10th term is ar 9 

15th term is ar u 
nth term, or l = ar M ~ 1 . . (1) 

In deriving a formula for the sum, we know, also, 

s = a+ ar + ar 2 + ^-ar* 1 ' 1 .... (2) 

Multiply (2) by r, 

rs = ar + at 2 + ar 3 + •• • + ar n ~ x + ar n . . (3) 

Subtract (2) from (3), 

r% — % = ar n — a 

ar n — a , IN 

••• * = =- •■ (4) 

r — 1 

Multiply (1) by r, rl = ar n 
Substitute rl for ar* in (4), 

rl — a , rN 

8= 7=i (5) 
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Hence, collecting the results obtained in (1), (4), (5), 
we have the two fundamental formulas for I and *: 

I. I = ar w_1 
ar n — a 



II. « = 



* = 



r-1 
rl — a 



r-1 

Ex. 1. Find the 8th term and sum of 8 terms of the 

(jr. Jr., 1, o, 9, J7, ••• 

In this case, a = 1, r = 3, n = 8 

From I, / = 1 x 3 7 = 2187 

From II, * = 8x 2187 - 1 - 3280. Sum. 

8-1 

Ex. 2. Find the 10th term and the sum of 10 terms of 
theG. P., 4, -2, 1, -£, .. 

Here a = 4, r = — }, n = 10 

Hence, 1= 4( - O 9 = -*** = - T i* 

-1 128 



EXERCISE 81 

Give the value of r in Exs. 2-15. 

1. Find the 6th term in the series 2, 6, 18, ••• 

2. Find the 7th term in 3, 6, 12, ... 

3. Find the 6th and the sum of 6 terms in 45, — 15, 5, ••< 

4. Find the 5th and the sum of 5 terms in 81, — 54, ••< 

5. Find the 7th and the sum of 7 terms in 1J, — |, •• 

6. Find the 9th term in the series 2, 2V2, 4, ••• 

7. 15th term of — , — , — , ••• 

J'J2' J8' 

8. nth term of », *-, -4, ^, ••• 
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Find the sum of the series 
9. 3, — 6, 12, ••• to 6 terms. 

10. 27, - 18, 12, ... to 7 terms. 

11. — $, 1 J, — 2, ••• to 9 terms. 

12. $, — J, ^i ... to 8 terms. 

13. — -, 1, V3, ••• to 8 terms. 

V3 

14. V2 — 1, 1, V2 + 1, ... to 6 terms. 

15. 1, 2, 4, 8, ••• to n terms. 

16. The following is a series of specific gravities : cork, 
.25; oak wood, .75; aluminum, 2.5; iron, 7.5; platinum, 
21.5. By how much does each term of this series differ 
from the corresponding term in a G. P. whose first term 
is .25 and whose ratio is 3 ? 

(What is meant by specific gravity?) 

17. If the average age of parents is taken as 30 years, 
find the total number of a person's ancestors in a period 
of 600 years. 

18. The population of the United States in the year 
1900 was 76,300,000. If this should increase 50% every 
25 years, what would the population be in the year 2000 ? 

19. If a man saves $ 300 each year for 10 years, what 
is the amount of his savings in 5 years at compound inter- 
est at 5 per cent ? In 10 years ? 

20. A ship was built at a cost of $ 70,000. Her owners 
at the end of each year deducted 10% from her value as 
estimated at the beginning of the year. What is her esti- 
mated value at the end of 10 years? 

21. A grain of wheat, when planted, produced a stalk 
on which were 30 other grains. The next year each of 
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the grains was planted and produced similar stalks. If 
this process were continued, at the end of 10 years how 
many bushels would be produced in the last crop if 
1 quart contains 2000 grains ? 

22. Make up and work a similar example concerning 
the amount of corn produced from one grain, using prob- 
able numbers. 

23. If 32 nails are used in shoeing a horse, make up 
and work an example concerning a man who paid a black- 
smith for shoeing a horse at the rate of \$ for the first 
nail driven, \$ for the second nail, Iff for the third, etc. 

State in general language : 

24. The first formula obtained in Art. 148. 

25. The second formula. The third formula. 

26. Make up and work an example similar to Ex. 4. 
To Ex. 15. Ex. 20. 

27. Practice the oral solution of simple equations as in 
Exercise 19 (p. 48). 

149. Given Three of the Five Quantities, a, 7, n, s, r, to deter- 
mine the Other Two. 

Use the same general method as that given in Art. 143 
(p. 201), for A. P. 

Ex. 1. Given a = — 2, ti = 7, Z = — 128 ; find r, s. 

From I, - 128 = - 2 r 6 

Hence, r 6 = 64 r = ± 2 

From II, if r = + 2, s = 2(-l|8)-(-2) = _ 256 + 2 = _ 254 

If r = -2, , = (-2)(-128)-(-2) = 256^2 = _ 86 

' -2-1 - 3 



Hence, there are two sets of answers ; viz. 

r = + 2, s 
r = - 2, s 



r = + 2, s = - 234. 1 

= -86. } Am ' 
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Ex. 2. Given a = f , r = — J, 8 = -ffa ; find J, it. 

The most convenient method of solution is to find, first Z, then n. 

*•/ __ ft 

Substituting in the formula, * = -> 

r — 1 

— —= "~ * , , whence, Z = ——- . 4n«. 
162 - } - 1 324 

Using J = ar»-i, - ^ = J( - i)"" 1 

Whence, — ,i ? x} = (- l) n_1 , and n = 6. i4rw. 

Let the pupil check these results. 

EXERCISE 82 

Find the first term and the sum when 
l. w=6, r = 3, Z = 486 2. ?i = 8, *• = - 2, Z = - 640 

3. w = 8,r = -£ « = -tlt 

4. w = 7, r = £ V6, Z = 3 

Find the ratio when 

5. a = - 2, Z = 2048, w = 6 

6. a = 9, Z = J£, * = 23|- 

7. a = 2ff ? = -££, n = 6 

8. a = -16^l = ^8 = -12& 

Find the number of terms when 
9. a = 2, r=2, *=62 11. a=f I=^,r=sJ 

10. a = 4, r=-£, 8=2| 12. a = 3, Z= -96, *= -63 

13. a = 18, r=-f, «=12| 

How many consecutive terms must be taken from the 

series 

14. 2, 4, 8, ••• to make the sum 62 ? 

15. J, J, £, ••• to make the sum ^^ ? 

16. 5 J, - 8, 12, ... to make - 22 J ? 

17. Make up and work an example similar to Ex. 1. 
To Ex. 13. 



1 
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18. How many examples in Exercise 40 (p. 108) can 
you now work at sight ? 

150. Geometric Means. 

Ex. Insert 5 geometrical means between 3 and 2 ^. 

We have given a = 3, I = ^J^, n = 7, to find r. 

Solving by Art. 149, r = J 

Hence, the required geometrical means are 

!» h h *V> Vr- ^I'- 
In case only one geometrical mean is to be inserted be- 
tween two quantities, a and J, this one mean is found 
most readily by using the formula Va6. For if x repre- 
sents the geometrical mean between a and J, the series 

will be , 

a, x, b 

Hence, - = - . \ x 2 = aft, x = Va6 

a x 

T . EXERCISE 83 

Insert 

1. Three geometrical means between 8 and J. 

2. Three geometrical means between | and ±. 

3. Six geometrical means between ^ and — J^-. 

4. Four geometrical means between — £ and 3584. 

5. Six geometrical means between 56 and — ^- 

Find the geometrical mean between 

6. 4 J and f 10. .7 and .343 

7. 3fand6f 1± .5 and . 125 

8. 28 a z x and 63 axy* 

.- 3/ -5 12. .005 and .125 

9. BXE and ^-~ 

<?Vy xV<* 13. 5V2 + 1 and 5V2 - 1 

cfi 8 

14. Insert 6 geometrical means between — and — — • 
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ft 2 

15. Insert 7 geometrical means between — and ~ 

16. Is a mean proportional between two numbers the 
same as the geometric mean between the numbers ? 

17. State the formula x = Va6 (of Art. 150) in general 
language. 

18. Make up and work an example similar to Ex. 2. 
To Ex. 12. 

19. How many examples in Exercise 31 (p. 84) can 
you now work at sight ? 

151. Limit of the Sum of an Infinite Decreasing Geometrical 
Progression. 

If a line AB 




is of unit length, and one half of it (ACT) is taken, and 
then one half of the remainder (<?■#)» and one half of the 
remainder, and so on, the sum of the parts taken will be 

This is an infinite decreasing G. P. in which r = |. 
The sum of all these parts must be less than 1, but must 
approach closer and closer to 1 as a limit, the greater the 
number of parts taken. This illustrates the meaning of 
the limit of an infinite decreasing G. P. 

In general, to find the limit of an infinite decreasing 
G. P. we have the formula 

8 = ....♦♦ m 

1 — r 
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For formula II of Art. 148 may be written, = 

1 — r 

Then, as the number of terms increases, 

I approaches indefinitely to 
.-. rl approaches indefinitely to 
.\ a—rl approaches indefinitely to a — = a 

~~ r approaches indefinitely to 



1 — r 1— r 

a 

.\ * = - 

1 — r 

Ex. Find the sum of 9, — 3, 1, — J, ••• to infinity. 

Here a = 9, r = — J 

9 9 27 c 

152. Repeating Decimals. By the use of Art. 151, the 
value of repeating decimals may be determined. 

Ex. 1. Find the value of .373737 ... 

.373737 .- = .37 + .0037 + .000037 + ... 
Here a = .37, r = .01 

.37 .37 37 Amm 

1 - .01 .99 99 

Ex. 2. Find the value of 3.1186186 ... 

Setting aside 3.1, and treating the remaining terms as a 6. P., 



.*. s = 



a = .0186, r = .001 
.0186 .0186 186 62 



1 - .001 .999 9990 3330 
.-. 3.1186186 ... = 3^ + j$h = 3flt- Ans. 

EXERCISE 84 

Find the sum to infinity of the series 

1. 2,|,|, ... 4. lflfcf ... 

2. 2, - 1, J, ... 5. 41, - 2£, 1£, 

3. — 9, 6, — 4, ••• 6. j^, -j 1 ^, jY' 



• • • 



• • • 
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7. 2{f, - if n, ... 9 _j_ t h _j_^ ... 

a 6, 3V2, 3, ... V2-1 V2 + 1 

10. £V2 + £V3 + £V2, ... 

12. Give the ratio in the G. P. in each of the following: 
(1).333... (2) .272727... (3) .356356 (4) .79127912 
(5) .5333 ... (6) In Exs. 13-21. 

Find the values of 

13. .63 14. .417 15. 5.846 

16. 3.52424 ... 19. 1.02727 ... 

17. 1.4037037 ... 20. 1.027027 ... 

18. 3.215454 ... 21. .30102102 ... 

22. Find the first term in an infinite decreasing geomet- 
rical progression whose sum is f and whose ratio is — J. 

23. If the velocity of a sled at the foot of a hill is 60 
ft. per second and this velocity should be diminished by 
one third each second as the sled moves out on the hori- 
zontal, how far would the sled move before coming to 
rest? 

24. Make up and solve a similar example concerning a 
car which first ran down an inclined track and then out 
on a horizontal track. 

25. If a ball, dropped from a height of 80 ft., rebounded 
40 ft., and on striking the ground again rebounded 20 ft., 
and so on, how far would it travel before coming to rest ? 

26. Make up and work an example similar to Ex. 25. 

27. State the formula * = - in general language. 

1 — r 
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28. Make up and work an example simple to Ex. 3. 
To Ex. 16. 

29. Practice oral work with radicals and imaginaries as 
in Exercise 48 (p. 125). 

153. Miscellaneous Problems. 

Ex. Find four numbers in G. P. such that the sum of 

the first and fourth is 56, and of the second and third 

is 24. 

Denote the required numbers by a, ar, ar* 9 at*. 
Then a + at* = 56 

or + ar* = 24 

Or a(l + r«) = 56 (1) 

ar(l + r)=24 (2) 

Divide (1) by (2), l-r + r» 7 

T O 

Hence 3-3r+Sr* = 7r 

3r 2 -10r = -3 

r = 3,orJ 
And a = 2, or 54 

Hence, the numbers are 2, 6, 18, 54. 1 - 



6, 18, 54. 1 
t, 18, 6, 2. } 



Or 54, "*' 



EXERCISE 86 

Find the first two terms of the series in which 

1. The 3d term is 2, and the 5th is 18. 

2. The 4th term is $ and the 9th is 48. 

3. The 5th term is 6 and the 11th is ^. 

Determine the nature, whether arithmetic or geometric, 
of each of the following series : 

*• iii- 7 - if»*. - 

s- i h i - 8 - s h 4 L 7 i - 

6 - i i iV — 9 - 7 i 6 i 4 A> ••• 
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10. Divide 65 into 3 parts in geometrical progression, 
such that the sum of the first and third is 3| times the 
second part. 

11. There are 3 numbers in G. P. whose sum is 49. 
The sum of the first and second of these numbers is to the 
sum of the first and third as 3 to 5. Find the numbers. 

12. The sum of three numbers in G. P. is 21, and the 
sum of their. reciprocals is ^ Find the numbers. 

13. Find four numbers in G. P., such that the sum of 
the first and third is 10, and of the second and fourth 30. 

14. Three numbers whose sum is 24 are in A. P., but if 
3, 4, and 7 are added to them respectively, these sums will 
be in G. P. Find the numbers. 

15. The sum of $225 was divided among four persons 
in such a manner that the shares were in G. P., and the 
difference between the greatest and least was to the differ- 
ence between the means as 7 is to 2. Find each share. 

1 /- 2 

16. Find the sum of — - , V2, — = , ... ad in- 

finitum. V2 - 1 V2 + 1 

17. There are four numbers, the first three of which 
are in G. P., and the last three are in A. P. ; the sum of 
the first and last is 14, and of the means is 12. Find the 
numbers. m 

18. If the series £, J, ••• is arithmetical, find the 102d 
term ; if geometrical, find the sum to infinity. 

19. Insert between 2 and 9 two numbers, such that the 
first three of the four may be in A. P., and the last three 
in G. P. 

20. Prove that the series V2-1, 3V2-4, 2(5V2-7), 
•••is geometrical; that its ratio is 2 — V2 ; and that its 
sum to infinity is unity. 
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21. If the areas of Rhode Island, New Jersey, New 
York, and Texas are respectively 1250, 7815, 49,170, and 
265,780 sq. mi., how far are these numbers from forming 
a G. P. of which the second term is 7815 and the ratio 6 ? 

22. On p. 173 a table gives the amount of $1 in differ- 
ent periods of time at simple interest and also at compound 
interest. Which of these three series of numbers forms an 
A. P. and which a G. P. ? 

23. If an air pump at each stroke removes J of the air 
in a receiver, what fraction of the air is left at the end 
of 10 strokes? 

24. If the amount of air in a receiver is indicated by 
the height of a mercury coluAin in a tube attached to the 
receiver, and this height is 30 in. at the start, what will 
the height of the mercury be at the end of the 10 strokes? 

25. There were 2,500,000,000,000 tons of coal in the 
United States in the year 1910, and 3,000,000,000 tons 
were consumed between the year 1900 and 1910. If the 
consumption of coal should double every decade, tell to 
the nearest decade how long the coal in the United States 
would last. 

26. Work again Exercise 41 (p. 109), or similar examples 
suggested by the teacher or pupils. 



CHAPTER XVI 

BINOMIAL THEOREM 

154. The Binomial Formula. The results obtained by 
inspection in Art. 39 (p. 82) may be combined in a 
formula as follows : 

(x + ay = x* + nx^a + n ( n ~ ^ or*a* 

[2 

, n(n — l}(n — 2) w _« ft , 
+ \k 8 a 8 + «" 

We shall now give a proof of this formula for all posi- 
tive integral values of n. 

155. Proof of the Binomial Formula for Positive Integral 
r alues of n. This proof may be conveniently divided into 

three parts. 

l\ By actual multiplication it is found that, for any definite value 
of n, »$ n = 4, 

(x +a) 4 = i 4 + 4x 8 a + 6x 2 a 2 + 4 xa* + a 4 

That is, the binomial formula is true when n = 4. 

II. We shall now prove the general principle that if the binomial 
formula is true for any power, as the fcth, it is true for the next 
higher power, the k + 1 power. 

We write out the formula for the fcth power and multiply both 
sides by x + a. 

221 
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(x + a)*= a* + kx*-ia + * ( * ~ ^ s*-^ 2 + *(* " *) (* " 2 ) x*-V + ... 

1x2 1x2x3 

a; + a , x + a 

(x + a)M = x*+i + kx*a + ^"^ a*-^ 2 + k ( k ~ 1 H^~ 2 > s*-2 q «+ - 

1x2 1x2x3 

+ a*a + fcc^a* 4- ^"^ x^V + - 

1x2 



(x + a)*+i = x*+! + (k + l)s*a + f^zii) + jt] x t-i a 2 

L 1 x 2 J 

r *(*- !)(*- 2) *(* - l T^ x ... 
L 1x2x3 1x2 J 

or, (x + a)* +1 

V . 1x2 1x2x3 

This is the result which would be obtained by expanding (x + a) k+1 
according to the formula. 

Hence, we have proved that if the binomial formula is true for any 
power, as the fcth, it is true for the next higher power, the k + 1 power. 

III. But by actual multiplication (in I) the binomial formula was 
shown to be true for (x 4- a) 4 , or the 4th power. Hence, by the gen- 
eral principle just proved (in II), the formula must be true for the 
next higher power, the 5th. In like manner, it must be true for the 
6th, etc., to the nth power. 

The method of proof used in this Article is called mathematical 
induction. 

156. When a is negative, a 8 , a 6 , etc., are negative ; hence, 

v J 1x2 

_ n(n -!)(»- 2y 3a 8 + ... . . . . (1) 

1x2x3 v J 

This formula may be proved by changing a into — a in 
the proof given in Art. 155. 

EXERCISE 86 

1. Write out the formula for (x 4- a) r . 

2. For (x + a) n+1 . 3. For (x + a) n_1 . . 
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4. How many terms are there in the expansion of 
(x + a) 2 ? Of (x + ay? (x + ay°? <>+a)»? o+a)"" 2 ? 

Before the pupil attempts the proof of the following laws, each 
law should be illustrated numerically till its meaning is thoroughly 
understood. 

5. By mathematical induction prove that 

1 + 2 + 3 + ... + n = ^O + 1). 

Sua. (1) We have 1 + 2 + 3 =f(3 + 1), or 6. 

(2) If 1+2 + 3+ ... + £ = |(* + 1), 

adding k + 1 to each member, 

1 + 2 + 3+ ... + *+(* + l) = |(fc+l)+*+l 

(k+l)(k + 2) 
2 

(3) Hence, etc. 

By mathematical induction, prove that 

6. The sum of the first n even numbers equals n(n + 1) . 

7. The sum of the first n odd numbers equals n 2 . 

8. l 2 + 2 2 + 3 2 + ... + w 2 = £/&<>+ 1)(2ti 4-1). 

9. 2 2 + 4 2 +6 2 + ... + (2w) 2 = f w(> + l)(2ra+ 1). 

10. 13 + 2 3 +3 3 + ... +7i 3 = ^n 2 <> + l) 2 

= (1+2 +-3+ ... +-w) 2 . 

11. a n — b n is always divisible by a — b when n is an 
integer. 

157. Key Number and rth Term. In memorizing the bi- 
nomial formula, it is helpful to observe that a certain 
number may be regarded as governing the formation of 
each term of the formula. This number is one less than 
the number of the term. 
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• ^ 

Thus, for the third term we have \ ~~ ) x n ~ 2 a 2 , in 

1x2 

which are two factors in the numerator of the coefficient; 

two factors in the denominator ; the exponent of x is n — 2, 

and that of a is 2. Hence, we regard 2 as the key number 

of the term. 

The number 3 occurs in a similar way in the formation 
of the fourth term ; 4, in the fifth term, and so on. 

For the rth term, the key number would be r — 1. 
Hence, 

rth term = < n ~ *> - <» - r + 2) ^-r+y-. 

r— 1 



158. Examples. 

Ex.1. Expand (?§ — -LY • 

\2 S/xtJ 

=(?) 6 - 6 (iT(- f ) +i5 (f) 4 (^r--(f)>- i ) ! 

x 12 3aA 8 , 15.r 25 ° 5x 4 , 15x* „ -4 , A . 

fx 9 \9 

Ex. 2. Find the sixth term of [ 

V 



2 3VSy- 

The key number for the sixth term is 5. Hence, we 
obtain 

Sixth term = 9 * 8 * 7 * 6 *-g (*)"( - ^ y^Y 
1x2x3x4x512/ V 3 * ) 

126 x 4 2 5 jT^~£ 28 I -J A 
1 2 4 3 6 27 * 

Ex. 3. Find the term in f x 2 — — J which contains x 12 x 

JO 

We must first find the number of the term and then the term itself. 
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The rth terra of (x 2 - 2aT*) 11 = (coeff.)(^ 2 ) u - r+1 (- 2x~*)'- 1 . 
For the required terra, the x's collected must = x 12 . 

Hence, (x 2 )"-'^"*)- 1 = x 12 

24- 2r-^-^ = 12 
2 

Whence, r = 5 

5th term = U x 10 x 9 * 8 (x 2 )"-V - 2 x"fy 

1x2x3x4 v ; v J 

= 5280x 12 . Aru. 

EXERCISE 87 

1. Change each of the given expressions in Exs. 6-15 
to a form in which it can be most readily expanded by 
the binomial formula. 

Expand : 

2. (2a-zy 4. (3s } -2y 2 ) 4 6. (aT* + V*) 7 

3. (i + |) 6 5. <J-2*y *• (^- V ^) 6 

• ir-ff »• (»£+»>© 

13. (Sd-tVb-b-tJ/ay 



8 



,6 



.. w 5 -iv 



14. (> 2 -s+2) 8 

10. (2Vx+\/xy*y is. (2-33 + s 2 ) 8 

u /2s 2_V 16. (2a* + s-8) 4 

\Vy 2Vx' 17. (a 2 + 2 ax - a?) 4 

Find the 

18. Sixth term of (a - 2 re 2 ) 11 . 

19. Eighth term of (1 + zV#) M . 

20. Find the seventh and eleventh terms of 

(a^ — yVz) 14 . 

21. Find the sixth and ninth terms of (£ aV> — 2 Va) 12 . 
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Find the ratio of 
!. The third to the fifth term in the expansion of 



(»+*£)"• 



23. The tenth and twelfth terms of ( x* H — ^_ ] 

24. Find the middle term of (3 a* - xVa) 10 . 

Write the formula for 

25. The r + 1st term of (x + a) n . 

26. The r — 1st term. For the r + 3d term. 

27. The rth term of (x + a) n+2 . 

/ 2V 1 

28. Term containing a? in f x ) • 



16 



29. Term containing x 18 in f x 2 ) 

30. Term containing a: 2 * in f - + V3m • 

/ 2N 12 

31. Term not containing x in f X s J • 

32. Term containing x in ly^/x -f\p J • 

33. By use of the binomial formula find the value of 
(l.l) 12 to three decimal places. 

Sua. Expand (1 + -l) 12 - 
Find the value of 

34. (1.2) 12 35. (1.3) 8 36. (2.2) 8 

9\14 

1 



37. Find the coefficient of x 6 



in ( x --J 
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38. In the shortest way find the 98th term of 

,100 



(■-# 



39. Expand (x + a)* +5 to 4 terms. 

40. Expand (x+ a) w ~ 2 to 5 terms. 

41. Expand (1 — l) n by the binomial theorem. 

42. Prove that in the binomial formula the sum of the 
coefficients of the odd terms equals the sum of the coeffi- 
cients of the even terms. 

43. Prove that the sum of the coefficients of the .terms 
in the expansion of (a + 6) 10 is 2 10 . That the sum of the 
coefficients in the expansion of (a + 6) n is 2 ft . 

44. Who discovered the binomial theorem and when ? 
(See p. 265.) Find out all you can about this man. 

45. State the advantages or utilities in the binomial 
theorem. 

46. Make up and work three examples similar to such 
of the above as the teacher may indicate. 

47. Practice oral work with exponents as in Exercise 39 
(p. 104). 



CHAPTER XVII 

INEQUALITIES ; VARIATION 

Inequalities 

159. The Signs of Inequality are >, which is read "is 
greater thau "; and <, which is read "is less than." 

Thus, a > b means that a is greater than b. 
c<b means that c is less than b. 

Observe that both signs of inequality are written with 
the opening toward the greater quantity. 

160. An Inequality is a statement in symbols that one 
algebraic expression represents a greater or less number 
than another ; as, x + y < a 2 + 6 a . 

Remember that any positive number is greater than any negative 
number, and that of two negative numbers the smaller as to its nu- 
merical size is the greater in relative value. Thus, 2 > — 5, and 
- 2 > - 3. 

The first member of an inequality is the expression on 
the left of the sign of inequality; the second member is the 
expression on the right of this sign. 

161. Inequalities of the Same Kind. Two inequalities are 
said to be of the same kind, or to subsist in the same sense, 
when the greater member occupies the same relative posi- 
tion in each inequality; that is, is the left-hand member in 
each, or the right-hand member. Hence, in inequalities of 
the same kind the signs of inequality point in the same 
direction. 

228 
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Thus, *>2o;-3| 

2_£_+_l > 5 ^ _ 4 1 are of the same kind ; 

but a < b 1 

2 a < b— - 1 are °* °PP° 8 ^ kinds. 

162. Properties of Inequalities. The following primary- 
properties of inequalities are recognized as true: 

(1) Adding and subtracting quantities. An inequality will 
be unchanged in kind if the same quantity is added to or 
subtracted from each member. Hence, 

(2) Terms transposed. A term may be transposed from 
one member of an inequality to the other, provided its sign is 
changed. 

(3) Signs changed. The signs of all the terms of an in- 
equality may be changed, provided the sign of the inequality 
is reversed. 

(4) Positive multiplier. An inequality will be unchanged 
in kind if all its terms are multiplied or divided by the same 
positive number. 

(5) Raised to a power. An inequality will be unchanged 
in kind if both members are positive and both are raised to 
the same power. 

(6) Equalities combined with inequalities. If the members 
of an inequality are subtracted from equals* the result will be 
an inequality of the opposite kind. If the members of an 
inequality are divided into equals, the result will be an ine- 
quality of the opposite kind. 

(7) Inequalities combined. If the corresponding members 
of two inequalities of the same kind are added, or multiplied, 
the resulting inequality will be of the same kind. But if the 
members of an inequality are subtracted from, or divided by, 
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the corresponding members of another inequality of the same 
kind, the resulting inequality will not always be of the same 
hind. 

The following are numerical illustrations of the above 
principles : 

7> 5 

.7 a > 5* 

49>25 



(1) 7>5 


(5) 


3 = 3 




10 > 8 


or 


(2) 12 > 7 - 3 


(«) 


.-. 12 + 3 > 7 




(3) - 7 > - 10 


(7) 


.\10> 7 




or 7 < 10 


Adding, 


(4) 7>5 




3 = 3 





20 = 20 
7> 5 


13<15 

17>15 
8> 2 


25>17 

17>15 
8> 2 



21>15 Subtracting, 9 < 13 

163. A Conditional Inequality is an inequality . which is 
true only for certain special values of the letter or letters 
involved. 

Thus, (3 — rr) 2 > (x — 4) 2 is a conditional inequality, since it may 
be proved that it is true only when x > 3 J. 

An unconditional or absolute inequality is an inequality 
which is true for all possible values of the letter or letters 
involved. 

Thus, a 2 + b 2 > 2 ab is an unconditional inequality, since it may be 
proved to be true for all possible values of a and b (the value zero not 
being considered in this case). 

Hence, the conditional inequality corresponds to the conditional 
equation, and the unconditional inequality to the identity. As with 
the equality sign, so with the signs > and <, the particular sense in 
which each is used is, for the present, to be determined by the context. 
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164. Solution of Conditional Inequalities. 

Ex. 1. For what value of a; is 3a; — 4>1 — 2 a?? 

Transposing terms, 3 x + 2 x > 5 

5x>5 •". x>l. Am, 
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This process may be illustrated graphically as in the diagram. 

Graphing p = 3 x — 4, we obtain line AB. Also by graphing 
q = 1 — 2 x, we obtain line CD. These lines intersect at the point F, 
whose abscissa is 1. To the right of F (where x > 1), p > q, that is, 
3*-4>l-2x. 

Ex. 2. Given that x is an integer, determine its value 
from the following inequalities: 

4z-7<2a:+3 

3a?+l>13-z 

Transposing terms, 

(2a;<10 

4z>12 

Dividing by coefficient of x in each inequality, 

[x<6 

l*>3 
Let the pupil illustrate this solution graphically. 



■i. 



.\ x = 4. Ans. 
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165. Proof of Unconditional Inequalities. 

Ex. 1. Prove that the sum of the squares of any two 
unequal quantities is greater than twice their product. 

Let a be the greater of two quantities, and b the less. 
Then, a - b > 

.-. (a -&) 2 >0 
.\ a 2 - 2 ab + b 2 > 

a 2 + ft 2 > 2 ab 

Ex. 2. Prove (a + 6) (6 + <?)(a + <?) > 8 ait?. 

The left-hand member when expanded becomes 

a(b* + c 2 ) + &(a 2 + c 2 ) + c(a 2 + &*) + 2 ate 

But from Ex. 1, a(& 2 + c 2 ) >a(2te) (1) 

ft(a 2 + c 2 ) > 6(2 ac) (2) 

c(a 2 + 6 2 ) > c(2 aft) (3) 

Also, 2 ate = 2 ate (4) 

Adding (1), (2), (3), (4), 

(a + b)(b + c)(a + c)> 8 ate 

EXERCISE 88 

Reduce: 

1. + l)*<a* + 3 5 10 ~ 4iC < 3 : V 7 

2. (3 - xy >(x - 4) 2 3 

3. 7aa:4-J>3aa; + 56 a; — 2a; — 4 
„ 4a;— 3^ x , 3x + 8 _ a + a;^ 6 + a; 

4 _________ ^ «_» _1_ ____ y ________ ^ _________ 

3 2 21 a-s 2ft-« 

4(g + 8) 8a> + 87 7 a;- 29 
9 18 5a;-12 

Find the limits of x : 

9. 3*+l>2a; + 7 u m> *^l >50 

2x — 1 <a; + 6 5 

10. 8(_-4) + 2>4(*-8) 100>a; + 5+i > 90 

2(a;+l)<4(a;-l) + 8 2 
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Solve the following: 

13. ar-y>5 14. 3x-4y>6 

s + y = 12 4z + 5y=:80 

15. One fifth of a certain number plus its sixth is 
greater than 6, while its third minus its eighth is less than 4. 
Find the number. 

16. A certain integer decreased by \ of itself is greater 
than \ of the number increased by 5J ; but if } of itself is 
added to the number, the sum is less than 20. Find the 
number. 

If a, 6, and c are positive and unequal, prove : 

17. 8<^ + P>2a(a + ft) ^ a b >2 

is. *-*>8d»-8«P ' b ton 

^ 21. a + b>2Vab 

19. a B + b s >a 2 b + at? 22. a 2 +b 2 +t2>ab + ac+bc 

23. 6 abc< «(#* + ab + c 2 ) + <?(6 2 + be + a 2 ) 

24. ab(a + 6) + ao(a + *) + &<* + <0 < 2 8 + J8 + **) 

25. <fl + P + *>&abc 

26. A baseball team has won 22 games out of 35 games 
played. What is the least number of games which the 
team must win in succession, in order that the average of 
games won may exceed .75? 

27. Make up and work a similar example concerning 
games won by a basketball team. 

28. A boy has worked correctly 13 examples out of 18. 
What is the least number of examples which he must work 
correctly in succession, in order to bring his average above 

90%? Above 80%? 

29. Who invented the signs > and < to represent in- 
equality ? What other signs were invented for this pur- 
pose ? Which set of signs do you consider superior and why ? 
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Variation 

166. As stated in Art. 2i (p. 67), a variable is a quan- 
tity which has an indefinite number of different values. 

A constant is a quantity which has a single fixed value. 

167. Relation of Variables ; Variations One variable 
(called the function, see Ait. 21) n.ay depend on another 
variable for its value in a definite manner. 

Thus, if a man is hired to work for a certain sum per 
day, the number of dollars he will receive as wages will 
vary as the number of days he works. 

Thus, if x = number of dollars in his wages, 
t — number of days he works, 
xcct, (The symbol x reads " varies as.") 

This expression is called a variation 

This variation may also be expressed in the form 

x = mt, or - = m 
t 

where m denotes the number of dollars in one day's wages. 

Thus, if the ratio of two variables is always constant, 
their relation may be expressed in any one of three ways : 

(1) As a ratio. (2) As an equation. (3) As a 
variation. 

168. I. Simple Direct Variations. The case considered 
in Art. 167, viz.: X acy, or x = my 

is called a direct variation. 

II. Inverse Variations. If x varies inversely as y (that 

is, as x increases, y decreases, and vice versa), then x and 

\ 

- have a constant ratio, 

y 1 

1 m 

xoc— , or x = — . 

This is called an inverse variation. 
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Thus, the number of days required to do a given piece of 
work varies inversely as the number of workmen employed. 
Also, in triangles of a given area, the altitude varies 
inversely as the length of the base. 

III. Joint Variation. It x varies as the product of two 
or more other variables, as of y and 3, then x and yz have 
a constant ratio, and 

xocyz, or x = myz 

This is called & joint variation. 

IV. Direct and Inverse Variation, x may also vary di- 
rectly as one variable, as y, and inversely as another, as z. 

Then 

y my 

xcc*-, or x = — - 

z z 

Thus, the number of days it takes to reap a given field varies 
directly as the number of acres in the field and inversely as the 
number of laborers. 

169. Fundamental Property of Variations. A variation 
may be converted into an equation by the use of a coefficient 
which is afterward to be determined ; also the properties of 
variations may be derived and problems solved by the use of 
the properties of equations. 

170. Elementary Properties of Variations. 

I. If x x y and y x 2, then x x 2. 
For x = my, y = nz 

.•. x = mnz 
.*. xccz 

In like manner, let the pupil show that 

II. If x x 3, y x 2, then x ± y oc z and -y/xy oc 2. 

III. It xccz and y x w, then xy oc uz. 

IV. If a;xy, then x n ocy n . 



236 DURELL'S ALGEBRA: BOOK TWO 

171. Examples. 

Ex. 1. If x varies inversely as y a , and x =4 when 
5 as 1, find x when y = 2. 

1 m 
Since xoc--, we have a? = — (1) 

Substitute x = 4, y = 1, in (1), 4 = m. 
Substitute for m its value in (1), 

"? (2) 

Let y = 2 in (2), then x = 1. <4n*. 

Ex. 2. The area of a circle varies as the square of its 
diameter. Find the diameter of a circle whose area shall 
be equivalent to the sum of the areas of two circles whose 
diameters are 6 and 8 inches respectively. 

Let A denote the area of a circle, and D the diameter. 
Then A x Z) 2 

And A = mZ) 2 

Denote the areas of the two given circles by A 1 and A" 
Then 4' = mx6 2 = 36m 

A" = m x 8 2 = 64m 
Adding, A' + A", or A = 100 m 
Hence, since A = mD 2 , and also 100 m, 

mD 2 = 100 m 
Z> 2 = 100 
2) =10 
Thus, the required diameter is 10. An*. 

EXERCISE 89 

1. If x oc y, and x = 8 when y = 6, find y when rr = 3. 

2. If x + 1 oc y — 5, and x = 2 when y = 6, find a when 

3. If s 8 oc y 8 , and # = 4 when y = 2, find y when a; = 32. 

4. If x 2 x y 2 + 8, and a; = f V3 when y = 1, find y when 
s=3. 
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5. If x varies inversely as y, and equals 2 when y is 4, 
find y when x = 5. 

6. If x varies jointly as y and 2, and is 6 when y = 3 
and 2 = 2, find # when y = 5 and 2 = 7. 

7. a: varies directly as y and inversely as 2, and = 10 
when y = 15 and 2 = 6. Find y when x = 16 and 2=2. 

8. If # varies inversely as y and directly as 2, and 
x = 2 when y = J and 2 = — 3, find the value of x when 
y = 2 and 2 = — J. 

9. The distance (*) passed over by a body falling from 
a state of rest is found by experiment to vary as the 
square of the number of seconds (t). Express this law 
as a variation. 

If m is found to be 16.1 ft., express the law as an equa- 
tion. 

10. The number of seconds (0 required by a pendulum 
to make a complete oscillation is found by experiment to 
vary as the square root of the length (Z) of the pendulum. 
Express this law as a variation. 

If m is then found to equal 2 ir -s- Vy, express the law 
as an equation. 

11. The number of vibrations (2\T) made by a wire of 
given length (T) stretched by a weight (w) is found by 
experiment to vary directly as the square root of w, and 
inversely as I. N is also found to vary inversely as the 
diameter (rf) of the wire, and inversely as the square root 
of the specific gravity (a) of the material composing the 
wire. Express this law as a variation. 

If m is found to equal V1-*-tt, express the law as an 
equation. 
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12. Assuming that the velocity of a body falling from 
a state of rest varies directly as the time, and knowing 
that the velocity is 160 ft. per second after 5 seconds of 
falling, find the velocity at the end of 8 seconds. 

13. Assume the law that the time required by a pendu- 
lum to make one vibration varies as the square root of the 
length of the pendulum. If a pendulum 100 centimeters 
long vibrates once in one second, find the time of vibra- 
tion of a pendulum 36 centimeters long. 

14. The volume of a cone of revolution, of which the 
altitude is 7, and the radius of the base is 3, is 66. Find 
the volume of a cone of revolution of altitude 6 and radius 

Note. The volume of a cone of revolution (or cylinder of revolu- 
tion) varies jointly as the altitude and the square of the radius of the 
base. 

15. Find the altitude of a cone of revolution, of which 
the radius of the base is 7, and the volume is equivalent to 
two cones with altitudes 5 and 11 and radii 2 and 4 re- 
spectively. 

16. Assume that the illumination from a source of light 
varies inversely as the square of the distance. A book is 
now held 18 in. from a lamp. How much farther away 
must it be moved in order to receive $ as much light? 
Interpret the two results. 

17. Make up and work two examples similar to such of 
the above as the teacher may indicate. 



CHAPTER XVIII 
LOGARITHMS 

172. The Logarithm of a number is the exponent of that 
power of another number, taken as the base, which equals 
the given number. 

Thus, 1000 = 10*. Hence, log 1000 = 3, 10 being taken as the base. 
Again, if 8 is taken as the base, 4 = 8s. Hence, log 4 = |. 
If 5 is taken as the base, log 125 = 3, log -fa = - 2, etc. 

The base is sometimes stated as above; but when desir- 
able, it is indicated by writing it as a small subscript to 
the word log. 

Thus, the above expressions might be written, 
log 10 1000 = 3; log 8 4 = | ; log 5 125 = 3; log 5 ^ = - 2; etc. 

In general, by the definition of a logarithm. 

number = (base) logarithm , 
or N=BK Hence, log B N=l. 

173. Uses of Logarithms. One of the principal uses of 
logarithms is to simplify numerical work. For instance, by 
logarithms the numerical work of multiplying two numbers 
is converted into the simpler work of adding the logarithms 
of these numbers. 

To illustrate this principle, we may take the simple case 

of multiplying two numbers which are exact powers of 10, 

as 1000 and 100. Thus, 

1000 = 10 8 
100 = 10 2 
Hence, 1000 x 100 = 10 6 = 100,000, 

the multiplication being performed by the addition of exponents. 

239 
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Similarly, if 384 = 10>*"»+ 

and 25 = 10»»™+ 

To multiply 384 by 25, 
Add the exponents of 10*w*»+ and 10 1W7M +, thus obtaining 

Then get from a table of logarithms the value of 10***""+, y^. 90OO. 

In like manner, by the use of logarithms, the process of 
dividing one number by another is converted into the 
simpler process of subtracting one exponent, or log, from 
another. The process of involution, also, is converted 
into the simpler process of multiplication ; and the extrac- 
tion of a root into the simpler process of division. 

We can save labor still further, through the use of 
logarithms, by committing to memory the logs of numbers 
that are frequently used, as 

2, 3, ... 9, 7T, Vtt, -, V2, V8, etc. 

7T 

By the use of the slide rule, the practical use of loga- 
rithms is reduced to sliding one rod along another and 
reading off the number at one end of a rod. 

It will be a useful exercise to teach the class the use of the slide 
rule in connection with the study of this chapter. 

174. Systems of Logarithms. Any positive number, ex- 
cept unity, may be made the base of a system of logarithms. 
Two principal systems are in use : 

1. The Common (or Decimal) or Briggsian System, in 
which the base is 10. This system is used almost exclu- 
sively for numerical computations. 

2. The Natural or Napierian System, in which the base 
is 2.7182818+. This system is generally used in algebraic 
processes, as in demonstrating the properties of algebraic 
expressions. 
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EXERCISE 90 

1. Give the value of each of the following : log 8 9, 
log 8 27, log 4 64, log 4 T V, log 8 £, log 3 ^-, log 10 ^, log 10 .01, 
log 10 .001. 

2. Also of log a 32, log 2 ^j, log 2 T £ 7 , log 4 8, log 8 16. 

3. Simplify log a 4 + log 8 9 + log 10 .l--log 8 £. . 

4. Write out the value of each power of 2 up to 2 20 in 
the form of a table. 

Thus, 2 1 = 2, 2 2 = 4, 2« = 8, etc. 

5. By means of this table, multiply 32 by 8, perform- 
ing the multiplication by the addition of exponents. 

6. In like manner, convert each of the following mul- 
tiplications into an addition : 32 x 16, 64 x 32, 1024 
x 16, 512 x 64. 

7. Convert each of the following divisions into a 
subtraction : 1024 -*- 16, 512 -*- 64, 32,768 -*- 1024. 

8. Convert each of the following involutions into a 
multiplication: (32) 3 , (64) a , (32) 4 . 

9. Convert each of the following root extractions into 
a division: \/64, ^/l024, -n/4096. 

10. Make up two examples like those in Ex. 6. In 
Ex. 8. In Ex. 9. 

U. Construct a table of powers of 3 and make up 
similar examples concerning it. 

12. How many of the above examples can you work at 
sight ? 

175. Characteristic and Mantissa. If a given number, as 
384, is not an exact power of the base, its logarithm, as 
2.58433 + , consists of two parts: the whole number, called 
the characteristic, and the decimal part, called the mantissa. 
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To obtain a rule for determining the characteristic of a 
given number (the base being 10), we have : 

10,000 = 10 4 , hence log 10,000 = 4 ; 

1000 = 10 8 , hence log 1000 = 3 ; 

100 = 10 2 , hence log 100 = 2 ; 

10 = 10 1 , hence log 10 = 1. 

Hence, any number between 1000 and 10,000 has a 
logarithm between 3 and 4 ; that is, 3 plus a fraction. 

But every integral number between 1000 and 10,000 
contains four digits. Hence, every integral number con- 
taining four figures has 3 for a characteristic. 

Similarly, every number between 100 and 1000, and 
therefore containing three figures to the left of the decimal 
point, has 2 for a characteristic. 

A number between 10 and 100 (i.e., a number contain- 
ing two integral figures) has 1 for a characteristic. 

Every number between 1 and 10 (that is, every number 
containing one integral figure) has for a characteristic. 

Hence, the characteristic of an integral or mixed number 
is one less than the number of figures to the left of the deci- 
mal point. 

176. Characteristic of a Decimal Fraction. 

1 = 10°. .-. log 1 = 0; 

.1 = — =10-!. .-. log.l = -l; 

10 5 

.01 = -L = _L = 10-2. . .. log .01 = - 2 ; 
100 10 a B 

.001 = -5L = -!-== 10-3. ... log .001 =-3, etc. 
1000 10 8 * 

Hence, the logarithm of any number between .1 and 1 

(as of .4, for instance) will lie between — 1 and 0, and 

hence will consist of — 1 plus a positive fraction. 
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The logarithm of every number between .01 and .1 (as of 
.0372, for instance) will be between — 2 and— 1, and hence 
will consist of — 2 plus a positive fraction ; and so on. 

Hence, the characteristic of a decimal fraction is negative, 
and is numerically one more than the number of zeros be- 
tween the decimal point and the first significant figure. 

There are two ways in common use for writing the 
characteristic of a decimal fraction. 

Thus, (1) log .0381 = 2.58133, the minus sign being placed over 
the characteristic 2, to show that it alone is negative, the mantissa 
being positive. 

Or (2) 10 is added to and subtracted from the log, giving 

log .0384 = 8.58433 - 10. 

In practice, the following rule is used for determining 
the characteristic of the logarithm of a decimal fraction : 

Take one more than the number of zeros between the deci- 
mal point and the first significant figure, subtract it from 10, 
and annex — 10 after the mantissa. 
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Give the characteristic of 






l. 452 6. .08267 


ll. 


7 


2. 16,730 7. 1.0042 


12. 


6267.3 


3. 767.5 8. 7.92631 


13. 


.000227 


4. 64.56 9. .007 


14. 


100.58 


5. 9.22678 10. .0000625 


15. 


23.7621 



16. How many figures to the left of the decimal point 
(or how many zeros immediately to the right) are there 
in a number, the characteristic of whose logarithm is 3 ? 
2? 5? 1? 0? 4? 8-10? 7-10? 9-10? 

17. Can you make up a rule for fixing the decimal point 
in the number which corresponds to a given logarithm ? 
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18. If log 632 = 2.8007, express 632 as a power of 10. 

19. If 257 = 10 2 - 4099 , what is the log of 257 ? 

20. If a number lies between 9000 and 20,000, what 
will its characteristic be ? 

21. If a number lies between 10,000 and 100,000, 
between what two numbers must its logarithm lie ? 

177. Mantissas of numbers are computed by methods, 
usually algebraic, which lie outside the scope of this book. 
After being computed, the mantissas are arranged in 
tables, from which they are taken when needed. In this 
connection, it is important to note that 

The position of the decimal point in a number affects only the 
characteristic, not the mantissa, of the logarithm of the number. 
Thus, if log 6754 = 3.82956 

fi7fvl 1 A8.829W 

log 67.54 = log ^5 = log iU = log 10 1 - 82 ** = 1.82956. 

In general, log 6754 = 3.82956 

log 675.4 = 2.82956 
log 67.54 = 1.82956 
log 6.754 = 0.82956 
log .6754 = 9.82956 - 10 
log .06754 = 8.82956 - 10, etc. 

178. Direct Use of a Table of Logarithms ; that is, given a 
number, to find its logarithm from a table. From the follow- 
ing small table of logarithms, the student may learn 
enough of their use to understand their algebraic proper- 
ties. The thorough use of logarithms for purposes of 
computation is usually taken up in connection with the 
study of trigonometry. 

In the table (see pages 246, 247), the left-hand column is a column 
of numbers, and is headed N. 

The mantissa of each of these numbers is in the next column op- 
posite. In the top row of each page are the figures 0, 1, 2, 3, 4, 5, 6, 
7, 8, 9. 
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To obtain the mantissa for a number of three figures, as 364, we 
take 36 in the first column, and look along the row beginning with 36 till 
we come to the column headed 4. The mantissa thus obtained is .5611. 

If the number whose mantissa is sought contains four or five figures, 

Obtain from the table the mantissa for the first three figures, and also 
that for the next higher number, and subtract; 

Multiply the difference between the two mantissas by the fourth (or 
fourth and fifth) figure expressed as a decimal ; 

And add the result to the mantissa for the first three figures* 

Thus, to find the mantissa for 167.49, 

Mantissa for 168 = .2253 

Mantissa for 167 = .2227 

Difference = .0026 

Since an increase of 1 in the number (from 167 to 168) makes an 
increase of .0026 in the mantissa, an increase of .49 of 1 in the number 
will make an increase of .49 of .0026 in the mantissa. 
But .0026 x .49 = .001274 or .0013 - . 
Hence, .2227 

13 

Mantissa for 167.49 = .2240 

Hence, to obtain the logarithm of a given number, 

Determine the characteristic by Art. 175 or Art. 176; 

Neglect the decimal pointy and obtain from the table 

(pp. 246, 247) the mantissa for the given figures. 

Exs. Log. 52.6 = 1.7210. Log. .00094 = 6.9731 - 10. 
Log. 167.49 = 2.2240. Log. .042308 = 8.6264 - 10. 
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Find the logarithms of the following numbers : 

1. 37 6. 175 li. .0758 16. .7788 

2. 85 7. 32.9 12. 5780 17. .04275 

3. 6 8. 4.75 13. .00217 18. 234.76 

4. 90 9. .08 14. 63.21 19. 5.6107 
3. 300 lo. 1.02 15. 3.002 20. 7781.4 



246 
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N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 


11 


414 


453 


492 


631 


569 


607 


645 


082 


719 


755 


12 


792 


828 


864 


899 


934 


969 


1004 


1038 


1072 


1106 


13 


1139 


1173 


1206 


1239 


1271 


1303 


335 


367 


399 


430 


14 


461 


492 


523 


553 


584 


614 


644 


673 


703 


732 


15 


1761 


1790 


1818 


1847 


1875 


1903 


1931 


1959 


1987 


2014 


16 


2041 


2068 


2095 


2122 


2148 


2175 


2201 


2227 


2253 


279 


17 


304 


330 


355 


380 


405 


430 


455 


480 


604 


629 


18 


553 


577 


601 


625 


648 


672 


695 


718 


742 


765 


19 


788 


810 


833 


856 


878 


900 


923 


945 


967 


989 


20 


3010 


3032 


3054 


3075 


3096 


3118 


8139 


3160 


3181 


3201 


21 


222 


243 


263 


284 


304 


324 


345 


365 


385 


404 


22 


424 


444 


464 


483 


502 


522 


541 


560 


579 


698 


23 


617 


636 


655 


674 


692 


711 


729 


747 


766 


784 


24 


802 


820 


838 


856 


874 


892 


909 


927 


945 


962 


25 


3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


4116 


4133 


26 


4150 


4166 


183 


200 


216 


232 


249 


265 


281 


298 


27 


314 


330 


346 


362 


378 


393 


409 


425 


440 


456 


28 


472 


487 


502 


518 


533 


548 


564 


579 


594 


609 


29 


624 


639 


654 


669 


683 


698 


713 


728 


742 


757 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4867 


4871 


4886 


4900 


31 


914 


928 


942 


965 


969 


983 


997 


6011 


6024 


5038 


32 


5051 


5065 


6079 


6092 


6105 


5119 


5132 


145 


159 


172 


33 


186 


198 


211 


224 


237 


250 


263 


276 


289 


302 


34 


315 


328 


340 


363 


366 


378 


391 


403 


416 


428 


35 


5441 


6453 


5465 


5478 


5490 


5502 


6614 


5527 


6539 


5551 


36 


563 


576 


687 


699 


611 


623 


635 


647 


658 


670 


37 


682 


694 


705 


717 


729 


740 


752 


763 


776 


786 


38 


798 


809 


821 


832 


843 


855 


866 


877 


888 


899 


39 


911 


922 


933 


944 


956 


966 


977 


988 


999 


6010 


40 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 


41 


128 


138 


149 


160 


170 


180 


191 


201 


212 


222 


42 


232 


243 


253 


263 


274 


284 


294 


304 


314 


325 


43 


335 


345 


355 


865 


375 


386 


395 


405 


415 


425 


44 


435 


444 


454 


464 


474 


484 


493 


503 


513 


522 


45 


6532 


6542 


6561 


6561 


6571 


6580 


6690 


6599 


6609 


6618 


46 


628 


637 


646 


056 


665 


676 


684 


693 


702 


712 


47 


721 


730 


739 


749 


768 


767 


776 


785 


794 


803 


48 


812 


821 


830 


839 


848 


857 


866 


875 


884 


893 


49 


902 


911 


920 


928 


937 


946 


955 


964 


972 


981 


50 


6990 


6098 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


51 


7076 


7084 


093 


101 


110 


118 


126 


135 


143 


152 


52 


160 


168 


177 


185 


103 


202 


210 


218 


226 


235 


53 


243 


251 


259 


267 


275 


284 


292 


300 


308 


316 


54 


324 


332 


340 


318 


356 


364 


372 


380 


388 


396 


N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 
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N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


55 


7404 


7412 


7419 


7427 


7435 


7443 


7461 


7469 


7466 


7474 


56 


482 


490 


497 


505 


513 


520 


528 


536 


643 


651 


57 


559 


566 


674 


582 


689 


697 


604 


612 


619 


627 


58 


634 


642 


649 


657 


664 


672 


679 


686 


694 


701 


59 


709 


716 


723 


731 


738 


745 


752 


760 


767 


774 


60 


7782 


7789 


7796 


7803 


7810 


7818 


7825 


7832 


7889 


7846 


61 


853 


860 


868 


875 


882 


889 


896 


903 


910 


917 


62 


924 


931 


938 


945 


952 


959 


966 


973 


980 


987 


63 


993 


8000 


8007 


8014 


8021 


8028 


8035 


8041 


8048 


8055 


64 


8062 


069 


075 


082 


089 


090 


102 


109 


116 


122 


65 


8129 


8136 


8142 


8149 


8156 


8162 


8169 


8176 


8182 


8189 


66 


195 


202 


209 


215 


222 


228 


235 


241 


248 


254 


67 


261 


267 


274 


280 


287 


293 


299 


306 


. 312 


319 


68 


325 


331 


338 


344 


351 


357 


363 


370 


876 


382 


69 


388 


395 


401 


407 


414 


420 


426 


432 


439 


445 


70 


8451 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8606 


71 


513 


519 


525 


631 


637 


543 


649 


655 


561 


667 


72 


673 


679 


585 


591 


597 


603 


609 


615 


621 


627 


73 


633 


639 


645 


651 


657 


663 


669 


675 


681 


686 


74 


692 


698 


704 


710 


716 


722 


727 


733 


739 


745 


76 


8751 


8756 


8762 


8768 


8774 


8779 


8785 


8791 


8797 


8802 


76 


808 


814 


820 


825 


831 


837 


842 


848 


854 


859 


77 


865 


871 


876 


882 


887 


893 


899 


904 


910 


915 


78 


921 


927 


932 


938 


943 


949 


964 


960 


966 


971 


79 


976 


982 


987 


993 


998 


9004 


9009 


9015 


9020 


9025 


80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


81 


085 


090 


096 


101 


106 


112 


117 


122 


128 


133 


82 


138 


143 


149 


154 


159 


165 


170 


176 


180 


186 


83 


191 


196 


201 


206 


212 


217 


222 


227 


232 


238 


84 


243 


248 


253 


258 


263 


269 


274 


279 


284 


289 


85 


9294 


9299 


9304 


9309 


9316 


9320 


9325 


9330 


9335 


9340 


86 


345 


350 


355 


360 


365 


370 


375 


880 


385 


390 


87 


395 


400 


405 


410 


415 


420 


425 


430 


435 


440 


88 


445 


450 


455 


460 


465 


469 


474 


479 


484 


489 


89 


494 


499 


504 


509 


513 


518 


523 


628 


633 


538 


90 


9542 


9647 


9552 


9557 


9562 


9566 


9571 


9576 


9581 


9586 


91 


590 


696 


600 


605 


609 


614 


619 


624 


628 


633 


92 


638 


643 


647 


652 


657 


661 


666 


671 


676 


680 


93 


685 


689 


694 


699 


703 


708 


713 


717 


722 


727 


94 


731 


736 


741 


*745 


750 


754 


759 


763 


768 


773 


95 


9777 


9782 


9786 


9791 


9795 


9800 


9805 


9809 


9814 


9818 


96 


823 


827 


832 


836 


841 


846 


850 


854 


859 


863 


97 


868 


872 


877 


881 


88(5 


890 


894 


899 


903 


908 


98 


912 


917 


921 


926 


930 


934 


939 


943 


948 


952 


99 

N. 


956 


961 


965 


969 
3 


974 

4 


978 


983 


987 


991 


996 





1 


2 


5 


6 


7 


8 


9 
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179. Inverse Use of a Table of Logarithms ; that is, given 
a logarithm, to find the number corresponding to this loga- 
rithm, termed antilogarithm : 

From the table, find the figures corresponding to the man- 
tissa of the given logarithm ; 

Use the characteristic of the given logarithm to fix the 
decimal point of the figures obtained. 

Ex. Find the antilogarithm of 1.5658. 

The figures corresponding to the mantissa, .5658, are 368. 
Since the characteristic is 1, there are 2 figures at the left of the 
decimal point. 

Hence, antilog 1.5658 = 36.8 

In case the given mantissa does not occur in the table, 
obtain from the table the next lower mantissa with the corre- 
sponding three figures of the antilogarithm ; 

Subtract the tabular mantissa from the given mantissa; 

Divide this difference by the difference between the tabular 
mantissa and the next higher mantissa in the table ; 

A nnex the quotient to the three figures of the antilogarithm 
obtained from the table. 

Ex. Find antilog 2.4237. 

.4237 does not occur in the table, and the next lower mantissa is 
.4232. The difference between .4232 and .4249 is .0017. 
Hence, we have antilog 2.4237 = 265.29 

4232 



17)5.00(.29 

If a difference of 17 in the last two figures of the mantissa makes 
a difference of 1 in the third figure of the antilog, a difference of 5 in 
the mantissa will make a difference of T "y of 1 or .29 with respect to 
the third figure of the antilog. 
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EXERCISE 93 

Find the numbers corresponding to the following 
logarithms : 

1. 1.6335 7. 0.6117 13. 0.4133 

2. 2.8865 8. 9.7973-10 14. 1.4900 

3. 2.3729 9. 7.9047-10 15. 3.8500 

4. 0.5775 10. 8.6314-10 16. 1.8904 

5. 3.9243 11. 7.7007-10 17. 2.4527 

6. 1.8476 12. 6.1004-10 18. 9.6402-10 

19. Write log 17 = 1.2304 as a number equal to a power 
of 10. 

20. Make up and work a similar example for yourself. 

180. Properties of Logarithms. It has been shown 
(Arts. 35, 51, 52, 53) that 

fl"xa" = a m+n , 
when m and n are commensurable. By the use of suc- 
cessive approximations approaching as closely as we please 
to limits, the same law may be shown to hold when m and 
n are incommensurable. It then follows that 

■ (1) log ab = log a -f log b (3) log a p =sp log a 

(2) logg)=loga-log6 (4) logVS= 1 -^£ 

Proof : 

Let a = 10 m . .*. log a = m. 

b = 10 n . ,\ log b = n. 

ab = 10"»+". .-. log ab = m + n — log a + log b . . . . (1) 

- = 10"»-». .-. log (j\ = m - n = log a - log b . . . . (2) 
a* = 10*"*. .% log a*» = pm = p log a (3) 

V«=10l .'.logVa = - = ^ (4) 

P P 

The same properties may be proved in like manner for a system of 

logarithms with any other base than 10* 
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181. Properties Utilized for Purposes of Computation. 

I. To Multiply Numbers, 

Add their logarithms, and find the antilogarithm of the 
sum. This will be the product of the numbers. 

II. To Divide One Number by Another, 

Subtract the logarithm of the divisor from the logarithm of 
the dividend, and obtain the antilogarithm of the difference. 

III. To Raise a Number to a Required Power, 

Multiply the logarithm of the number by the index of the 
power. Find the antilogarithm of the product. 

IV. To Extract a Required Root of a Number, 

Divide the logarithm of the number by the index of the re- 
quired root. Find the antilogarithm of the quotient. 

Ex. 1. Multiply 527 by .083 by the use of logs. 

log 527 = 2.7218 

log .083 = 8.9191 - 10 

antilog 1.6409 = 53.7+, Product. 

The following form is the arrangement of work used by many 
practical computers. It has the advantages of brevity and of 
showing all the steps in a complex logarithmic computation. 

527 log 2.7218 
.083 lo g 8.9191 - 10 
Product 53.7 log 1.6409 

Observe that " 527 log 2.7218 " is read " 527, its log is 2.7218." 

Ex. 2. Compute the amount of $1 at 6 % for 20 years 

at compound interest. 

The amount of $ 1 at 6 % for 20 years = (1.06) 20 . 

1.06 log 0.0253 
20 



Ans. $3.21 log 0.5060 
Computing (1.06) 20 by direct multiplication, will make clear the 
amount of labor sometimes saved by the use of logarithms. 
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Ex. 3* Extract approximately the 7th root of 15. 

15 log 1.1761, \ log 0.1680 
Root 1.47 log 0.1680 

182. Cologarithm. In operations involving division, it is 
usual, instead of subtracting the logarithm of the divisor, to 
add its cologarithm. The cologarithm of a number is ob- 
tained by subtracting the logarithm of the number from 
10 — 10. Adding the colog gives the same result as sub- 
tracting the log itself from the logarithm of the dividend. 

The use of the cologarithm saves figures, and gives a 
more compact and orderly statement of the work. 

The cologarithm may be taken directly from the table 
by use of the following rule : 

Sultract each figure of the given logarithm from 9, except 
the last significant figure, which subtract from 10. 

Ex. 1. ' Find colog of 36.4. 

log 36.4 = 1.5611 
colog 36.4 = 8.4389 - 10 

Ex. 2. Compute by use of logarithms 



2Vo76 x3.78 

8.4 log 0.9243 
32.4 log 1.5105 
2 log 0.3010 colog 9.6990 - 10 
576 log 2.7604 J log 1 .3802 J colog 8.6198 - 10 
. 3.78 log 0.5775 colog 9.4225 - 10 
Ans. 1.5 log 0.1761 

EXERCISE 94 

Find, by use of logarithms, the approximate values of 

1. 75 x 1.4 4. 831 x .25 336.8 

Q Q q * * 7984 

2. y.8xd.5 g^ . 3 17 

3. 15.1 x .005 ' 13.4 * .0049 
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-78.9 10. .48+(-1.79) __ 3.51 x 67 

98.7 U * 97.7 

. 42.316 ,, 1.78 x 19 _. 12.9 

9. . 11. =— = 13. 



.06214 23.7 4.7 x 9.1 

14. 47.1 x 3.56 x .0079 

13. .0631 x 7.208 x. 51272 

16. 4.77 x(-. 71) + (.83) 

523 x 249 
767 x 396 

18. (2.3)" 23. V19 28. ■>/. 00429 * 

19. (1.032)» 24. </M9 29. (2.91)4 

20. (3.57)* 25. 1/TM 30. 1/W 

21. (.96)' 26. VAi 31. V30x<^5 

22. (.795)« 27. </6l 32. *M9 + V«f 

33. -VMSx ^0765 35. </J x -{^1 

34. 2*x7* 36. y/2xVSxVrf 

37. -(3.12) 8 + < / (-42.8) Ji 

38. -^.000479-*- vl0568 



39 il 529 40 J 87 - 66 X 26 ' 

39> ^677518 *°- ^22.7 x 16.7 



5 

78 



By the use of logarithms : 

41. Find the amount of $1250 at 6 per cent compound 
interest for 12 years. Also make the computation with- 
out the use of logarithms. What fraction of the work is 
saved by the use of logarithms ? 

42. Find the amount of $ 25 at 5 per cent compound in- 
terest for 500 years. 

43. Find the amount of $ 300 at 6 per cent for 50 years, 
interest being compounded semiannually. 
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44. Find the amount of $300 at 6 per cent for 50 years, 
interest being compounded quarterly. 

45. Find the radius of a circle whose area is 100 sq. yd. 

46. Find the radius of a sphere whose volume is 20 cu. ft. 
(Use F= 1 7T12 8 .) 

47. A given parallelogram is 12.7 ft. long and 8.9 ft. 
high. Find the side of a square whose area is equal to 
that of the parallelogram. 

48. Compute Vl5 to three decimal places without the 
use of logarithms. Now obtain the same result by the use 
of logarithms. Compare the amount of work in the two 
processes. 

49. Find log -?/T0 x \/100 without the use of tables. 

50. By use of logarithms, find the value of VJ 2 — <? 
when b = 276.5, c = 172.4. 

51. How many years will it take a sum of money to 
double itself at 5 % compound interest ? At 7 per cent ? 

52. If the area of a lot is 401.8 sq. ft. and the length is 
52.37 ft., find the width. 

53. The diameter of a spherical balloon which is to lift 
a given weight is calculated by the formula 



»=4 



w 



.5236(A - (?) 

where D = diameter of the balloon in feet. 

A = weight in pounds of a cubic foot of air. 

Q = weight in pounds of a cubic foot of the gas 

in balloon. 
W= weight to be raised (including weight of 

balloon materials). 

If A = .08072, # = .0056, W= 1250 lb., find D. 
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54. Also in Ex. 53, if A = .08072, G = .0056, D = 35.5, 
find W. 

55. In warming a building by hot-water pipes, the 
required length of pipes 4 in. in diameter is determined 
by the formula 

P-T 

where L = length of pipes in feet. 

P = temperature (F.) of the pipes. 
T= temperature required in the building. 
t = temperature of the external air. 
C= number of cubic feet of space to be warmed 
per minute. 

Find L when P= 120° F., t = 40.5° F., T= 61.5° F., 
and 0= 35.6 x 10 2 . 

56. Make up and work three examples similar to such 
of the above as the teacher may indicate. 



CHAPTER XIX 

HISTORY OF ELEMENTARY ALGEBRA 

183. Epochs in the Development of Algebra. Some knowl- 
edge of the origin and development of the symbols and 
processes of algebra is important to a thorough under- 
standing of the subject. 

The oldest known mathematical writing is a papyrus roll, 
now in the British Museum, entitled " Directions for 
Attaining to the Knowledge of All Dark Things." It was 
written by a scribe named Ahmes (a/mes) at least as early 
as 1700 B.C., and is a copy, the writer says, of a more ancient 
work, dating, say, 3000 B.C., or several centuries before the 
time of Moses. This papyrus roll contains, among other 
things, the beginnings of algebra as a science. Taking 
the epoch indicated by this work as the first, the principal 
epochs in the development of algebra are as follows: 

1. Egyptian: 3000 B.C.-1500 B.C. 

2. Greek (at Alexandria) : 200 A.D.-400 A.D. Principal 
writer, Diophantus (di 6 fan'tus). 

3. Hindoo (in India) : 500 A.D.-1200 A.D. 

4. Arab : 800 A.D.-1200 AD. 

5. European : 1200 A.D.- Leonardo of Pisa, an Italian, 
published in 1202 a.d. a work on the Arabic arithmetic 
which contained also an account of the science of algebra 
as it then existed among the Arabs. From Italy the 
knowledge of algebra spread to France, Germany, and 
England, where its subsequent development took place. 

255 
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We will consider briefly the history of 

I. Algebraic Symbols. 
II. Ideas of Algebraic Quantity. 
III. Algebraic Processes. 

I. History of Algebraic Symbols 

184. Symbol for the Unknown Quantity. 

1. Egyptians (1700 B.C.): used the word hau (expressed, 
of course, in hieroglyphics), meaning "heap." 

2. Diophantus (Alexandria, 350 A. D.?): 9 f , or 9°'; plural, 

99. 

8. Hindoos (500 AD.-1200 a.d.): Sanscrit word for 
" color," or first letters of words for colors (as blue, yellow, 
white, etc.). 

4. Arabs (800 A.D.-1200 A.D.): Arabic word for 
"thing" or "root" (the term root, as still used in algebra, 
originates here). 

5. Italians (1500 a.d.): Radix, R, Rj. 

6. Bombelli (Italy, 1572 a.d.) : ^. 

7. Stifel (stee'fel) (Germany, 1544) : J., B, C, ... 

8. Stevinus (sta vee'nus) (Holland, 1586): ®. 

9. Vieta (ve a'ta) (France, 1591): vowels A, E, I, 0, U. 
10. Descartes (dakarf) (France, 1637): x n y, 3, etc. 

185. Symbols for Powers (of x at first) ; Exponents. 

1. Diophantus: hwajxt^ or B v (for square of the un- 
known quantity); /cvfios, or tc v (for its cube). 

2. Hindoos: initial letters of Sanscrit words for "square" 
and "cube." 

3. Italians (1500 a.d.): " census " or " zensus " or " z " 
(for a?) ; " cubus " or " c " (for a 8 ) 

4. Bombelli (1579): ^, ^, <^, for (x, x 2 , a 8 ). 

5. Stevinus (1586): ®, ®, (5), (for x, x 2 , x*). 
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6. Vieta (1591) : A, A quadratus, A cubus (for a?, a 8 , aJ 8 ). 

7. Harriot (England, 1631): a, aa, aaa. 

8. Herigone (er'igon) (France, 1634): a, a 2, a 3. 

9. Descartes (France, 1637) : a;, a?, z 8 . 

Wallis (England, 1659) first justified the use of frac- 
tional and negative exponents, though fractional exponents 
had been suggested earlier by Oresme (o rem) (1350), 
and negative exponents by Choquet (sho ka) (c. 1500). 

Newton (England, 1676) first used a general exponent, 
as in x n , where n denotes any exponent, integral or frac- 
tional, positive or negative. 

186. Symbols for Known Quantities. 

1. Diophantus: fiova&es (i.e. monads), or fi°. 

2. Regiomontanus (re ji 5 mon ta'nus) (Germany, 1430) : 
letters of the alphabet. 

3. Italians: d, from dragma. 

4. Bombelli: <&>. 

5. Stevinus: ®. 

6. Vieta: consonants, J?, (7, D, JP, ••• 

7. Descartes : a, 6, e?, d. 

Descartes possibly used the last letters of the alphabet, ar, y, z, to 
denote unknown quantities because these letters are less used and less 
familiar than a, b, c, d, •••, which he accordingly used to denote known 
numbers. 

187. Addition Sign. The following symbols were used : 

1. Egyptians: pair of legs walking forward (to the 
left), _A. 

2. Diophantus: juxtaposition (thus, a&, meant a + J). 

3. Hindoos: juxtaposition (survives in Arabic arithme- 
tic, as in 2$, which means 2 -f- 1). 

4. Italians: plus, then p (or «, or 0). 

5. Germans (1489): + +, +. 
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188. Subtraction Sign. 

1. Egyptians: pair of legs walking backward (to the 
right), A_; or a flight of arrows. 

2. Diophantus: ^ (Greek letter yfr inverted). 

3. Hindoos: a dot over the subtracted quantity (thus, 
mh meant m — w). 

4 Italians: minus, then JIformor de. 
5. Germans (1489): horizontal dash, — . 

The signs + and — were first printed in Johann Widman's Mer- 
cantile Arithmetic (1489). These signs probably originated in 
German warehouses, where they were used to indicate excess or 
deficiency in the weight of bales and chests of goods. Stifel (1544) 
was the first to use them systematically to indicate the operations of 
addition and subtraction. 

189. Multiplication Sign. Multiplication at first was 
usually expressed in general language. But 

1. Hindoos indicated multiplication by the syllable 6Aa, 
from bharita, meaning " product," written after the factors. 

2. Oughtred (ot'red) and Harriot (England, 1631) in- 
vented the present symbol, x . 

3. Descartes (1637) used a dot between the factors 
(thus, a • 6). 

190. Division Sign. 

1. Hindoos indicated division by placing the divisor 
under the dividend (no line between) Thus, 2 meant 
<?-s- d. 

2. Arabs, by a straight line. Thus, a— b or a\ 6, or -. 

b 

3. Italians expressed the operation in general language. 

4. Oughtred, by a dot between the dividend and 
divisor. 

5. Pell (England, 1630), by -^-. 
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191. Equality Sign. 

1. Egyptians: Z □ (also other more complicated sym- 
bols to indicate different kinds of equality). 

2. Diophantus: general language or the symbol, t. 

3. Hindoos: by placing one side of an equation imme- 
diately under the other side. 

4. Italians: ce or a; that is, the initial letters of cequalis 
(equal). This symbol was afterward modi lied into the 
form, », and was much used, even by Descartes, long after 
the invention of the present symbol by Recorde. 

5. Recorde (England, 1540): =. 

He says that lie selected this symbol to denote equality because 
"than two equal straight lines no two things can be more equal." 

192. Other Symbols used in Elementary Algebra. 
Inequality Signs, > <, were invented by Harriot (1631). 

Oughtred, at the same time, proposed ~H, S3 as signs of in- 
equality, but those suggested by Harriot were manifestly superior. 

Parenthesis. ( ), was invented by Girard (1629). 

The Vinculum had been previously suggested by Viet a 
(1591). 

Radical Sign. The Hindoos used the initial syllable of 
the word for square root, Ka, from Karania^ to indicate 
square root. • 

Rudolph (Germany, 1525) suggested the symbol used 
at present, V (the script form, of the initial letter, r, of 
the word radix^ or root), to indicate square root, /w to de- 
note the 4th root, and MAr to denote cube root. 

Girard (1633) denoted the 2d, 3d, 4th, etc., roots, as at 
present, by ^/, ^/, ^/, etc. 

The sign for Infinity, oo, was invented by Wallis 
(1649). 
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193. Other Algebraic Symbols have been invented in recent 
times, but these do not belong to elementary algebra. 

Other kinds of algebra have also been invented, employ- 
ing other systems of the symbols. 

194. General Illustration of the Evolution of Algebraic Sym- 
bols. The following illustration will serve to show the 
principal steps in the evolution of the symbols of algebra: 

At the time of Diophantus the numbers 1, 2, 3, 4, ••• were denoted 
by letters of the Greek alphabet, with a dash over the letters used ; 

as, a, ~P, y, — 

In the algebra of Diophantus, the coefficient occupies the last place 
in a term instead of the first as at present. 

Beginning with Diophantus, the algebraic expression, 
x 2 4- 5 x — 4, was expressed in symbols as follows: 

fca 90 e jfi f*°8 (Diophantus, 350 A.D.). 

lzp.5 EmA (Italy, 1500 a.d.). 

1 <> + 5 .#- 4 (Germany, 1575). 

1^2; p. 5^1; mAyoj (Bom belli, 1579). 

1® + 5® - 4© (Stevinus, 1586). 

1 Aq + 5 A - 4© ( Vieta, 1591). 

1 aa + 5 a — 4 (Harriot, 1631). 

1 a2 + 5 a\ - 4 (Herigone, 1634). 

x 2 + 5x — 4 (Descartes, 1637). 

195. Three Stages in the Development of Algebraic Symbols. 

1. Algebra without Symbols (called Rhetorical Algebra). 
In this primitive stage, algebraic quantities and operations 
were expressed altogether in words, without the use of 
symbols. The Egyptian algebra and the earliest Hindoo, 
Arabian, and Italian algebras were of this sort. 

2. Algebra in which the Symbols are Abbreviated Words 
(called Syncopated Algebra). For instance,^? is used for 
plus. The algebra of Diophantus was mainly of this 
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sort. European algebra did not get beyond this stage 
till about 1600 a.d. 

3. Symbolic Algebra. In its final or completed state, 
algebra has a system of notation or symbols of its own, 
independent of ordinary language. Its operations are 
performed according to certain laws or rules, "inde- 
pendent of, and distinct from, the laws of grammatical 
construction." 

Thus, to express addition in the three stages we have 
plus, p, + ; to express subtraction, minus, m, — ; to ex- 
press equality, cequalis, ce, = . 

Along with the development of algebraic symbolism, 
there was a corresponding development of ideas of alge- 
braic quantity and of algebraic processes. 

II. History of Algebraic Quantity 

196. The Kinds of Quantity considered in algebra are 
positive and negative ; particular (or numerical) and 
general; integral and fractional ; rational and irrational; 
commensurable and incommensurable ; constant and vari- 
able ; real and imaginary. 

197. Ahmes (1700 B.C.) in his treatise uses particular, 
positive quantity, both integral and fractional (his frac- 
tions, however, are usually limited to those which have a 
unity for a numerator). That is, his algebra treats of 
quantities like 8 and £, but not like — 3, or — £, or V2, 
or — a. 

198. Diophantus (350 a.d.) used negative quantity, but 
only in a limited way ; that is, in connection with a 
larger positive quantity. Thus, he used 7 — 5, but not 
5 — 7, or — 2. He did not use, nor apparently conceive 
of, negative quantity having an independent existence. ^ 
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199. The Hindoos (500 a. d. -1200 a.d.) had a distinct 
idea of independent or absolute negative quantity, and used 
the minus sign both as a quality sign and a sign of opera- 
tion. They explained independent negative quantity 
much as it is explained to-day by the illustration of debts 
as compared with assets, and by the opposition in direc- 
tion of two lines. 

Pythagoras (Greece, 520 B.C.) discovered irrational 
quantity, but the Hindoos were the first to use this in 
algebra. 

200. The Arabs avoided the use of negative quantity as 
far as possible. This led them to make much use of the 
process of transposition in order to get rid of negative 
terms in an equation. Their name for algebra was " al 
gebr we'l mukabala," which means "transposition and 
reduction." 

The Arabs used surd quantities freely. 

201. In Europe the free use of absolute negative 
quantity was restored. 

Vieta (1591) was principally instrumental in bringing 
into use general algebraic quantity (known quantities 
denoted by letters and not figures). 

Cardan (Italy, 1545) first discussed imaginary quanti- 
ties, which he termed " sophistic " quantities. 

Euler (oi'ler) (Germany, 1707-1783) and Gauss (gous) 
(Germany, 1777-1855) first put the use of imaginary quan- 
tities pn a scientific basis. The symbol t for V— 1 was 
suggested by Gauss. 

Descartes (1637) introduced the systematic use of 
variable quantity as distinguished from constant quantity. 
This led to the construction of graphs in connection with 
algebraic equations. 
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III. History of Algebraic Processes 

202. Solution of Equations. Mines solved many simple 
equations of the first degree, of which the following is an 
example : 

"Heap its seventh its whole equals nineteen. Find 
heap." In modern symbols this is, 

Given - 4- x = 19 ; find x. 
7 

The correct answer, 16|, was given by Ahmes. 
Hero (Alexandria, 120 B.C.) solved what is in effect the 
quadratic equation, 

where d is unknown, and s is known. 

Diophantus solved simple equations of one unknown 
quantity, and simultaneous equations of two and three un- 
known quantities. He solved quadratic equations much 
as is done at present, completing the square by the 
method given in Art. 99. However, in order to avoid 
the use of negative quantity as far as possible, he made 
three classes of quadratic equations, thus, 

ax* 4- hx = c, 
ax 2 + c = for, 
ax 2 = bx+ c. 

In solving quadratic equations, he rejected negative 
and irrational answers. 

He also solved equations of the form 03?* = bx n . 

He was the first to investigate indeterminate equations, 
and solved many such equations of the first degree with 
two or three unknown quantities, and some of the second 
degree, 
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The Hindoos first invented a general method of solving a 
quadratic equation (now known as the Hindoo method, 
see Art. 106). They also solved particular cases of 
higher degrees, and gave a general method of solving 
indeterminate equations of the first degree. 

The Arabs took a step backward, for in order to avoid 
the use of negative terms, they made six cases of quadratic 
equations ; viz. : 

ax 2 = &r, aa? 4- bx = <?, 

ax 2 = <?, ax 2 + c=*bx, 

bx = (?, ax 2 = bx+ c. 

Accordingly, they had no general method of solving a 
quadratic equation. 

The Arabs, however, solved equations of the form 
ax 2p •+- bx p = <?, and obtained a geometrical solution of 
cubic equations of the form a? + px -f q = 0. 

In Italy, Tartaglia (tartal'ya) (1500-1559) discovered 
the general solution of the cubic equation, now known as 
Cardan's solution. Ferrari (fer ra/re), a pupil of Cardan, 
discovered the solution of equations of the fourth degree. 

Vieta discovered many of the elementary properties of 
an equation of any degree ; as, for instance, that the num- 
ber of the roots of an equation equals the degree of the 
equation. 

203. Other Processes. Methods for the addition, subtrac- 
tion, and multiplication of polynomial expressions were 
given by Diophantus. 

Transposition was first used by Diophantus, though, as a 
process, it was first brought into prominence by the 
Arabs. The word algebra is an Arabic word and means 
"transposition" (al meaning "the," and gebr meaning 
" transposition"). 
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The Greeks and Romans had a very limited knowledge 
of fractions. The Hindoos seem to have been the first to 
reduce fractions to a common denominator. 

The square and cube root of polynomial expressions were 
extracted by the Hindoos. 

The methods of using radicals, including the extrac- 
tion of the square root of binomial surds and the rational- 
izing of the denominators of fractions, were also invented 
by the Hindoos. 

The methods of using fractional and negative exponents 
were determined by Wallis (1659) and Sir Isaac Newton. 

The three progressions were first used by Pythagoras 
(pi thag'o ras) (569 b.c-500 B.C.). 

Permutations and combinations were investigated by Pascal 
(pas'kal) and Fermat (fer ma) (France, 1654). 

The binomial theorem was discovered by Newton (1655), 
and, as one of the most notable of his many discoveries, 
is said to have been engraved on his monument in West- 
minster Abbey. 

Graphs of the kind treated in this book were first in- 
vented by Descartes (France, 1637). 

Logarithms were invented by Lord Napier (Scotland, 
1614) after a laborious search for means to diminish the 
work involved in numerical computations, and were im- 
proved by Briggs (England, 1617). 

The fundamental laws of algebra (the Associative, Com- 
mutative, and Distributive Laws ; see Arts. 204-205) were 
first clearly formulated by Peacock and Gregory (Eng- 
land, 1830-1845), though, of course, the existence of these 
laws had been implicitly assumed from the beginnings of 
the science. 



CHAPTER XX 

FUNDAMENTAL LAWS; CUBE ROOT; GENERAL 

REVIEW EXERCISE 

Fundamental Laws of Algebra 

204. The following Laws of Algebra have been used in 
the preceding pages without formal statement;: 

A. The Commutative Law (or Law of Order). 

1. For addition, a + b » b + a. 

2. For multiplication, ab » ba. 

3. For division, a + ix(?=flX(f+}, 

B. The Associative Law (or First Law of Grouping). 

1. For addition, a-hJ + csssa4-(6 4-^) = (a+J)+«i 

2. For multiplication, abc = a(bc) = (a6)tf. 

C. The Distributive Law (or Second Law of Grouping). 

1. For multiplication, a(b + <?) =* ab -f- ac. Hence, 

inversely, ab 4- ac = a(b + c). 

2. .For division, = - + - • 

a a a 

Who first formulated the laws of algebra? (See p. 
265.) 

205. Utility of the Laws of Algebra. The laws stated 
in Art. 204 are methods adopted for arranging and 
grouping algebraic symbols so as to decrease the amount 
of work and to increase the importance of the results 
attained. 

266 
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Thus, in the following example we are able to eliminate the 
parenthesis by use of the Distributive Law and to collect terms by 
use of the Commutative and Associative Laws. 
Ex. 6(x + y)+3(:r-y + z)+2(:r+2y-2). 

= 6ar + 6y + 3x-3y + 3z + 2x + 4y-2z 
= 6x + 3ar + 2x + 6y-3y + 4y + 3z-2z 
= llx + 7y + 2. Ans. 

The use of these laws enables us to diminish the 23 symbols used 
in the first expression to the 8 symbols used in the last expression. 

It should be noted that by changing the laws stated in Art. 204, 
kinds of algebra different from that presented in this book, and 
adapted to other uses, may be devised. Thus, in a certain importaut 
kind of algebra ab = — ba, not ba. 

Even in arithmetic the Commutative Law holds only in a limited 
way. For, while 5 x 7 = 7 x 5, 57 does not equal 75. 

Cube Root 

206. Cube Root of Polynomials. A general method for 
determining the cube root of any polynomial which is a 
perfect cube may be found by studying the relation be- 
tween the terms of a binomial — or, in general, of a poly- 
nomial — and the terms of its cube (as a + 6, and its cube, 
cfl + 3 aV> + 3 ai 2 + 6 8 ). This relation stated in the inverse 
form gives the method for extracting the cube root. 

The essence of this method consists in writing a 8 + 3 cFb 
+ 3 ai 2 + b z in the form cfi + 6(3 a 2 + 3 ab + 6 2 ). 

Ex. Extract the cube root of afi + Safi— 5 a 8 + 3 a; — I. 

|a? a -f x - 1 Root 



a; 6 + Sx*-5x* + $x- 1 



x« 



3(s 2 ) 2 =3x* 
3(s 2 )a; + x 2 = + 3s»+ s 2 



3a: 6 -5a* 
3x*+Zx*+x* 



Complete divisor = 3 x 4 + 3 x* -f x 

3(x*+x)*=dx*+Gx*+Sx* 
3(x 2 +x)(- l) + (-l) 2 = -3s 2 -3s+l 



Complete divisor = 3x*+()x*— 3ar+l 



-3s 4 -6:r«+3x-l 
-Sx*-Gx*+3x-l 



Let the pupil state this process as a formal rule. 
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EXERCISE 95 



Find the cube root of 

1. a 8 + 6a 2 r + 12aa? + 8a^ 2. 27 - 27a + 9a 2 - a 8 

3. a«-3a 6 -3a 4 + lla 8 +6a a -12a-8 

4. 12a*-36*+64a4-6s a -8 + 117z 8 -1443 6 

5. 95a*+72a 4 -72a a + 15a 6 +15a + a 6 -l 

6. 114^-171^-27-1353 + 8^-60^ + 55^ 



7. *8_ 3 ^ + 6x _ 7 + 6 3 + l 

z or or 

- jJ^, 15ar* 45s* , 27 a; 27 



10*8 



y 



2y 2 4y* 2y 6 8/ 



y 



3 



207. Cube Boot of Arithmetical Numbers. The same 
general method as that used in Art. 206 can be used to 
extract the cube root of arithmetical numbers. The 
process is slightly different from the algebraic process, 
owing to the fact that all the numbers which compose a 
given cube are united or fused into a single number. 

Thus, (42) 8 =(40 + 2) 8 = 40* + 3 x 40 a x 2 + 3 x 40 x 2 a + 2 8 

= 64000 + 9600 + 480 + 8 
= 74088 

Reversing this process, we obtain a method of extracting the cube 
root of a number. 

Ex. 1. Extract the cube root of 74088. 





74088(42 Root 


40 8 = 


64 


Trial divisor, 3 x 40 a = 4800 


10088 


3 x 40 x 2 = 240 




2 2 = 4 




Complete divisor, = 5044 


10088 
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Ex. 2. Extract the cube root of ^ to 4 decimal places. 

^ = .416666666666+ 



.416666666+ 1 -7469+ R oot 
343 



3 x (70) a = 14700 
3 x (70 x 4) = 840 

4 a = 16 

15556 

3 x (740) 2 = 1642800 

3 x (740 x 6) = 13320 

6 2 = 36 



73666 



62224 



1656156 
3 x (7460) 3 = 166954800 



11442666 



9936936 



1505730666 
1502593200 



3137466 

The first three figures of the root are found directly. The last 
figure is then found by division of the remainder, using three times 
the square of the root already found as a divisor. The number of 
figures of the root that may thus be found by division is two less 
than the number of figures already found. 

Let the pupil state the above process as a rule. 

EXERCISE 96 

Find the cube root of 

1. 3375 4. 43,614,208 7. 344,324.701729 

2. 753,571 5. 32,891,033,664 8. .000127263527 

3. 1,906,624 6. 520,688,691.125 9. .991026973 

Find to three decimal places the cube root of 

10. 75 12. 5.6 14. 7^ T 16. ^ 18. lJfr 

11. 6 13. 3| 15. 19$ 17. - f $ T 19. 8^5 

Compute the value of 



20. V5 + 2-Y/5 21. V3V10-2VT0 

22. V3V^-2VL935 
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Visualize the following objects by the aid of cube root : 

23. 150,000,000 cu. yd. of earth. 

24. 40,000,000,000 feet of lumber. 

25. 50,000,000 tons of iron (taking 480 lb. as the weight 
of one cubic foot of iron). 

26. Make up and work an example similar to Ex. 12. 
To Ex. 23. Ex. 25. 

EXERCISE 97 

General Review 

1. Factor: 

(1) a 4 + 4 (2) x*-GxY + y* 

(3) m 2 -2mn + n 2 + 5m -5n 

(4) a 2 - n 2 - m 2 - 2ab + 2mn+ b 2 

(5) z(x + l)(x + 2)-3x-3 

(6) * 4 + 2a*-13x 2 - 14x + 24 

2. Simplify "» 2 + 2mn + 4n* x 8m 2 -18n 2 ^.2m + 3n > 

r J 2m -3n 8m»-24n« m 2 -4n 2 

3. Solve _* L = J_, _2^ + _JL_ = -JU 

p + q p-q p + q p + q p-q p-q 

4. Factor: 

(1) x*-9 (4) x*>-y-* 

(2) x* + 27 (5) a* - 8 ft" 1 

(3) 4s-y 2 (6) 25n 6 -y- 2 

5. Factor: 

(1) 3 x - 8x* - 35 (4) A* - 3a* + 5s* - 15 

(2) 10** - 19 x* - 56 (5) 60 - 7V3a - 6a 

(3) 12ar* + 5z*-72 (6) 15* - 2VxJ - 24 y 

6. (a-ZO-i+Ca + ft)" 1 

7 (q + b)(a- by* - (a - 6)(a + b)'i 
l-(a 2 + 6 2 )(a + 6)- 2 

8. Solve v^=T+2Vi3T-i = o. 
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9. By letting a, b, c, etc., have special values, convert ax 2 + bx$ 
+ cy 2 + dx + ey +/ = into 

(1) a homogeneous equation of the second degree. 

(2) a symmetrical equation of the second degree. 

(3) a homogeneous symmetrical equation of the second degree. 

Solve: 

10. _5£_ = 3-^=i 
x- 1 3x 

11. x 2 + Zxy + 2y a = 14, 4x 2 -2ay-3y a + 9 = 

12. - + - = 2 !*• Vi~+~y + y/x-y = 4 

* y x 2 - y 2 = 9 

x + y = 10 

13. x + y + V^ = 14 16. v^-V^~£=ll 
y/xy(x + y) = 40 Var — y Vay = 60 

17. Write the equations whose roots are 1 ± t. Also \ ± \i. 

18. Fiud, by inspection, the sum of the roots oiSx 2 — 2ar + l=0. 
Find also the product of the roots. Verify your result by solving 
the given equation. About how much shorter is the first process 
than the second ? 

19. What must be added to each of the terms of a 2 : b 2 to make 
the resulting ratio equal to a :b ? 

20. If a box car 36' x 8J' x 8' has a capacity of 60,000 lb., by 
how much must the length be increased to make the capacity 
100,000 lb.? 

21. The rates of two boys traveling on bicycles are as p to q. 
If the first boy rides a miles in a given time, how far does the other 
boy travel in the same time ? 

22. For what value of x will the ratio x 2 — x + l:x 2 + x +1 be 
equal to 3 : 7 ? 

23. If g = g = i = g, prove B = 5a + 3g ~ 2g . 

b d f q V q 56 + 3</-2/ 

24. If a : b = c : d, show that ab + cd is a mean proportional between 
a 2 + c 2 and b 2 + d 2 . 
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25. Find the sum of 30 terms of the A. P. 3, 5, 7, •» by the ad- 
dition of successive terms. Now find this sum by the use of one of 
the formulas of Art. 142. Compare the amount of work in the two 
processes. 

26. Prove that the differences between the squares of successive 
integers form an A. P. 

27. Prove that equimultiples of the terms of an A. P. form 
another A. P. 

28. Obtain a formula for the nth term of the A. P. 9, 7, 5, 
Also for the n + 2d term. 

29. If the hours of the day were numbered from 1 to 24, how 
many times would a clock strike in striking the hours during one day? 

30. If each stroke of an air pump removes } of the air in a receiver, 
what fraction of the air will be left in the receiver after 10 strokes ? 

31. Find a G. P. in which the sum of the first two terms is 2j and 
the sum to infinity is 4£. 

32. Find the 7th term of (2*i - ^r- J by finding all the terms 

up to the 7th. Now find the 7th term by the method of Art. 158. 
Compare the amount of work in the two processes. 



33. Expand (Vx + 1 - VF^l) 4 . 

34. Find the two middle terms of f 2V3c A • 

35. In the equation 10 x 2 — (k + 19) x + k = 0, what value must 
k have in order that the roots be reciprocals of each other? Find 
these roots. 

36. Find n when the coefficients of the 4th and 6th terms in the 
expansion of (1 -I- x) n are equal. 

(2 x 2 3 \ 8 
— — ) , find the coefficient of x 4 . 
3 2x1 

38. Solve y/x~TT + Vx - 2 = V'2 x + 3. 

39. Find the sum of all positive integers of three digits which are 
divisible by 9. 

n n 

40. Extract the square root of 4 x» + 9 ar» + 28 - 24 x~* - 16 x*. 

41. Solve ar 2 + o:-4aa; + 3a a -5a-2 = 0. 
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42. Simplify: (1) 3 + 2V-1 , (2) (2 + 3V r T3)(3 _ 4V=T). 

3 — 2V— 1 

43. The sum of 5 terms of an A . P. is — 5, and the 6th term is 
— 13. What is the common difference? 

44. What is the ratio of the mean proportional between a and b to 
the mean proportional between a and c ? 

1 i O y/K 

45. Form an equation whose roots are = • 

46. A boat crew, rowing at half their usual speed, row 3 mi. down- 
stream and back again in 2 hr. 40 min. At full speed, they can 
go over the same course in 1 hr. 4 min. Find, in miles per hour, the 
rate of the crew and of the current. 

47. Simplify 8"* + 25* - (*)-» + 13° - (^)~* + T*. 

48. Show that the sum of the squares of the roots of the equation 
ar a - 5 x + 2 = is 21. 

49. The mean annual rainfalls at Phoenix (Ariz.), Denver, 
Chicago, and New Orleans are 7.9 in., 14 in., 34 in., and 57.4 in. re- 
spectively. By how much do these numbers differ from the corre- 
sponding terms in a 6. P. whose first term is 7.9 in., and whose ratio 
is 2? 

50. Solve in the shortest way — — + + — -=-r + — — = 0. 

J x-S x- 6 * + 6 * + 8 

51. If a:b = c:d=e:f, show that a 9 + c 8 + e* : b* + c? 8 + / 8 = 
ace : bdf. 

52. Without extracting roots, determine which is greater, V7 or VS. 

53. Free the following from radicals, and find the value of x when 
5 = 0: 

x = -iq + V-f ? a + V^ + r* 

54. By use of the binomial theorem, find the ratio of the 5th 
term to the 7th term in the expansion of (1 — V2 x) 7 . 

Simplify : 

.. 1 - ahi (1 + akh - 1 M oift + 5 a' 1 Vb - 66 

55. -r- N , — z — 56. - 

6* Va~ - ab a~ib *"% + 3 a~ Wb - 54 

57. (.09)"*. Also (- .064)*. 
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58. Which term of the series j, }, J, etc., is 8 ? 

59. Solve x 2 - 3 x - Qy/x 2 -Sx- 3 + 2=0. 

60. Show that the roots of the equation x 2 + ax — 1 = are real 
and unequal for any real value of a. 

«L8oh.(, + iy = 4 + (l-l)(l + l). 

62. Find four numbers in A. P., such that the sum of the first 
and third shall be 18, and the sum of the second and fourth shall be 
30. 

63. Find the 6. P. whose sum to infinity is 4 and whose second 
term is f . 

64. Solve — — - ( 1 + — )x + 1 + 1 = 0. 

m + n \ mnl m n 

65. Find the sum to infinity of — 3 + j — ^ ••-. 

66. Given K = irR 2 , and C = 2 irR, eliminate R and find K in 
terms of C. 

67. Given S = irRL and T = irR(R + X), eliminate R and find 
T in terms of 5 and L. 

M o- iv Va* - x a + 2 x 2 (a 2 - s 2 )"* 

68. Simplify \ \ *— • 

a 2 — x 2 

69. A man sold a horse for $ 96 and, in doing so, gained as many 
per cent as the horse cost him dollars. What did the horse cost him ? 

70. Solve x + y + Va + y = 20, xy = 63. 

71. Given / = distance in feet between two adjacent supports of a 
trolley wire, 

* = sag of the wire in feet, 

t = tension of the wire in pounds, 

w = weight of wire in pounds, 

V — actual length of wire between two adjacent supports, 

wl 2 8 < 2 

and (a) * = —... and (b) V = I + — '— , 

o t o I 

(1) Find the value of / in equation (a). Also in equation (6). 

(2) Eliminate I between the two equations. 

72. Expand (2 V3 - iV^2)6 and simplify. 

73. The sum of the first seven terms of a G. P. is 635, and the 
ratio is 2. What is the fourth term ? 
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74. Divide 2 x^y* - 5 **y-« + 7 x V 1 - 5 x- + 2 x*y by x*y-* - 
ofy"" 2 -f xy- 1 . 

75. Find the value of x 2 - 6 x + 14, if x = 3 + v^5. 

76. If a and f$ are the roots of the equation px 2 + qx + r = 0, find 
the values of a + fi, « — /?, and a/3 in terms of p, q, and r. 

77. A man finds that it takes him 2 hours less to walk 24 miles, 
if he increases his speed 1 mile per hour. What is his usual rate ? 

78. If a : b = b : c, prove that a + b:b + c = b 9 : ac 2 . 

79. Insert four geometric means between 160 and 5. 

80. How many terms of the A. P. 42, 39, 36, ••• must be taken to 
make 315? 

81. Express the repeating decimal .3232 ••• as a fraction. 

82. Solve (ar 2 + J)- 8 = 27. 

83. Solve 9 x 2 + 25 y 2 = 148, 5*y = 8. 

84. The first term of a geometrical series is 2 and the sum of the 
fourth term and three times the second term is equal to four times 
the third term. Find the series. 

85. Solve (xi -x)(x + 2)= 0. 

86. Solve --£=8J > z-w=2. 

y x 

87. If — *— = -JL. = _£_, show that x - y + z = 0. 

b + c c + a a —b 



\. Solve x(x — y) = 0, x 2 + 2 xy -f y 2 = 9 by the factorial method 
as far as possible. 

89. By the factorial method, solve 

(y + 3* - 7)y = 0, (y + x - 3)(y + 2x - 4)= 0. 

90. Solve xi + 3 x~i = 4. 

91. Solve 2 x 2 — 5 nx = 3 n 2 , both by factoring and by completing 
the square. 

92. Solve x 2 y 2 - lOxy + 24 = 0, x + y = 5. 

93. The sum of the first seven terms of an A. P. is 98, and the 
product of the first and seventh terms is 115. Find the common 
difference. 

94. Solve x 2 + xy + y 2 = 133, x - \/xy + y = 7. 
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96. Find the sum of the odd integers between and 200. How 
many of these are not divisible by 3? 

96. Find the values of x and y which will satisfy the following : 

* + l = l,y + i = 4. 
y x 

97. In an A. P., given a = J, I = — 2J, * = — 4, find n and d. 

98. Extract the square root of 

(l)7 + 4>/3; (2) 3 + V5; (3) 2 a + 2 Vi*"=r&3. 

99. Plot the graphs of the following system of equations: 
x a + y 2 = 4, 3 x — 2 # y = 6. From the graphs find the approximate 
values of x and y that satisfy both equations. 

100. Solve — = 1. Determine the value of x (1) when a = c; 

cx+d 

(2) when b = d ; (3) when a = c and 6 = d. 

101. Solve Vx + V3 - V3x + x 2 = V3. 

102. What is meant by an extraneous root of an equation ? Give 
an example of an extraneous root. 

103. What two numbers, whose difference is h, are to each other 
as a : 6? 

104. What distance is passed over by a ball which is thrown 60 
feet vertically upward and at every fall rebounds J the distance from 
which it fell ? 

105. Solve x 2 + y* + 2(x + y) = 12, xy - (x + y) = 2. 

106. What number added to both numerator and denominator of 

- , and subtracted from both numerator and denominator of - , will 
b d 

make the results equal ? 

107. Show that — 5 ?! L_ + __!_= x i + 2 . 

x i - 1 xi + 1 a;* - 1 a?* + 1 

108. Solve x a -2V7s + 2=0. 



109. Simplify 



2y + s 2 

si / s + gy y- 1 ' 



UO. Ifa:6 = 6:c = c:rf, show that ft + c is a mean proportional 
between + 6 and c + d . 



GENERAL REVIEW 
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111. If a, b, c, and d are in A. P., show that a + d = b + c. 

112. Solve (x + 1 + x- 1 ) (x - 1+ x- 1 ) = 5£. 

113. The following table gives the normal or average height of a 
boy and girl at different ages : 



Age in years 


8 


6 


9 


12 


15 


18 


21 


Height of boy . 
Height of girl . 


2' 11" 
2' 11" 


3' 8" 
3' 7" 


4/ 2" 
4/ 2 " 


4' 7i" 
4' 9" 


5' 2f" 
6' 1J" 


6' 6}" 
6' 3|" 


6' 8J" 
5' 8}" 



Graph the above facts as two graphs on one diagram. 
From these graphs, determine, as accurately as you can, the normal 
height of a boy and of a girl at 10 years of age. At 14 years. 

114. Insert between 1 and 21 a series of arithmetical means such 
that the sum of the last three shall be equal to 48. 

/ a 8 \ 2n 

115. Find the coefficient of x» in the expansion of I x 2 J • 

116. Prove that either root of the quadratic equation x 2 — q = is 
a mean proportional between the roots of x 2 + px + q = 0. 

117. Simplify (Va+1 + Vi^T)6 + (V^TS - Va^ly. 

118. Solve x + y = 5 — xy, x + y = — • 

xy 

119. Find the sum of n terms of the series 

120. The formula used for determining the elevation of the outer 

4 BV 2 
rail of a railroad track on a curve is as follows : E = , where 

- Oxi 

E = elevation of outer rail in inches, 

B = width of track in feet, 

R = radius of the curve in feet, 

V = maximum speed in miles per hour of a train taking the curve. 

Find E when B = 4 ft. 8J in., R = 425 ft., V = 20 mi. per hour. 
Also when V = 60 mi. per hour. 

121. Solve the formula for V. From this result determine the 
maximum speed at which a train can take the track when E = 5 in. 
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CHAPTER XXI 

SYNTHETIC DIVISION; NEW SYMBOLS; ALGEBRAIC 

SYMMETRY 

208. Synthetic Division. The abbreviation of algebraic 
long division by the use of detached coefficients has been 
explained in Art. 2 (p. 13). This process may be 
shortened still further by the use of what is called syn- 
thetic division. Preliminary to the explanation of 
synthetic division we repeat the example given in Art. 2. 

Ex. 1. Divide z*-2 a% 2 +8 xy*-3 y* by z*+2 xy-y* 
by use of detached coefficients, 

1 + 0-2 4-8-3 114-2-1 



14-2-1 1-2 + 3 



-2- 
-2- 


-1+8 

-4 + 2 






3 + 6- 

3 + 6- 


-3 
-3 



Hence, x 2 — 2 xy + 3 y 2 , Quotient 

The above process when abbreviated by the method of 

synthetic division becomes as follows : 

+ 8-3 |l|-2 + 1, Divwor (with signs of all 

the terms except the 
— 2 first changed). 

-6 + 3 



1 + 0-2 
-2 + 1 

+ 4 



Quotient, 1—2 + 3 +0+0, Remainder. 
Hence, x 2 — 2 xy + 3 y 2 , Quotient. 

This abbreviation is made possible by noticing that if we change 
the sign of each term of the divisor, we can change the successive 
subtractions employed into successive additions, 

279 



280 
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Farther, as each successive term of the quotient is found by divid- 
ing only the first term of the remainder by the first term of the divisor, 
it is sufficient to add each column only as needed in order to determine 
the first term of each remainder, and hence the next term of the 
quotient. It is not necessary to multiply the first terra of the divisor 
by each term of the quotient, since these products are not used in deter- 
mining-the remainders which give the successive terms of the quotient. 

Thus, in the above process, having determined the first term of the 

quotient, 1, we multiply — 2 + 1 by 1, and add the column _ 2 ; the 

sum, — 2, divided by 1 gives — 2, the second term of the quotient. 
We now multiply — 2 + 1 by — 2, set down the product, + 4 — 2, in 

-2 

the proper place, add the column + 1, and divide the sum, 3, by 1, etc. 

+ 4 

It is usually more convenient to set the divisor in a 
perpendicular column at the left. Thus, 

Ex. 2. Divide 4 a* - 6 aty + 4 afy 2 - 11 &tf + y* by 
2 x* — 8 xy — y 2 . 

4_6 + 4-ll 
6 + 2 

0+ 
+ 9 



Divisor 



2 

+ 3 
+ 1 



2+0+3- 1 



+ + 1 



+ 3 
-3-1 
+ + 



Quotient. Remainder. 
Hence, 2 x* + 3 xy 2 — y 8 , Quotient. 

209. Synthetic Division with a Binomial Divisor of the 

first degree is of especial importance in the solution of 
numerical equations of the third or a higher degree. 
Ex. 1. Divide ^ + 8 a* - 7 s a - 54 s + 16 by s + 8. 

In this case it is convenient to place the divisor to the right of the 
dividend and to omit the first coefficient (viz. 1) in the divisor. 
Hence, we have i + s + 0-7-54 + 16 [-8 

_8 + + + 56-16 



l + + 0-7 + 2|+ 
Hence, x 4 — 7 x + 2, Quotient. 
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Ex. 2. Divide 2* 4 -9* 8 + * 2 + 36*-50by*-3. 

2-9 + 1+36 - 50 |£ 

+ 6-9-24 +36 
2-3-8+ 12 1- 14 

Hence, 2 x 8 — 3 x 2 — 8 x + 12, Quotient, with — 14, Remainder. 

Ex. 3. Divide 6** -29** + 12*3 + 107*2- 144 * + 36 
by 2s -3. 

6 - 29 + 12 + 107 - 144 + 36 J2 + 3 
+ 9 - 30 - 27 + 120-36 



6 _ 20 - 18 + 80 - 24 



3 _ 10 - 9 + 40 - 12 
Hence, 3 x 4 - 10 x* - 9 x 2 + 40 x - 12, Quotient. 

Notice that in this* case the coefficient of the first term of the 
divisor (viz. 2) is set down as well as 3, the last term ; and that each 
successive remainder (viz. 6, — 20, — 18, etc.), is divided by this 
coefficient in order to get the coefficient of the next term of the 
quotient. 

EXERCISE 98 

By the method of synthetic division divide : 

1. *3-*2-16* + 16by*-4 

2. *3-2*2^13* + 6by *+3 

3. **- 2*3- 19*2 + 22*- 10 by *-5 

4. a 4 - 6 a* + 11 a 2 - 9 a + 9 by a - 1 

5. ** + 12 ** + 33*3 -15* 2 +13* -30 by * + 6 

6. ** + 5* 8 y + ll* 2 y 2 + 12*^- 9#*by *+ 3y 

7. * 6 -ll* 3 + 16* 2 -15*+4by* + 4 > 
8 * 4 -9* 8 + 17* 2 -*-4by *-2 

9. * 6 -5* 6 + 4* 4 + 13* 2 -12* + 4by *-2 

10. * 5 + 8* 4 + * 8 -3*2 + 7* + 4by* + l 

11. 2* 4 -15* 3 + 23* 2 -26*-24by*-6 

12. 10** + 9* 8 -5* 2 + 14* + 12by 2* + 3 

13. 5* 6 -20* 4 - 3*8+ 14*2-11*+ 12 by *-4 
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14. x *+x*-4tx 2 + 16z-8 by s 2 - 2x + 4 

15. 2^-f 7^-5^-21^ + lla; + 6 by a^ + 2a:-3 

16. 6a* - llz 8 y-21zy + l%xf + ±y* by 2x*-5xy 

17. In Ex. 5 divide by the unabbreviated method of long 
division. Again divide by the method of synthetic divi- 
sion. Compare the amount of work in the two processes. 

18. Make up and work an example similar to Ex. 3. 
To Ex. 11. 

19. To Ex. 14. To Ex. 15. 

210. A Function has already (Art. 24, p. 67) been de- 
fined as a quantity which depends on another quantity 
for its value. 

Thus, if y = x* — x ■+- 2, y is a function of a?, since the 
value of y will depend on the particular value which is 
assigned to x. Similarly, x* — x + 2 may be said to be a 
function of x. 

211. Meaning of /(*). An algebraic expression of the 
form of 1 + ax"" 1 + bx"" 2 +••• + k, where n, a, 6, ••• i, are 
whole numbers, is frequently denoted by the symbol f(x). 
Such an expression is termed a rational integral function 
of x. 

Ex. If f(x) = a* - 2 x + 3, find the value of /(2). 

f(2) is the va^u* which x* — 2 x + 3 assumes when x = 2. 
Hence, f{2) = 8-4 + 3 = 7. An*. 

EXERCISE 99 

1. If f(x) = x* — 3 x + 5, find the numerical value of 
/(3), of /(l), of/(0). 

2. If f{x) = 2x*-Sx* + 2x-7, find /(2), /(- 2), 
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3. If /(*) - *« - x, find /(l), /(J), /(- 1), /(- J), 

/(0). 

4. If f(z-) = 3*-82* + lx* + x i -Sx + 2, find /(2), 

/(l),/(-l),/(-2). 

5. If f(z) = x i -2x*-ldx i + 38z-2i, find /(2), 
/(3),/(-4),/(.l). 

6. If f{x) = z*-2a»-Sz + 2, find /(.2), /(- .3), 
/(.12), 3/(2) + 2/(0). 

7. If_ f(x) = x* + x*-2, find /(V2), /(-V2), 
/(l+V2),/(l-V-2). 

8. If f(x) = x* - 3 ax* + 2 a 2 *? + «% - 5 a*, find /(a), 
/(-a),/(2a),/(0). 

9. If /(ar) = ^ + 2a; 3 -3a;-5, find /(A), /(-A), 

/(* - *)• 

10. If f(z, y) = 3 z» - 5 *fy + 2 /, find /(*, 1), /(2, y), 
/(l, - 2), /(l, 1). 

11. If /(#) = qP — x, and also /(#) = 0, find the values 
of x. 

12. If f(x) = a? - 7 z 4- 6, and also /O) = 0, find the 
values of x. 

13. If f(x) = x* - 5x* + 1 z 2 - 6x + 10, find /(a), also 
/(A). Then show that /(a) —/(A) is always divisible by 
a — A. 

14. Whatever the value of f(x), is /(«)— /(A) always 
divisible by a — A? 

212. Symmetrical Expressions. An expression is sym- 
metrical with respect to two letters when it is unaltered 
by an interchange of the letters. 

Exs. a + J, a5, a 8 + 6 8 , a 2 + ab + i 2 , 
are each a symmetrical expression with reference to a 
and b. 
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Similarly, an expression is symmetrical with respeqt to 
three or more letters, when it is unaltered by an inter- 
change of any pair of them. 

Ex. a* + b* + c*-Sabc 

is symmetrical with respect to a, J, <?, since it is unaltered 
by substituting a for b and b for a ; or a for c and c for 
a ; or b for c and c for 5. 

213. Many Special Kinds of Symmetry exist or are pos- 
sible. For instance, the expression ab 2 4- be 2 -f ca 2 is not 
symmetrical with respect to a and b ; if, however, a be 
substituted for 6, b for c, and c for a, the result obtained 
is identical with the original expression. Accordingly, 
the given expression is said to have a special kind of 
symmetry, termed cyclo-symmetry. 

Again, if we consider the two expressions a 2 + b and 
a + 6 2 , we find that neither expression taken by itself is 
symmetrical with respect to a and b. If, however, in the 
first expression a be substituted for 6, and vice versa, and 
the second expression be treated in like manner, the two 
resulting expressions will be identical with the original 
pair. Hence, the two given expressions have a special 
kind of symmetry termed collateral symmetry. 

214. Abbreviated Notation for Symmetrical Expressions. 

A symmetrical expression may often be denoted in an 
abbreviated way by writing only the typical terms of the 
expression, each preceded by 2 (the Greek capital letter 
for *). 

Thus, for a 2 b -f ab 2 write 2a 2 6. 

Also for a 2 + b 2 + c 2 + ab + be + ca, write 2a 2 + 2aJ. 
The letter 2 is read " sum of all the terms of the same 
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type as." The letters involved in a given abbreviated 
symmetrical expression are usually given in the context. 
Thus, if a, 6, <?, d are involved, 2a 2 -f 2a6 stands for 

a 2 + b 2 + c 2 + d 2 + ah + a<? + ad + 6c + 6rf + cd. 

215. The Multiplication of Symmetrical Expressions may 

often be shortened by taking advantage of the fact that 
the product of two symmetrical expressions must also be 
symmetrical. 

Ex. Multiply a 2 + J 2 + c 2 — ah - ac — be by a + b + c. 

The product must be a symmetrical expression of the third de- 
gree ; in this product, therefore, the only terms possible are those of 
the types a 8 , a 2 b, and abc. a 9 occurs only once ; hence, 6 8 and c 8 must 
occur in like manner. Also, in multiplying by a we get — a 2 b, and 
by b we get + a% ; hence, the coefficient of cPb is 0. So for all other 
terras of this type in the product. In multiplying by a we get — abc ; 
hence, the same will be obtained for 6, and also for c. Hence, the 
entire product is a 8 + b s + c 8 — 3 abc y or 5a 8 — 3 abc. In this method 
of multiplication most of this work can be performed mentally; 
hence, by it at least two-thirds of the labor of the multiplication is 
avoided. 

216. Factoring Symmetrical Expressions. The method 
of obtaining an individual factor of a symmetrical alge- 
braic expression by the use of the Factor Theorem has 
been explained in Exs. 19 and 20 of Exercise 11 (p. 28). 
The method of applying this process so as to obtain all of 
the factors of a given symmetrical expression is illustrated 
in the following examples. 

Ex. 1. Factor hc(h — (?) + ca(c — a) + ab(a — 6). 

When b = c, the given expression reduces to 

ca(c — a) + ac(a — c), or 0. 
Hence, b — c is a factor of it. 

Similarly, c — a and a — b are factors. 
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.-. ftc(ft - c) + ca(c - a) + aft(a - 6) = L(b - c)(c - a)(a - ft), (1) 
where Z (since the right-hand member is of the same degree with 
the given expression) is some number to be determined. 

Since (1) is true for all values of a, ft, c, 
•let a = 0, b = 1, c = 2. 

.-.2(1 - 2)= Z(l - 2)(2)( - 1). 
.-. £=-1, 
and the factors of the given expression are 

— (ft — c) (c— d){a — ft). Ans. , 

Ex. 2. Factor a(ft + (?- a) 2 + ft(<?+a- ft) 2 +<?(« + 6-c)* 
+ (ft + <? - d)(c + a-ft)(a + 6 - (?). 

If we put a = 0, the given expression reduces to zero. 

.*. a, b, c are factors of it. 
.•. a(b + c - a) 2 + b(c + a- ft) 2 + c(a + b- c) % 
+ (ft + c — a)(c + a — ft) (a + ft — c) = Laftc. 
Let a = 1, ft = 1, c = 1, then L = 4. 

. • . 4 aftc are the factors required. 

Ex. 3. Factor (6 8 +c 8 )(ft-<?) + C^+a 8 )^- a) -f (a 3 '+ft 3 ) 
(a - ft). 

Evidently ft — c, c — a, a — ft are factors ; but their product is of 
the third degree only, while the given expression is of the fourth 
degree. Hence, the given expression must contain another factor of 
the first degree, and since this factor is symmetrical as well of the 
first degree, it must be of the form 

L(a -f ft + c). 
.-. (ft 8 + c«)(ft - c) + (c 8 + a 8 )(c - a) + (a* + ft 8 )(a - ft) 

= L(b - c)(c - a)(a - ft)(a + ft + c). 
Hence, L = 1. 

In factoring symmetrical expressions, it is also useful to remember 
(see Ex. 28 of Exercise 3) that 

a 8 + ft 8 + c 8 - 3 abc = (a + ft + c)(a* + ft 2 + c 2 - be - ca - aft). Ans. 

Hence, for example, 

s 8 - 8y* + 27 + 18 sy = s 8 +(- 2y) 8 + 3 8 - 3x(-2 y)(3) 

= (z-2y + 3)(* a + 4y a +9 + 6y-3x + 2sy). 
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EXERCISE 100 

For a, by e, write out in full the value of 

1. 2a 8 3. 1a 2 bc 5. 2a6 

2. 2a 2 J 4. 2a 3 5 6. 2a 8 + 3 2a 2 J 

7. 2a 8 6 contains four symbols. Count the number 
contained in the value of 2a 8 J when written out in full. 
Compare the amount of work in writing the two expres- 
sions. 

8. Treat 2a 8 + 2a 2 5 in like manner. 

For a, 6, e, d, state in full the value of 
. 9. 2a 2 10. 2a5 ll. 2a6<? + 2a 2 6 

Show that 

12. + 5 + <?) 8 = 2a 8 + 3 2a 2 J + 6abc 

13. (a + J)(6 + e)0 + *) = 2 « 2J + 2 abc 

14. (a + J + c)(a 2 + 6 2 + <a)=2a 8 +2a 2 6 

15. (afy + y 2 * + z*x) (xy 2 + yz 2 + zz 2 ) 

= Safy 8 + 2afy* -I- 3 afy 2 z 2 
Can you obtain this last result by the abbreviated method 
explained in Art. 215 ? 

16. Are the relations expressed in Exs. 12-15 equations 
or identities ? 

17. Show that (a + b + c + dT) 2 = 2a 2 + 2 2aJ. 

18. Also that (a x + a 2 + ••• + a n ) 2 = 2a x 2 + 2 2a 1 a 2 . 

19. Make up and work an example similar to Ess. 
12-15. 

By using the factor theorem show that 

20. (a + b + <?) 8 - (6 + c - a) 8 - (c+a- 5/- C<* + b - <?)* 

«21a6<? 
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21. a\b - c) + b\c - a) + ^(a - 6) 

= - (b - <?)(<? - a)(a - 5)(a 4- 6 + c) 

22. a 2 (6 - e) + b\c - a) 4- <*(a - 6) 

= — (b — c)(/? — a)(a — 6) 

23. O + y + s) 4 - (y 4- *y - (^ 4- *) 4 - O + y) 4 4-** 4-y 4 

4- s 4 = 12 xyz(x + y + z) 

24. JV^ - <?) 4- <?a\c - a) 4- <rt*(a - i) 

= — (6 — c)(c — a) (a — J)(6e 4- ca 4- aJ) 

25. a 4 (6 2 - c 2 ) 4- fl*(<* - a 2 ) 4- c*0 2 - J 2 ) 

= -(64- c)(c + a)(a 4- J)(J — <?)(>- a)(a - 6) 

Factor 

26. a^(y - 2) 4- y\z - a:) 4- s 2 - y) 

27. a(6 - <?) 3 + J - a ) 8 + K a - J ) 8 

28. a(b '- <?) 2 4- 6(* - a) 2 4- <?(a - b) 2 4- 8 afa 

29. a? + P-<fi + &abc 

30. 27 - 8^4-^4- 18 xtf 



CHAPTER XXII 
PERMUTATIONS AND COMBINATIONS; PROBABILITY 

Perm citations and Combinations 

217. The Permutations of a group of objects are the dif- 
ferent arrangements which can be made of the objects with 
respect to their order. 

Thus, the permutations of the three letters a, 6, c are abc, 
acb, bac, boa, cab, cba. Taken two letters at a time, the 
permutations of a, 6, c are ab, ba, ac, ca, be, cb. 

218. The Combinations of a group of objects are the dif- 
ferent collections which can be made from them without 
respect to order. 

Thus, the combinations which can be made from three 
letters, a, 6, c, taken two at a time, are a J, ac, be. It is 
seen that ba and o6, for instance, are different permuta- 
tions, but are the same combination. 

219. The Number of Permutations in a Group of n Ele- 
ments. To determine the number of permutations that 
can be made of a group of objects by actually writing out 
the permutations and counting them usually involves so 
much labor as to make the method impracticable. In- 
stead of this, it is possible to establish a formula by which 
the number of permutations in a group of objects can be 
determined by a simple process of multiplication from the 
number of objects or elements in the group. 

Thus, to determine the number of permutations which 
can be made with a group of four objects, as a, J, c % d, we 
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conceive the permutations to be formed by writing each 
of the four elements in the first place in turn ; after each 
of which the remaining three elements may be placed ; 
after each of which the remaining two, and so on. 

Thus, we obtain 



a 



a 



d 



a 



cd 
dc 

bd 
db 
be 
cb 

cd 
dc 

ad 
da 
ac 

ca 

bd 
db 

ad 

da 
ab 
ba 

be 
cb 
ac 

ca 

[ab 

bx 
4x3x2x1 



d 



a 



Whence we have all the permutations, 
abed, abdc, etc. ; as, 4 x 3 x 2 x 1, or 24 
in number. 

Similarly, to form the number of permu- 
tations which can be made with a group 
of n elements, we may write each of the n 
elements in the first place ; after each of 
which the remaining n — 1 elements may 
be written; after each of which the re- 
maining n — 2 elements, and so on. 

Hence, the number of permutations 
formed from a group of n elements is 

n(w- l)(n-2) .. 3 x 2 x 1 

If the permutations of four objects be 
formed, taking two objects at a time, in 
the first place each of the four objects 
may be written, after each of which the 
remaining three, which exhausts the num- 
ber of permutations so formed. Hence, 
the permutations of four objects, taken 
two at a time, is 4 x 3. 

Similarly, the permutations of n objects 
taken 2 at a time is n(n — 1); of w ob- 
jects taken rata time, is 

n(n — V)(n — 2) ••• (n — r + 1); 

[r factors in all] 



PERMUTATIONS AND COMBINATIONS 291 

220. Symbols Used. For the number of permutations 
of a group of n objects, taken rata time, the symbol n P t 
is used. The product n(n — 1) ••• 3 x 2 x 1 is called 
factorial n, and is abbreviated into the form |w, or n\. 

Hence, from the preceding article, 

n P n = n(n — V)(n — z) • •• 3 x2xl = [w,orwI 
n P r = n(n - l)(w - 2) ... (n-r + 1) 

Ex. 1. In how many ways may the letters which form 
the word Baltimore be arranged ? 

Since there are 9 different letters in the word Baltimore, 
we have 

9 P 9 =9 x 8x7x6x5x4x3x2x 1 = 362,880 Permutations 

Ex. 2. How many of the permutations in Ex. 1 will 
begin with the letter I? 

Since the letter I remains fixed in the first place, 8 letters 
are arranged in different orders. Hence, we have 

8 P 8 = [8 = 40,320 Permutations 

221. The Number of Combinations in a Group of n Ele- 
ments. We denote the number of combinations which can 
be made with a group of n elements, taken rat a time, 
by n O r . 

The permutations of a group of n objects, taken r at a 
time, might be formed by writing all the different com- 
binations of the n objects taken r at a time, and then 
making all possible permutations (that is, arrangements) 
of the elements of each combination of r objects ; viz. 
[r arrangements. 

Thus, for example, 

9-^3 = 9^8 x L2 
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Or, in general, 

n P r = n 6 r x \r 



•*• nQ = 



iL 



n — n ( n ~~ l)( n — 2) "• (w — r + 1) 
• r ~ r ( r _l)( r __2)...l 

Ex. How many combinations can be formed with the 
letters of the word Baltimore, taken four at a time ? 
We have 

c = 9x8x7x6 = 12& Combination8 
94 4x3x2x1 

222. Other Formulas for n C r . The formula for n O r may 
be put into another and often more convenient form by 
multiplying both numerator and denominator by \n — r . 

w(w-l)-(n-r + l)|w-r \n 



Thus, n C r = 



\r \n — r \r \n — 



It is also to be observed that for each different selection 
(or combination) taken from a group of objects a different 
group is left. Thus, if from a, J, c, d, e we take a, 6, eZ, 
we have left <?, e ; if we take 6, (?, e, we have left a, cZ, and 
so on. 

Hence, 6 s = 5 C 2 

Or, in general, n O r = n C n _ r 

Ex. Determine the number of combinations of 20 
letters taken 18 at a time. 

20-^18 = 20^2 

= — — =190 Combinations 

1x2 
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223. Discriminating between Permutations and Combi- 
nations. The following test is useful in some cases as an 
aid in determining whether a given set of objects is a 
permutation or a combination : 

Make a specimen object of the class described ; change the 
order of two elements in this specimen ; observe whether this 
change produces a new object of the hind under considera- 
tion ; if a new object is produced, we are dealing with per- 
mutations ; if not, we are dealing with combinations. 

For example, if three-figured numbers are being made, form one 
object of the kind desired, as 345 ; change the relative order of any 
two figures in this number, as of 3 and 4, and thus obtain 435 ; as 
435 is a different number from 345, we are dealing with permutations. 

Again, if triangles are being formed by connecting a set of points, 
as A, B, C, Z), E, by straight lines, consider the triangle ABC. 
Change the order of A and B and obtain BAC. Since the triangle 
BAC is the same as the triangle ABC, we are dealing with com- 
binations. 

224. Maximum Value of „C r when n is a Given Number. 
If a group of n elements be given, it is sometimes desir- 
able to determine that value of r which shall make the 
value of n C r the largest possible. 

(1) When n is an odd number. 

T n(n — V)(n— 2) ... (n— r + D ••• 2 x 1 

In — ^ / v — i- ^ — ■/■ , since n 

1x2x3. •• r ••• (w — l)w 

and 1 are both odd numbers, n — 1 is even. Hence, as we 
proceed to the right in the above coefficient, the difference 
between a corresponding pair of factors in the numera- 
tor and denominator will diminish by successive 2's till 
this difference becomes zero ; that is, till r = n — r -f- 1 

( *v >p • 7x6x5x4x3x2xl\ 

see the 4 s in — — - — - . 

\ 1x2x3x4x5x6x7/ 
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Hence, — ^ — ^- — '" \ "~ — — — ^ is maximum when 

1x2x3... r 

r = n-r + l; that is, when r = 7 ^^ (see J x 6 xg x4 

2 V 1x2x3x4 

in the above numerical illustration J ; or when 

, o .1 n — 1 / 7x6x5, \ 

r + 2 = w — r + 1, or r = — r— [ see - — - — - above . 

2 \ 1x2x3 / 

(2) When n is an even number. 

t il r i.- w(n — 1) ••• (w — r+ 1) ••• 1 

In the fraction — ^ — - — l— — ^ — — I , since n 

1 x 2 x 3 ••• r ••• n 
is even and 1 odd, of each corresponding pair of factors 
in the numerator and denominator, one must be odd and 
the other even. Hence, r cannot equal n — r + 1. Hence, 
r must have the largest integral value which will satisfy 
the inequality r < n — r + 1. 

. \ 2 r < n + 1 (Art. 162 (2), p. 229) 

Hence, r < ^^ (Art. 162 (4), p. 229) 

Ex. Find the maximum number of polygons of the 
same number of sides which can be formed by connecting 
11 points (no three of them in a straight line) by straight 
lines. Also by connecting 12 points. 

The first part of this problem consists in finding the value of r 
which shall make u C r a maximum. Since n is odd, we use the 

formula r = — ±— , or r = . Hence, r = 6 or 5. 

2 2 

Hence, U C 6 = n C 5 = 462. Arts. 

Let the pupil verify the fact that this result is a maximum by com- 
puting n C 4 and n C 7 . 

For 12 points, r < ^-±J , or r < 12 + 1 > or r < 6$. .-. r = 6 

n C 6 = 924. Ans. 
Let the pupil verify this result by computing l2 C 6 and u C r 
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EXERCISE 101 



Find the value of 



1. 


17^6 


3. 


6^4 


5. 


19^16 


7 * 21^5 


2. 


17^6 


4. 


20 °9 


6. 


14-^4 


8 ' 18^8 



9. How many different numbers of 5 different figures 
each can be formed from the 9 significant digits ? 

10. From a company of 24 men, in how many ways can 
a committee of 10 be selected ? 

11. How many words of 5 different letters can be 
formed from our alphabet ? 

12. There are 13 points in a plane, no 3 of which are 
in the same straight line. How many different triangles 
can be formed having 3 of the points for vertices? 

13. How many different words of 8 letters each can 
be formed from the letters in the word republic? 

14. In how many different ways can the members of 
a baseball nine be arranged ? 

15. Find the number of different ways in which the 
members of a ball nine can be arranged if the pitcher is 
always the same. Also if the pitcher and catcher both 
remain unchanged. 

16. How many different numbers, each containing 6 
different figures, can be formed from 1, 2, 3, ••• 9? Also 
from 0, 1, 2, 3, ... 9? 

17. How many words, each containing 4 different 
letters, can be formed from a, 5, <?, d, e, /? How many 
of these begin with d ? How many begin with d and end 
with/? 

18. A farmer has 12 horses. How many different 
teams of 2 horses each can be formed, if different arrange- 
meats of the horses are regarded as different teams ? 
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19. In how many ways can a team of 3 different de- 
baters be formed from a group of 10 speakers ? 

20. How many days will it take to write out all the 
permutations of 25 different objects taken 10 at a time 
if 15 of these permutations can be written in a minute ? 

21. For what value of r is 10 C r a maximum ? i 7 C r ? 

22. How many times greater is 15 P 8 than 16 C S ? 

23. How many different throws can be made with 2 
dice? 

24. If there are 40 different sounds in the English lan- 
guage, how many different words can be made by putting 
these sounds together in pairs of unlike sounds? In 
threes ? In fours ? 

25. In the shortest way find the value of 600 C m * Also 

°* 101^99' 

26. Find the largest number of polygons of the same 
number of sides which can be formed by connecting 14 
points by straight lines. By connecting 15 points. 

27. Find the largest number of committees, all of the 
same size, which can be formed from a society of 20 
persons. 

28. Make up and work an example similar to Ex. 18. 
To Ex. 22. 

29. To Ex. 25. To Ex. 27. 

Special Cases 

225. I. Elements of a Group Repeated. It may happen 
that some of the elements in a group of objects are the same. 
Thus, if it be required to determine the number of per- 
mutations which may be made of the letters in the word 
Chicago, it is observed that in this word the letter c occurs 
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twice ; hence, all the permutations formed by interchang- 
ing the cs are identical. Hence, for the total number of 
permutations we have 

II 

= 2520 Permutations 



2 



In general, if in a group of n elements, one set of ele- 
ments, i in number, are identical, and another set, k in 
number, are identical, the total number of permutations in 
the entire group, taken all together, is 

Jn_ 

Ex. How many permutations can be formed from the 
letters of United States, taken all together ? 

We have 12 letters in all, but t is used three times, * 
twice, and e twice. 

112 
Hence, IQ ~r: ' = 19,958,400 Permutations 

[8 [2 [2 

226. II. Different Groups taken Together. If combina- 
tions be formed from one group of elements, and other 
combinations from another group of elements, and these 
combinations be taken together in pairs, one from each 
group, it is evident that the total number of combinations 
will be the product of the number of combinations in one 
group by the number in the other group. For each com- 
bination in the first group may be joined separately to 
each combination of the second group. 

Ex. Out of 15 Republicans and 10 Democrats, - how 
many different committees may be formed, each consisting 
of 4 Republicans and 3 Democrats ? 



±li ^w^ Ld «^_ i - = 1365 
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We have for the number of partial committees from the 

Republicans, 

1 5x14x13x1 2 

4x3x2x1 
From the Democrats, 

10 (7 8 = 10x . 9x8 = 120 
10 8 3x2x1 

Hence, the number of entire committees will be 

1365 x 120 = 163,800. Ans. 

EXERCISE 102 

Find the number of different permutations that can be 
made from each of the following words, taking all the 
letters : 

1. Inning 3. Upper House 5. Independence 

2. Successes 4. Mississippi 6. Unconsciousness 

7. How many different arrangements can be made 
from a 6 JV, when written in the expanded form? 

8. How many committees of 2 teachers and 3 boys can 
be selected from a school of 5 teachers and 25 boys ? 

9. From 9 merchants, 5 lawyers, and 4 teachers, how 
many different combinations can be formed, each consist- 
ing of 5 merchants, 3 lawyers, and 2 teachers ? 

10. From 9 merchants, 14 lawyers, and 7 teachers, how 
many different companies can be formed, each consisting 
of 3 merchants, 5 lawyers, and 2 teachers? 

11. How many different words, each consisting of 3 
consonants and 1 vowel, can be formed from 12 consonants 
and 3 vowels ? 

Hint. The number of possible combinations is 12C3 X3C1. But 
each combination contains 4 letters, and may be arranged into |4 
different permutations* 
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12. How many different words, each consisting of 4 
consonants and 2 vowels, can be formed from 8 consonants 
and 4 vowels ? 

13. Find the number of different words of 3 consonants 
and 2 vowels each, that can be formed from an alphabet 
of 5 vowels and 21 consonants. 

14. In how many ways can 2 ladies and 2 gentlemen be 
chosen to make a set at lawn tennis from a company of 6 
ladies and 8 gentlemen ? 

How many different words can be formed from the letters 
in the following words, using all the letters in each instance: 

15. Volume, the second, fourth, and sixth letters being 
vowels ? 

16. Numerical, the even places always to be occupied 
by vowels ? 

17. Absolute, the first and last letters to be vowels ? 

18. A man has 7 pairs of trousers, 5 vests, and 6 coats. 
In how many different costumes may he appear ? 

19. In a given plane are 12 points, three and only three 
of the points being in one straight line. How many dif- 
ferent triangles can be formed by connecting the points by 
straight lines ? 

20. In how many different ways may the members of a 
ball nine be arranged, if the same 3 players are to occupy 
the bases though in various ways ? 

21. How many different signals may be made with 5 
lamps of different colors arranged horizontally ? 

22. By use of ounce, J-lb., J-lb., J-lb., and 1-lb. weights 
objects of how many different sizes can be weighed ? 
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23. How many different sums of money can be obtained 
from a cent, a five-cent piece, a dime, a quarter dollar, 
and a half dollar ? 

24. From 5 labials, 4 palatals, and 6 vowels how many 
words can be formed, each containing 2 vowels, 2 labials, 
and a palatal ? 

25. There are 12 persons in an accident in which 3 are 
killed, 4 are wounded, and 5 escape uninjured. How many 
different combinations of these people might there be ? 

26. The number of committees of 3 members each 
which can be formed from a certain number of boys is to 
the number of similar committees possible if there were 
one more boy, as 10 to 11. Required the number of boys. 

27. The number of words of 4 letters each which can 
be made from a certain number of letters is ^ of the num- 
ber of words of 5 letters each which could be made if there 
were two more letters. Required the number of letters. 
Verify both results. 

28. If n C z : 2n C r 2 = 7 : 15, find w. 

29. It 20 ^r = 20^r+2i tintl r Jr 4. 

30. Show that n +iC r = n C r + w (7 r _i. 

31. In how many ways can 9 children form a ring, all 
facing the center ? 

Probability 

227. The Probability that a given event will occur is 
the ratio of the number of favorable chances to the num- 
ber of possible chances. 

For example, if a bag contains 8 red, 7 blue, and 5 white balls, the 
probability that, at a single draw, a red ball will be obtained is the 
number of red balls, or 8, divided by the total number of balls in 
the bag, or 20 j that is, ^, or j. 
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What is the probability that, at a single draw, a blue ball will be 
obtained ? A white- ball ? 

228. The Sum of Two or More Probabilities. 

The probability that one or the other of two given events 

will occur is obtained by taking the sum of the probabilities 

for these events taken individually. 

Thus, if a bag contains 8 red, 7 blue, and 5 white balls, the proba- 
bility that at the first draw either a red or a blue ball will be obtained 

= (probability for red ball) + (probability for blue ball) 

= 2V + a = a = {• 

In like manner, find the probability that either a red or a white 
ball will be drawn. Also that either a blue or a white ball will be 
obtained. Also that either a red, blue, or white ball will be obtained. 

229. The Product of Two or More Probabilities. 

The probability that two or more events will happen in 
combination is equal to the product of the probabilities of the 
individual events concerned. 

Ex. Find the probability that in throwing a single die 
two even numbers will appear in two successive throws. 

Since three of the six numbers on the faces of a die are even, the 
probability that an even number will appear at the first throw is |, 
or J. Similarly, the probability that an even number will appear at 
the second throw is f, or J. Thus, there is only one half of one half 
a chance that two even throws will occur in succession, or the re- 
quired probability = J x i = J. An*. 

In like manner, find the probability that three even throws will 
occur in succession ; that four will occur. 

EXERCISE 103 

1. If from a bag containing 8 red, 6 blue, 9 green, and 
7 white balls, one ball is drawn, what is the probability 
that it will be red ? Blue ? Colored ? 
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2. In throwing a die, what is the chance that the first 
throw will be 5 ? Will be 1 or 3 ? Will be odd ? 

3. What is the chance that two successive throws of a 
die will give the same number? That three successive 
throws will all be alike ? 

4. In throwing with two dice, what is the chance that 

double fives will appear at the first throw ? 

Sug. Observe that the probability is the same as that of throw- 
ing two fives in succession when using one die. 

5. In throwing once with three dice, what is the chance 
that three fives will appear ? 

6. In throwing once with two dice, what is the chance 
that some pair of doubles will appear ? 

7. In throwing with three dice, what is the chance 
that some pair of triples will appear ? 

8. If the probability of a given event is ^, what is the 
probability that this event will not happen ? 

9. If a bag contains 10 red, 8 blue, 6 green, and 4 
white balls, find the probability that the first ball drawn 
will not be white. 

10. If the odds are 5 to 1 against an event, what is the 
probability for it ? 

Suo. There is 1 chance out of 6 that it will happen. 

11. If the odds are 5 to 2 against an event, what is the 
probability for it ? 

12. If the probability of an event is ^, what are the 
odds against it ? 

13. The probability that A can solve a given problem 
is | and the probability that B can solve it is £. Find the 
probability that both A and B will solve the problem 
(Art. 229). That both will fail. 
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14. In Ex. 13 find the probability that the problem will 

be solved when both A and B attempt the solution. 

Sug. Find the probability that A and B will both fail, and sub- 
tract the result from 1. 

15. In throwing with two dice, what is the chance that 
a 1 and a 4 will appear ? 

Sug. The chance that a 1 or a 4 will appear on the first die is 
$ or J. After a given number has appeared on the first die, the chance 
that the remaining number will appear on the second die is £. 

16. If two letters be selected at random from the alpha- 
bet, what is the probability that both will be consonants ? 

17. Two numbers are chosen at random. What is the 
chance that both will be even ? That one will be even 
and the other odd ? 

18. In throwing with two dice, what is the chance that 
the sum of the numbers obtained will be 5 ? 

19. Also what is the chance that either double fives 
will appear or that the sum of the numbers obtained will 
be 5? 
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COMPLEX NUMBERS 

230. A Complex Number is a number which is the sum of 
a real number and an imaginary number (see Art- 82, 
p. 118). 

Ex. 3 - 5 V^l, 2 + 5 i, 3 - 2 V^~6, a + JV^T. 

231. Graphical Representation of a Complex Number. 
Vectors. Ex. Draw a diagram to show the geometric 

meaning of 4 + 3 i (that 
is, of 4 + 3V^T). 

We first draw axes perpen- 
dicular to each other as in Art. 
26 (p. 68). In representing a 
complex number in connec- 
tion with such a pair of 
axes, we lay off the real num- 
bers on the X-axis, and the 
i units parallel to the F-axis. 
Applying this method to 
4 + 3 V — 1 , we arrive at the 
point P. Sometimes the line 

OP, sometimes the point P, is said to represent 4 + 3V — 1. 
In like manner, the complex n umber — 2 — 3 i is represented by the 

line OQ (or the point Q). 

In this way every point in a plane may be taken as 
representing some complex number, where real numbers 
are restricted to those represented on some straight line in 
the plane (as -3T-X 7 ). Hence, by the use of complex 
numbers (in addition to real numbers), the mathematician 
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vastly increases the number of instruments which he can 
employ. As a result he obtains many economies and 
much new power in his work. 

The line OP in the diagram is sometimes termed a 
vector. 

232. Modulus and Amplitude. If we consider the com- 
plex number x + yi, represented by OP, it is convenient 
to observe that OP has a cer- 
tain length (r), and also a 
certain direction (determined 
by the angle which r makes 
with OX). The length OP 
represents what is called the 3 
modulus of the complex num- 
ber and the angle its ampli- 
tude. Evidently 

r = Vz 2 + y 2 

Thus, in general, the modulus 
(or absolute value) of a complex number is the positive 
square root of the sum of the squares of the ordinate and 
abscissa of the point representing the complex number. 

Thus, for 3 + 4 i the modulus = V9 + 16, or 5. 

233. A Sum, Difference, Product, or Quotient of two or 

more complex numbers will also be a complex number. 

First. Sum or difference of two complex numbers. 
a+ 6V3l±(<?+ <ZV^T) = (a ± <0 + (J±<f)V^T[ 

Second. Product of two complex numbers. 

(a+ JV^1)0? + dV^l)= ac - bd + (be -f ad)V"^~l 
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Third. Quotient of two complex numbers. 

c + dV- 



+ tfV- 1 



1 a _JV-l 
x 



a+bV— 1 a + 6V-l a-4V-l 



__ ac + bd + (ad — S<0V — 1 
a 2 + 6 2 

ae + bd , arf — 6c 



a 2 4- J 2 * a 2 + 6 2 



V^T 



Hence, any combination of the sum, difference, product, 
and quotient of complex numbers may be reduced by suc- 
cessive steps to the typical form. 

234. Graphical Representation of the Sum of Two Complex 
Numbers. 

Ex. Draw a diagram showing graphically the meaning 
T of the sum of 5 -h 2 i and 

2 + 3 i . 

The sum of 5 + 2 1 and 
2 + 3 i is 7 + 5 1. Construct 
5 + 2 1 and thus obtain OP 
(or P). Construct 2 -f 3 % and 
thus obtain OQ (or Q). Con- 
struct 7 + 5 1 and thus obtain 
OR (or R). Draw the lines 
PR and QR. Let the pupil 
prove that OPRQ is a paral- 
lelogram. 

Hence, in general, to construct the sum of two complex 
numbers : 

Construct the vectors which represent the two given com- 
plex numbers ; construct the parallelogram which has these 
two vectors for two adjacent sides. The diagonal of this 
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parallelogram drawn from the origin represents the sum of 
the two given complex numbers. 

235. Graphical Bepresentation of the Difference of Two 
Complex Numbers. 

Ex. Represent graphically the meaning of 

(7 + 5t)-(5 + 20 

An examination of the method of construction used in 
Art. 234 shows that the following method may be used in 
the present instance. Construct 7 -f 5 i and thus obtain 
OR. On the same diagram construct 5 4- 2 % and thus 
obtain OP. Draw PR. From draw OQ parallel and 
equal to PR. Then OQ represents the required differ- 
ence, or 2 -f- Si. 

236. Conjugate Complex Numbers are two complex num- 
bers which differ only in the sign of the second or imagi- 
nary term. 

Ex. 3 + 2V := T and 3 - 2V^1; x + iy and x - iy. 

237. Useful Properties of Two Conjugate Complex Numbers. 

(1) The product of two conjugate complex numbers is a 
real number. 

For (x + iy}(x — iy^= x* — (iy) 2 =x*+ y 2 

(2) The sum of two squares may be factored by the use of 
two conjugate complex numbers. 

Ex.1. a 2 + 4 b 2 = (a + 2 bi) (a - 2 K) . Factors 

Ex. 2. a 2 + 3 t 2 = (a + ib V3)(a - ib V3) 

= (a + 6V^3) (a - 6 V~^3) . Factors 

These examples illustrate the new power conferred by the 
use of complex numbers. 
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(3) If a + V— 6 = x + V— #, £ hen x = a, y = b. 

For transposing, we obtain 

a — # = V— y — V— 6 = i(^/y — VJ) 

Hence, if # does not equal a and y does not equal 6, we 
shall have a real quantity equal to an imaginary quantity, 
which is impossible. Hence, x =a, and y = 6. 

EXERCISE 104 

Represent graphically 

1. 5 + 3i 3. -3-4V^l 5. 3-V^~2 

2 . -3 + 2i 4. 7-2V^l 6. -4+V~^5 

7. (3 + 20 + (4 + 5i) 10 . (-3- 3i)+6i 

8. (2 + 3i) + (-2+50 11# (7 + 3f)_(4+{) 

9 . (_3 + 4i) + (-5_i) i2. (_ 3+6i)-(2 + 

13. (5-60~(-2-4i) 

By the use of conjugate complex numbers, factor 

14. 4 + 9 a 2 17. x* + l6y* 

15. 16 + 96 2 is. x* + by* , 

16. 9 a 2 + i a 19. 2x 2 +3y 2 

20. Prove that the sum of two conjugate complex 
numbers is always a real number. Also that their differ- 
ence is always imaginary, but not complex. 

Multiply out and simplify each of the following ; then 
represent graphically both the given vectors and the result : 

21. (4 + 2i)(2 + 3i) 22. (_3 + 2O(-2-40 

23. (2-i)(-4 + 3 



CHAPTER XXIV 

DETERMINANTS 

238. Solving Simultaneous Equations by Use of Determi- 
nants. The solution of simultaneous equations is often 
facilitated by arranging the known terms and the coeffi- 
cients of the unknown quantities in square arrays called 
determinants, and by treating these arrays according to 
certain special rules. The solution of simultaneous equa- 
tions of two unknowns serves to show the general nature 
of a determinant, though the gain in this case is not so 
great as in the solution of simultaneous equations of three 
or more unknowns by this method. 

Ex. 1. Solve a l x-{-b l y=c 1 (1) 

W + h <$ = c 2 ( 2 ) 

By following the method of Art. 20 (p. 49) we obtain 

x -- ° 2?1 ~~ ^l g 2 ^ y — a i € 2 ~~ a 2 C l 

« A "*" a 2^l' a A — a 2^1 

Notice that in the values of x and y the same denom- 
inator occurs, viz. : a x b 2 — a 2 b v 



Written as a determinant this denominator is 



a i h 
<*2 K 



In this square array a x and b 2 form what is called the 
principal diagonal and b x a 2 the secondary diagonal. 

The value of the determinant is obtained by taking the 
product of the quantities in the principal diagonal and sub- 
trading from it the product of the quantities in the secondary 

diagonal. 
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Similarly, the numerator in the value of x may be 
written 



Hence, x = 



c x b x 

C 2 £> 3 


c 2 b 2 
Similarly, y — 


a 2 c 2 




a 2 b 2 



Notice that the numerator in the value of x may be 
obtained from the denominator by substituting the column 

1 for 1 (that is, by substituting the right-hand members 
c 2 a 2 

of equations (1) and (2) for the coefficients of x). 

Similarly, the numerator in the value of y may be 

obtained from the denominator by the substitution of the 

column l for x (that is, by substituting the right-hand 
members of equations (1) and (2) for the coefficients of y). 



Ex. 2. Find the value of 



2J -3 

Required value = 2J x i - ( - 3)(- 1) = V - 3 = - 1 J, Ans. 



Ex. 3. By use of determinants solve 



x = 



y = 



5 


-8 




9 


-8 


2 


12 


: 


15 


12 


9 


5 




9 


-8 


15 


2 




15 


12 



9x-8y=5 
15 x+ 12y = 2 

= (60 + 16) + (108 + 120) = J, Root 



= (18 - 75) ^ (108 + 120) = - J, Root 



EXERCISE 105 



Find the value of 

5 2 
3 8 



l. 



2. 



3 -8 
2 4 



3. 



-2 3 
-8 -2 
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4. 



5. 



I i 

.8 .3 
1.2 .004 



6. 



7. 



I -.75 
.3 .1 

3 

4 



8. 



9. 



a b 
— b a 

a +b c 
a— b c 



10. Show that 





a b 




a e 






c d 




b d 




a 
a 


l h 

2 °2 


= 


b l b 2 



11. Also that 

State briefly the difference between these two deter- 
minants. 

By use of determinants solve 

12. 3z+4y = 18 is. z + Jy = — 8 



bx + 2y = 16 

13. bx — 2y = 12 
3a; + 4y = 2 

14. ix+2y = ll 

x+ 6y = 



§z + 3y = 16 

16. ax + by = c 
px + qy = r 

17. (a -f b)x + cy = 1 
ex + (a + &)# = 1 



18. (a-6>;-0 + 6)y = a 2 + 6 2 

&r -f- ay = 

19. Solve Ex. 17 without the use of determinants. 
Compare the amount of work in the two methods of 
solution. 

20. Treat Ex. 18 in the same way. 

239. Simultaneous Equations of Three Unknowns Solved by 
Determinants. 



Ex. 1. Solve a x x + b^y + e x z = d x 

a^c+b 2 y + c^ = d 2 



(1) 
(2) 

(3) 
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Using the method of Art. 20, we obtain 
which may be written in the form 



x = 



aj> 2 c x 



x = 



d z b 



8 



'3 









3 



'8 



'3 



Notice that in this value of x the second determinant is 
composed of the coefficients of x, y, z as they stand in 
equations (1), (2), (3) ; and the first determinant may be 
obtained from the second by substituting the right-hand 
members of equations (1), (2), (3) for the coefficients of 
x (that is, the column composed of d v d T d z for that com- 
posed of a v a 2 , a 8 ). 



Similarly, it is found that 



y = 



z = 



a 



8 



d% 
d 



3 



'3 



a 



3 



b l d l 

b 2 d 2 
b d 



'3 



3 



«1 

a 



<?« 



3 



'3 



8 



3 



'3 



6\ 



'8 



In the value of y how is the first determinant obtained from the 
second ? Answer the same for z. 

240. Advantages in the Use of Determinants. Observe 
that in the value of x as first written in Art. 239, thirty 
symbols like a x are used, while in the second or determi- 
nant value of x only eighteen symbols are used. Hence, 
nearly half the labor of writing the value of x is saved 
by use of the determinant form. The saving of labor in 
this way is still greater in solving equations of four or 
more unknowns. 
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Other advantages which follow from the use of deter- 
minants will be pointed out as we proceed. 

241. The elements of a determinant are the individual 

6 ' the 



«3 

a 



quantities which form the array. Thus, in 
elements are a v a v b v b v " 2 

The order of a determinant is the number of horizontal 
rows (or of vertical columns) in the determinant. Thus, 
the determinants treated in Art. 238 are of the second 
order, and those in Art. 239 are of the third order. 

How many elements does a determinant of the second 
order contain ? one of the third order ? one of the nth 
order ? 



242. Development of a Determinant of the Third Order. 

The most convenient way to obtain the value of a deter- 
minant of the third order is as follows : 

Write .the determinant and repeat the first and second 
columns on the right; form positive terms by taking the 
product of the elements in the principal diagonal and also 
in the complete lines which are parallel to the principal diag- 
onal; form the negative terms by taking the product of the 
elements in the secondary diagonal and also in the complete 
lines parallel to it ; take the algebraic sum of the positive 
and negative terms thus formed. 



Thus, write 
h 



a 



v 2 
3 ^3 



'3 



in the form 



a 



3 



'8 



c l 


a i 


\ 


c 1 


H 


h 


H 


H 


h 



and thus obtain, a x b 2 c 3 + a s b x c 2 + a 2 b z c x — a x b z c 2 — a 2 b t c s 
— a z^2 c v ^ w *ll be observed that the determinant as 
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expanded includes all the possible products which con- 
tain as factors one letter from each row and one letter 
from each column in the giveft determinant. 



Ex. Find the value of 



Rewriting and annexing the 
first and second columns, 



2 
4 
3 



4 
-5 

6 

2 

4 - 
3 



7 

3 

4 7 

5 

6 3 



2 
4 
3 



4 

— 5 
6 



Value = 2(- 5)3 + 4 x 0(- 3)+ 7 x 4 x 6 - 7(- 5)(- 3)- 2 
x x 6 - 4 x 4 x 3 = - 30 + + 168 - 105 + - 48 = - 15. Arts. 



243. Solution of Numerical Equations of Three Unknowns. 

3s + 4y -32 = 44 
Ex. By use of determinants solve 4x — 5y + 3z = 18 

[5x- 3y - 2z = 14 



X = 



44 4-3 
18-5 3 
14 - 3 - 2 



3 4-3 
4-5 3 
5 -3 -2 



= (440 + 168 + 162-210+396 + 144) --(30+60+36-75+27+32) 
= 1100-?- 110 =10. Ana. 



Similarly, find 



y = 8, z = 6. Ans. 



Find the value of : 



1. 



3 6 3 2. 
2 4 2 
5 11 



.3 
.4 

.03 
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4-5 3 

3 11 

-2 -2 -4 



.1 


.05 


s. 


1.2 


-6 




-.5 


1 





3. 3 

7 




I 2 
1 i 



1 

-2 
4 

2 
-4 



4 


-8 
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a b c 


6. Show 


d e f 




9 h i 



has the same value as 



a d 


9 


b e 


h 


c f 


• 
% 



By the use of determinants solve 



7. 



8. 



9. 



10. 



3rr-2y + z = — 4 


11. 


£* + £y + i* = 3 


-4s + 3y-2z = 9 




£* + Jy + i* = 9 


x — 4y — 53 = 10 




i*+iy + £s = 2 


8s-f 5y-4s = -3 




2 1 A 


3x + 8z = -2 


12. 


- — = 

x z 


4y — 6z = 9 




M — 7 


#-l-y — 2 = a 




y 2 


# — y 4-2 = 6 




3_1_7 


— x + y+'z=B c 




* y 2 


.5x — .6y 4- .2« = .5 


13. 


as + by — as* = I 


.8a; + .4y — .5z = .5 




ax—by + cz = m 


,9x+ .5y — .6«= .5 




— ax + by+cz = n 



244. Formation of Terms from the Rows and Columns. In 

Art. 242 it was found that 



a, 



h 



a 2 b 2 c 2 
H h H 



= ^ib 2 c s + #2 Vl + a zh € 2 ~ a l V2 — a 2^1 C Z "" a 8 Vl 



If the terms which form the right-hand member of this 
identity be examined, it will be found that 

(1) In each term occurs one letter from each row and one 
letter from each column of the left-hand array. 

(2) The right- hand member of the identity includes all 
possible products formed by taking as factors one letter from 
each row and from each column. 
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(3) Hence, the number of terms in a determinant of the 
third order = 3 x 2 x 1 = [3. 

It is to be noted that in writing the terms in the right-hand 
member, it is found convenient to write the letters in each term in 
alphabetical order. 

The above properties hold true for every determinant, 
no matter how high the order, except that for a determi- 
nant of the nth. order the number of terms =n(n — l)(7i— 2) 
• •• 1 = \n — 1. 



245. Inversion*. In order to simplify methods of treat- 
ing determinants, the idea of an inversion is important. 
When a series of numbers is written in a row, an inversion 
is the occurrence of a number before another number 
which is smaller than itself. Thus, in the series 12 4 3 5 
the occurrence of 4 before 3 constitutes an inversion. 
In 3 1 2 5 4 three inversions occur. What are these ? 

246. Sign of a Term determined by Number of Inversions. 
If the determinant written out in Art. 244 be examined, 
it will be found that each positive term in the right-hand 
member contains an even number of inversions ; also that 
each negative term contains an odd number of inversions. 

This rule will be found to hold true no matter how 
high the order of the determinant. 

SHORTENING THE WORK OF COMPUTING 

DETERMINANTS 

247. Interchange of Columns (or Rows). 

(1) If two adjacent columns (or rows) in a given deter- 
minant change places, the value of the determinant is reversed 
in sign. 
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Thus, 



a 



3 



»i 



'8 



6* 



'8 



«1 



8 



'8 



For, by this interchange of columns, in every term of 
the given determinant the number of inversions is changed 
by one ; hence, the sign of every term is reversed ; hence, 
the sign of the determinant as a whole is reversed. 

(2) If any two columns (or rows) in a given determinant 
change places, the value of the determinant is reversed in 
sign. 

For if n columns intervene between the two inter- 
changed columns, to get the first of the two columns into 
its new position requires n 4- 1 successive interchanges 
with a column adjacent to it ; also to get the second of 
the interchanged columns back to its proper position 
requires n more adjacent interchanges. But the sum of 
n and n -+- 1 is always an odd number. Hence, the value 
of the resulting determinant will be opposite in sign from 
that of the original determinant. 

Let the pupil compute the value of 



3 


4 6 




6 


4 3 


1 


-2 


and of 





-2 1 


2 


5 2 




2 


5 2 



and show that the two values are opposite in sign. 

From the above property it follows that an even number 
of interchanges of pairs of columns (or rows) leaves the 
value of a determinant unchanged in sign ; while an odd 
number of such interchanges reverses the sigh. 

248. Two Identical Columns or Sows. 

If two columns (or rows) of a determinant are identical, 
the value of the determinant is zero. 

For, denote the value of a given determinant by 2>. 
Hence, by Art. 247, if the two identical columns (or 
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rows) be interchanged, the value of the determinant is 
reversed in sign and becomes — D. But the new deter- 
minant obtained is identical with the original one and 
hence must have the same value. Hence, 

2>= - D, or 2 D = 0, when D = 

4 4 
Let the pupil determine the value of 



3 3 
-2 -2 



6 

7 



by actual 
computa- 
tion. 



249. Multiplying or Dividing all the Elements in a Column 
(or row) by the same number multiplies or divides the value 
of the determinant by this number. 



16 


3 4 




2 


3 4 




2 


3 4 


32 


-2 6 


= 8 


4 


-2 6 


= 16 


2 


-13 


24 


1 5 




3 


1 5 




3 


1 5 



Ex. 



Compute the value of the first of these forms and also the value 
of the last and compare the amount of work involved in the two 
processes. 

250. Splitting or Combining Elements in a Column (or Bow)- 

(1) If each of the elements in a column (or row) in a 
given determinant may be written as the sum of two numbers, 
the given determinant may be written as the sum of two 
determinants. 



Thus, 



a \ +/i h c \ 




#i 6j Cj 




LA 


H + A *2 C 2 


= 


Ojj b 2 c 2 


+ 


A 


a s + /a J s c z 




H h c z 




f/s 



'8 



'8 



(2) The value of a determinant is not changed if every 
element in any one column (or row) be multiplied or divided 
by d given number and the results added to or subtracted 
from the corresponding elements in another column (or row). 



Thus, 



a x 4- nb x b x c^ 

a 2 4* w6 2 b 2 c i 

a 8 + nb B b B - 



8 



a 



h 

b a 



8 "8 
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For if the first of these determinants be separated into 
two determinants by the method of Art. 250 (1) 



nb 



2 






nb b Q a 



'8 



8 



'8 



= n 



b 2 b 2 
b s b 



8 



'8 



= 0, by Arts, 248, 249 



Ex. In the shortest way find the value of 



7 
4 
8 



1 3 

2 -2 
4 5 



If we multiply the second column by 2 and subtract the results 
from the first column, we obtain 

5 1 3 

, or 5(10 + 8)= 90. Aru. 








2-2 
4 5 



Let the pupil compute the value of the given determinant by the 
method of Art. 242 and then estimate how much of the labor is 
saved by the short process. 
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Evaluate the following determinants, using methods of 
shortening the work wherever possible : 



1. 



2. 



3. 



36 15 
24 5 4 

48 -3 7 

7 4-8 

30 24 18 

2 4 7 

15 2 5 

9 6 12 

21 7 3 



7. 



b + c a 1 
(? + a b 1 
a 4- b c 1 





12 3 


1 


4. 


8 4 




14 7 -4 




a b e 




5. 


d d e 
f f 9 






32 30 28 


6. 


24 25 24 


• 


18 17 


16 
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SUG. 



a a -f 1 a -|- 2 

8. a + 3 a + 4 a + 5 

a + 6 a + 7 a + 8 

a + d a + 2rf <* + 3<J 

9. a + 3d a + id a + 5d 
a+5d a+6d a+ld 

Add the first two columns. 



Solve, using short methods wherever possible. 

10. 8s + 7y-53 = 7 
9# + 6y-6s = 3 
4s + 3y-3« = l 

11. 10a + 8y + 5z = -2 
5 a: -I- 4 y + 3 2 = 
3a + y + 2z = 6 



12. 


h x +\y+\ z 


= 6 




l a: + |y + 2 = 


:6 




£*+# + £* = 


21 


13. 


a; 


■f * = a 






£ 
# 


-2+?=5 








.£+2+?:= 

x y z 


<? 



251. Minors. The treatment of determinants of higher 
order than the third is facilitated bv what are termed 
minors. The minor with respect to any given element in 
a determinant is that determinant of smaller order which 
is obtained by erasing every element in the row and also 
every element in the column in which the given element 
occurs. 

Thus, in 

h i c 



a, 



a.. 



'2 



»c 



the minor with respect to a x is 
Also the minor with respect to J 8 is 



'2 
>3 



'8 



a, 



a< 



State the minor for 6 2 . For c 2 . For c v 
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It is convenient to denote the minor which corresponds 
to the element a x by the symbol A x ; that with respect to 
b 2 by B 2 , etc. 

252. Development of a Determinant by Minors. From the 
property stated in Art. 244, it follows that the development 
of a determinant may be obtained by taking the product of 
each element in a column (or row) by its minor, by giving 
each product its proper sign, and then taking the algebraic 
sum of the results. 

Thus, the value of the general determinant of the third 
order may be written thus : 



a 
a 






'3 



= <*l( Vs — V2) — **2( Vs — Vl) + a z( h € 2 * Vl) 



= a. 



'3 



— a. 






3 



4- a 



8 



In this last result the sign of each of the products may 
be obtained by taking the sum of the row and the column 
of the element concerned ; if this sum is even, the sign of 
the product is +; if odd, the sign is — . 

The reason for this rule is readily seen, when we count 
the number of interchanges of rows and columns which 
are necessary in order to put any given element into the 
first row and first column and thus make the sign of its 
product with its minor positive. 

Ex. The sign of b 2 B 2 would be + ; that of c 2 2 would 
be — . 

Similarly, for a determinant of the fourth order 



a fj 
a 
a, 



d x 



d 



3 



'8 



'3 



h 



= a x A x - a 2 A 2 + a B A s - a 4 A± 
Let the pupil write out this result in full. 
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It is to be noted that in developing any determinant, 
the elements of any column or row might be taken with 
the corresponding minors. 







4 3 




5 16 










Ex. Evaluate 


0-1 -5 12 
2 -10 20 
5 6 10 24 






4 


-.1 5 12 


-0 


3 5 16 


+ 


3 


5 16 


We obtain 


2 -10 20 




2 -10 20 




-1 


-5 12 




6 


10 24 




6 10 


24 




6 


10 24 



-5 



3 

-1 



5 16 
-5 12 



• 2 -10 20 
Evidently the second and third terms vanish, hence we obtain 



160 



-1 
2 
3 



1 3 

-2 5 

1 3 



or 160 



-1 13 
2-2 5 
4 



-100 3 14 

-1 -1 3 

2-2 5 

- 100 2 14 
0-13 
4-2 5 



, or 4040. An*. 



253. Solution of Simultaneous Equations of Four Unknowns. 

The general form of four simultaneous equations of four 
unknowns is as follows : 

a x x 4- h x y 4- e x z 4- d x u =*p x 
a^c + b$ + c# 4- d 2 u = p 2 
a& + b$ + c& + d z u = p z 
<*4X 4- &*y ■+ c& + d 4 u = pi 

Solving these equations and expressing the results by 
use of minors : 

x = P\ A \ ~ M i + M » - Pi A i 

a x A x - OjjAj 4- a z A s - a 4 A 4 

y = P\ B i ~P* B t +Ph A * - Pi A i , etc. 
a x A x - a 2 A^ + ^A z - a 4 A 4 
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Or, in general language, the value of one of the unknown* 
equals a fraction whose denominator is the determinant 
formed by the coefficients of the unknowns and whose numer- 
ator is a determinant formed from the denominator by replac- 
ing in it the column of coefficients of the required unknowns 
by the right-hand members of the given equations. 

This rule applies also to a system of » linear equations 
containing n unknown quantities, where n is any number. 
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Evaluate by the use of minora : 



l. 



8 -1 



-4 
6 



.3 

.2 









.6 .7 



5 
-2 

.8 

- 2 





2. 







8 



3 -2 
7 4 

6. 



3. 



5. 



a 


d 





b 


e 





c 


f 


h 



7. 



6 
4 

3 

6 

8 

10 

4 

3 
5 



2 
3 
4 




4 5 
3 
2 

5 

9 

4 

7 3 



2 
-1 

7 



12 -8 4 
7-10 
4 2 3 
4 6 



Solve the following systems of equations by use of 
determinants : 



8. x+y+z+u=10 
8z+ y+z+u=12 
x—2y—2z+u= —5 
2z+2y+2z+u=lG 



9. x + y — as =s 4 
x+y — u= 1 
y+z+u=8 
x— z +u= 5 



10. 4x + 8y + lz — 3ai = 6 
2x — 4y- 2 + 3w=13 
8 x — 7 y + 2 z — 4 w = 2 
5a;+ y-3« + 5w=18 
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OTHER APPLICATIONS OF DETERMINANTS 

254. Area of a Triangle. If a triangle be considered 
with reference to a pair of coordinate axes, the area of the 

triangle may be expressed 
as a determinant in which 
the coordinates of the 
vertices of the triangle 
are the elements. Thus, 
let the area of the triangle 
ABO be denoted by K^ 
and the coordinates of 
the points A, i?, O by 

(*it Vi\ i x v y*)' (*r Vz) 
respectively. 

Then, using the formula for the area of a trapezoid, 
K=ABPQ + AQRC- PBCR 

- if 0*1 - «i)(yi + #2) + (*• - x i)(y% + y{) 

-Os-^Xya + yi)! 




=1 

2 



X, 



* 2 

x t 



1 
1 
1 



y a 
a y% 

Note that if the points A,B,C are so situated that the trapezoid 
PBCR is greater than the sum of PBAQ and QACR, the area of 
ABC as obtained by the above determinant formula will be negative. 
The sign of the area, however, may be disregarded, as only its abso- 
lute magnitude is desired. 

255. Elimination when the Number of Equations exceeds 
the Number of Unknowns. In case the number of equations 
in a given system exceeds the number of unknown quan- 
tities contained in the equations, it is sometimes desirable 
to find the condition that must exist among the coeffi- 
cients in order that the various equations be consistent ; 
that is, have the same values for the unknowns. 
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Ex. Find the condition of consistency in the system 

a t x + h x y -f c t = 

<*<& + t>%y + o 2 = 
ap + 6gy + <? 8 = 

To find this condition of consistency we obtain the values of x and 
y in the first two equations taken together, and then substitute these 
values in the last equation. Hence, we obtain 



~ c i K 



— <?« 



a, 
a* 



ft. 



+ ». 



a 


i 


-«i 


a 2 


~ C 2 




a i 


fti 




a 2 


&2 



+ c,= 



Whence, a £ 



or 



— c 2 b 2 


+ &3 


a i ~ c i 
a 2 — c 2 


+ *8 


a 2 ^2 




a x 5 t c\ 






a, fc 2 c 2 


= • 






«8 


&8 c s 







= 



Evidently the last expression is the determinant formed 
by the coefficients in the original system of equations. It 
is called the eliminant of the system. This method of 
elimination may be applied to n equations containing 
n — 1 unknowns. 

If one of the given equations contains a power or 
powers of the unknown higher than the first, it may be 
convenient to employ what is termed the dialytic method 
of elimination. 



Ex. Eliminate x in the equations 

aoP + bx -f c = 

a'x + c' = 

Multiplying equation (2) by x, we get the following system 



(i) 

(2) 



ax 2 


+ bx + c 


= 


a'x 


* + c'x 


= 




a'x + c' 


= 
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Eliminating x* and x 9 we obtain as the eliminant; 



a' 








= 



• In this case the same result might have been obtained by solving 

equation (2) for x\ thus, x— -, and substituting for x in equation 

a 

* I 

256. Factoring a Determinant. The method of factoring 
symmetrical expressions given in Art. 216 (p. 285) may- 
be used also in factoring a symmetrical algebraic expres- 
sion given in the determinant form. 



Ex. Factor 



a 2 J 2 <* 
a b c 
111 



The determinant vanishes when a — b. Hence, also when a = c, 
or b = c. Hence, a — b, a — c, b- c are factors of the given expres- 
sion. Since the given determinant is of the third degree and each 
term in its development has unity for its coefficient, and (a — ft) 
(a — c) (b — c) is also of the third degree with unity coefficients, it 
follows that the given determinant = (a — 6) (a — c)(b — c) with a 
sign either + or — . To determine this sign we note that the term 
a 2 b in the determinant and a 2 b in the product both have the sign +• 
Hence, (« — V) (a — c)(b — c) is the required result. 
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By use of a determinant obtain the area of the triangle 
whose vertices are 

1. (2, 1), (3, 7), (5, 4) 3. (6, 0), (2, - 5), (- 1, 4) 

2. (2, 2), (2, 8), (5, 3) 4. (a, 0), (- 3 a, a), (- a, 6 a) 
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5. Eliminate x and y from the equations which follow 
and simplify the result as far as possible. 

3a? + 5y + a = 

2a?-3y + i = 
4a: + y + 2 = 

6. Eliminate x from the equations 

ax + b = 
«r + <2 = 



7. 



Eliminate x and x 2 from 

ax 2 + bx + c 
a'rf + b'x + c 1 








8. Determine whether the following equations are 
consistent: 3s 2 + 4 # + 2 = 

2x* + x + S = 



Factor the following : 



9. 



10. 



o p 
p 
q r 

b + c 

b 

c 



r 
o 

a 

c + a 
c 



11. 



a 
b 
a + b 

13. 



12. 



a 2 a b + c 
b 2 b c+a 
c 2 c a + b 

a b c 
b c a 
cab 



a a 



8 



1 b 6 8 
1 c c* 



CHAPTER XXV 

THEORY OF EQUATIONS; GENERAL SOLUTION OF 

NUMERICAL EQUATIONS 

257. General Relation between the Roots and Coefficients of 
an Equation. In Art. 118 (p. 177) it was shown that if 
a and b are the roots of an equation, the equation may be 
written in the form 

O-a)O-6) = 
whence, x 2 — (a + b)x 4- ab = ; 

that is, if, in a quadratic equation, the right-hand member 
be zero and the coefficient of x 2 be unity, the coefficient of 
x will be the sum of the roots with the sign changed, and 
the known term will be the product of the two roots. 

Similarly, if the roots of an equation be a, 6, (?, the equa- 
tion may be written 

(x — a)(x — K)(x — <?) = 
whence, z* — (a + b + c)x* + (ab -f- ac -j- bc)x — abc = 

In like manner, if the roots be a, J, c, rf, the equation 
may be written as (x — d)(x — b)(x — <?)(# — c£) = 
whence, 

a* — (a + b + c + d)a? + (ab + ac + ad + bc + bd + cd)x* 

— (a be + abd + acd + bcd^)x + abed = 

Or, in general, if an equation have n roots, and the equation 
be written in the form 

x" + p^- 1 + p 2 x»-* + ptfc"-* + ... +p n = 

it follows that in an equation built up in this way 

328 
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(1) p x (or the coefficient of the second term) with its 
sign changed equals the sum of the roots; 

(2) p 2 (or the coefficient of the third term) equals the 
sum of the products of the roots taken two at a time; 

(3) p z (or the coefficient of the fourth term) with its 
sign changed equals the sum of the products of the roots 
taken three at a time ; and so on till finally 

(4) the last term equals the product of all the roots^ this 
product having its sign + or — according as the number 
of the roots is even or odd. 

Hence, it follows that in an equation built up in this 
way each root must be a factor of the last or absolute term. 

258. A Complete Equation of the nth degree is one in 
which all the powers of x from x° to x n are present. 

Thus, 3^-5^ + 7^ + 4 2*-- 17 z--5 = 

is a complete equation of the fifth degree. 

An incomplete equation of the nth degree is one in which 
one or more of the powers less than the nth is missing. 
An incomplete equation can be made complete in form 
by inserting the missing powers of x with zero coefficients. 

Thus the incomplete equation 3 ar 4 + a; — 5 = may be written in 
the complete form as follows, 3x 4 + 0a^ + 0a; 2 + ar — 5 = 0. 

259. Abbreviations. If in the general equation of the 
nth degree as given in Art. 257, viz.: 

x n + p^-* + p^x"-* + pjc"-* + ... +^ = 

the coefficients may be fractional, it is convenient to de- 
note the whole equation by the symbolism F(ot>) = 0. 

If all the coefficients in the equation of the nth degree 
are integers, we use the symbolism f(x) = 0, 
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It is. to be noted that by clearing an equation of the 
form F(x) = of fractions, the equation will take the f orn* 

aa? + bz*' 1 + cx»~ 2 + ••• + fc& + J = 

where a\> J, c ••• &, I are integers. 

. 260, Remainder Theorem. 

Ex. Divide s 8 + 4s 2 - 6 z - 20 by a? - 2 and find the 
remainder. 

Let the pupil perform the division ; the quotient obtained will be 
x 2 + 6 x + 6 and the remainder — 8. 

If now we substitute 2 (the last term of x — 2 with its sign 
changed) for x in x* + 4 x* - 6 x - 20, we obtain 8 + 16 - 12 - 20, 
or — 8, which is the same as the remainder obtained by the above 
division. 

Hence, in this particular case, the result obtained by dividing /(x) 
by x — 2 equals /(2). 

We will now prove the general principle that if F(x) 
is divided by z— a, the remainder equals F(a). 

For when F(x) is divided by x — a, denote the quotient 
by Q and the remainder by M. 

Then, F(x) =Q(x-a?) + R 

This identity is true for all values of x. Let x = a. 

Then, F(a)=R 

It is well to recall that the factor theorem given on p. 27 follows 
as a special case of the principle just proved. 

261. Number of Roots equals Degree of an Equation. By 

methods which are beyond the scope of this book it may 
be proved that every equation with rational integral co- 
efficients has at least one root. 

By using this principle it is readily shown that in such 
a rational integral equation (that is, in F(x) = 0) the num- 
ber of roots equals the degree of the equation. 
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For, if F(x) = 0, by the principle stated above, this 
equation has at least one root which may be denoted by r. 

Hence, by Art. 260, F(x) *= (x - r^F^x) 

Similarly, F x (^x) = (x — r£F % (x), and so on. 

Hence, F(x) = a(x — r{)(x — r 2 )(x — r 8 ) ••• (x — r w ) 

or <^-r 1 )(a:-r a )(a;-r 8 )...(a:-r w )=0 

262. Solution of Equations by Trial and by Synthetic Divi- 
sion. If a numerical equation be reduced to the form 
f(x) = 0, by Arts. 257 and 261, it follows that every root 
of the equation must be a factor of the last term, Hence, 
the rational integral roots may often be readily obtained 
by trial by the aid of synthetic division (see Art. 208, 
p. 279). It is to be noted, however, that tests for 1 and 
— 1 as possible roots are made more readily by direct 
substitution. 

Ex. 1. Solve a* - 2x* - 1 x* + Sx + 12 = 0. 

Taking the various integers that will exactly divide. 12, we see 
that among the possible roots are ± 1, ± 2, ± 3, ± 4, ± 6. 

Trying +1, 1-2— 7 + 8 + 12 does not = ; hence, + 1 is not a 
root. 

Trying -1, 1+2-7-8 + 12 = 0; hence, - 1 is a root 

Dividing x* - 2 x* - 7 x 2 + 8* + 12 by x + 1, we obtain 

X 8_3 x a_4 a: + 12 = 

Trying 2 in this last result, by synthetic division, we obtain 

1_8 -4-+ 12(2 

+ 2-2-12 

1_1 _6+ 
Hence, 2 is a root. 

Dividing x* - 3 x 2 - 4 x + 12 by x - 2, we obtain 

x 2 - x - 6 = 

or (x-3)(x+2)=0. .-. ar=-2, 3 

Hence, x = - 1, ± 2, - 3. Ans. 
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EXERCISE lib 

Form the equations whose roots are 
l. 3, 2, - 2, 1 4. 5, - 3, - 4 



2. a + J, a — by a 5. 1, J ± }V— 11 

3. 1±V^2, 2±V3 6. 1±V^1, 2±V^2 

7. If two of the roots of 2? — 62? + 11 re — 6 = are 
3 and 1, find the other root in two different ways by use 

of the principles stated in Art. 257. 

8.- If three of the roots of at - 4 a* - a^ + 16a; - 12 =0 
are 1, 2, — 2, find the other root. 

9. Make up and work an example similar to Ex. 7. 

By use of the remainder theorem (Art. 260), find the 
remainder which will be obtained by dividing 

10. a? + z? - 6 x - 7 by x — 3 

11. 2* — 2s 8 - 7# + 4 by x—.2 

12. 3^-72?- 22z+20by x-\ 

13. 2* + %3*-2a* + 5x-Q by x+2 

14. aofi -f-fa^ + cx+cibyir — h 

15. ^-5^-73 a + 29a? + 30bya;--3. Alsobys + l. 
By x + 2. By x + 4. 

Solve the following equations : 

16. 2*-32>-2 = 

17. s 3 -z 2 -14:r + 24 = 

18. ar> + 4s2-8s- 8 = 

19. 2s 8 -3s 2 -13 a + 12 = 

20. at-6z* + x* + S0x-8 = 

21. **-2s 8 -72* + 8a;+12 = 

22. ^+6^-10a?-112s2-207a;-110 = 



GRAPHS 
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23. ^-2?-10a^-hl0x + 12 = 

24. ^-12z 8 + 47s 2 -72a; + 36 = 

25. ^-lOz 4 + 29^-10^-622; + 60 

26. 6a 4 + 5z 3 -30z 2 -20:r+24 = 



= 



Graphs 

263. Graphic Representation of the Solution of an Equation. 
Certain of the properties of equations are more readily 
realized when viewed in connection with the graphs of 
the equations. Thus in Art. 114 (p. 169) it was shown 
that the abscissa of the points where the graph of an 
equation crosses the a>axis have the same values as the 
roots of the given equation. 

Ex. 1. Solve graphically a*-2a?-a> + 2«?0. 



Construct the graph of 
y = x* - 2 x 2 - x + 2, 
thus 



X 


yorf(x) 





2 


1 





2 





3 


8 


4 


30 


-1 





-2 


-12 


-3 


-40 


i 


-t 




t-JT 



Hence, x = — 1, 1, 2. Ans. 

Where a root is not a whole number, a graph is often 
useful in determining the first figure in the root. Thus, 
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Ex. 2. By graphic methods determine the first figure 
in each root oi ofl — 2 a 2 — a; + 1 = 0. 



Construct the graph 
of 
y = a*-2a; a -:c+l. 



X 


y 





i 


1 


-i 


2 


-l 


3 


7 


4 


29 


-1 


-1 


-2 


-18 


1.6 


-H 



'*- 



■+— *- 




* — i — i— tZ 



Hence, a; = — 0.+, 0.+, 2.+. Ans. 

It is to be recalled that where the values of y are large as compared 
with the values of x, in making graphs it is often convenient to use a 
smaller scale on the y-axis than on the x-axis. (See Art. 115, and 
Exercise 71, p. 170.) 

Looking at the matter algebraically it is observed that 
whenever f(x) changes signs between two values of x, at least 
one root (perhaps, three, five, or some other odd number 
of roots) lies between the two given values of x. 

264. Double Boots. Imaginary Boots. The use of graphs 
also throws valuable light on the nature of equal roots, or 
of imaginary roots as they occur in equations. 

Ex. On the same diagram solve the following equa- 
tions graphically: 

2?— 32 + 1 = (1) 

a*- 3* + 3 = (2) 

38_3s + 5 = (3) 



GRAPHS 
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Xi 1 H 



As a matter of convenience we make the scale* on the jr-axis one 
half as large as that on the a; -axis. 

Notice that the given equations (1), (2), (3) differ only with 
respect to the absolute term. In equation (1) (where the absolute 
term is 1), there are three 
real and unequal roots corre- 
sponding to the points A, B, 
and C on the graph. 

In equation (2) (where 
the absolute term is 3) the 
graph is the same as that 
for equation (1) except that 
every ordinate has been in- 
creased by 2; that is, the 
graph has been lifted 2 
spaces, and two of the roots 
(those corresponding to A 
and B in graph (1)) have 
become equal and coincide 
atZ). 

In equation (3) (where 
the absolute term is 5), the 

graph has been lifted two more spaces, and the two equal roots (at D 
in graph (2)) have become imaginary and correspond to the elbow 
F in graph (3) where the curve approaches the z-axis but does not 
reach it. 

Similarly, it will be found that in equations of higher 
degree than the third the imaginary (or complex) roots 
always occur in pairs, each pair of imaginary roots corre- 
sponding to an elbow in the curve which approaches but 
does not reach the a?-axis. 

265. Algebraic Proof that Complex Soots occur in Pairs. It 

can be shown algebraically that if a + hi is a root of an 
equation of the form 

as* + ba?- 1 + ex"-* + — +kz + l = . . (1) 
then a — hi must also be a root of the same equation. 
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For, if we substitute a + bi for x in the left-hand mem- 
ber of (1), the result must equal zero by the definition of 
a root. In the result of this substitution all the terms 
that contain an odd power of bi are imaginary and all 
other terms are real. Collecting terms, an expression is 
obtained of the form P + Qi, where P and Q are real. 

Hence, P+Qi = 

But by Art. 237 (3), P = and Q = 

Now, if instead of a + W, we substitute a — bi for x in 
equation (1), we obtain P — Qi from the left-hand mem- 
ber, since the only difference in the results obtained for 
the second substitution will be that the signs of the odd 
powers of — bi will be opposite in sign from the odd 
powers of bi. 

But, since P = and Q = 0, P — Qi = 0, or the equation 
is satisfied. Hence, a — bi is also a root of equation (1). 

EXERCISE 111 

Solve graphically 

1. 38-s a -4a; + 4 = 3. tf*-5a 2 + 4 = 

2. x*-Sx 2 -x + 3 = Q 4. ^-10^ + 9 = 

5. a*-4a? + s-4 = 

6. On the same diagram construct the graphs of 

38-3^+3=0, s»-3a? + 4 = 0, ^-3^-f5=0 

and point out which of the equations contains a pair of 
equal roots, and which a pair of imaginary roots. 

7. Treat in the same way a? 3 + 4 a 2 — 3 = 0; a? + ix* 
-1 = 0; 38 + 432 = 0; z 8 + 4s 2 + 2 = 0. 

8. One root of x*-7x* + 13x-3 is 2-V3. Find 
the other roots. 
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9. One root of 3a? 4 -hl0x 8 + 4rc 2 -fa;-6=0 is 
+ "^— • Find the other roots. 



2 

10. Solve a? 4 — 3a?— 42 x — 40 = in which one root is 

11. Solve ^ + 10^+29^+10^-62^-60 = in 
which one root is V^. 

Transformations of Equations 

266. Utility in Transformation* of Equations. The solu- 
tion of an equation is often facilitated by changing the 
roots in such a way that all the coefficients of the equa- 
tion are made into integers, or some one of them is made 
unity or zero ; or by some similar transformation. 

267. Changing the Signs of the Boots of an Equation. It 

is easily shown that the roots of J T (— a?)= are the same as 
the roots of F(x) = with their signs changed. For let r 
be a root of F(x) = 0. Then, by the definition of a root, 

*(*•)=. (1) 

Now substitute — r for x in F( — x) = 0. If the result 
obtained = 0, then — r is a root of F( — x) = 0. But the 
result obtained is F( — (— r)) or JP(r), which we know 
= from equation (1). 

Hence, each root of F(jc) = 0, with its sign changed, is 
also a root of F( — x) = 0. 

If in a#* + bofl + ex* + dx + e = 0, we change x into — #, 
we obtain aa? — bofi + ex* — dx + e = 0. That is, only those 
terms which contain odd powers of x will have their signs 
changed. Evidently, the same law will hold for an equa- 
tion of any degree. Hence, in general, to change the signs 
of the roots of an equation 
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Change the signs of the terms containing odd powers of the 
unknown quantity. 

Ex. Change the signs of the roots of the equation 

In accordance with the above principle we obtain 

x«-&x* + ±x* + Zx 2 -7 = 0.' Arts. 

268. Multiplying the Roots of an Equation by a Given Num- 
ber. 

Ex. 1. Change z 2 — 5 # + 6 = into an equation whose 
roots are each three times as great as in the given equa- 
tion. 

Denote the unknown in the desired equation by y. 

Then, y = 3z;orz = ^. Hence, substituting ^ for x in the given 
equation, we obtain 

(!) a - 5 (?) +6=0 ' OT ?-¥ +6=0 

Whence, y a -15y+54 = 

Since x = 2, 3, and y = 6, 9, it is evident that the equation ob- 
tained fulfills the required conditions. 

Ex. 2. Change as 4 + bz* + ex 2 + dx + e = into an 
equation in which the roots are m times as large as in 
the given equation. 

Denote the unknown in the required equation by y. 

Then, y = mx, or x = — . Substitute *. for x. 

m m 

Hence, J *> + jfiV + c(*-V + tf (*■) + « = 
\mj \m/ \ml \ml 

Whence, ay A + &my 8 + cm 2 y 2 + dw 8 # + *m 4 = 

Evidently, the same method can be applied to an equa- 
tion of any degree. Hence, in general, to multiply the 
roots of a given equation by a given number m 
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Write the given equation in a complete form using zero 
coefficients wherever necessary ; 

Multiply the second term by m, the third term by m 2 , and 
so on. 

Ex. 3. Multiply the roots of 

a*-9z* + 5x 2 -7x+9 = 
by 2. 

Writing the given equation in its complete form, we obtain 

x 6 +0x 4 -9x 8 +5x 2 -7x + 9 = 
Whence, x 6 - 4 x 9x 8 + 8 x 5x 2 - 16 x 7x + 32 x 9 = 
or x 6 - 36 x 8 + 40 x 2 - 112 x + 288 = 0. Ans. 

Evidently the above reasoning applies also when m is 
either a negative number or a fraction. 
Ex. 4. Multiply the roots of 

s3-52? + 6z + 9 = 
byf 

We obtain x 8 - $(5 x 2 ) + $( 6 x) + #,(9) = 

or x 8 - -y x 2 + f x + i = 0. Ans. 

269. Removal of Fractional Coefficients. If a given equa- 
tion contains one or more fractional coefficients, by use 
of the method of Art. 268 the roots may be so changed 
that the coefficients shall be all integral and the coefficient 
of X* shall be 1 ; that is, every equation of the form 
F(x) = may be converted into the form f(jx) = 0. 

Ex. Transform Sx*- % x> + § x + $ = so that the 
coefficient of a? is 1, and the other coefficients integers. 

Dividing by 3, x 8 - *x 2 + ftx + ^ = 

Multiplying the roots by m, x 8 x 2 +— - x + -- = 0. 

The least value of m that will make the coefficients of all the terms 
integral is seen to be 6. Hence, making m — 6, we obtain 

x*-x 2 + 10x + 8 = 0. Am. 
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EXERCISE IIS 

Change the signs of the roots of 

1. a*-8a*+7a*-5x+6 = 

2. 3s 8 -53 a -9a; + 2 = 

3. a* + 2*-5x-6 = 

5. 3afi + x-7=0 

Multiply the roots of 

6. s 8 - 3s 2 -3s + 5 = by 2 

7. 2* + 3s 2 + 2:r-l=0by -2 

8. 22* + 3s 8 + z 2 + 6z-4 = by 3 

9. Multiply the roots of x 2 — 1 = by 2 and show 
graphically the meaning of both the given and resulting 
equations. 

10. Treat in like manner ofl — x — 2 = 

Transform each of the following into an equation in 
which the coefficients are integral and the coefficient of 
the highest power of a; is 1. 

11. 4x 8 -6x 2 + 4a:H-5 = 

12. i*-2a*+\x-lQ = 

13. 3a* + 9x* + 3x-l = 

14. 49s 8 -441z 2 +42a; + l = 

15. 10^-5^-4^-25a:-30 = 

16. Show that if the roots of a given equation be con- 
verted into their reciprocals, the coefficients of the result- 
ing equation (termed the reciprocal equation) will be the 
same as the coefficients of the given equation, but in 
reverse order. 
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Write the reciprocal equation of 

17. 3^-2a^-5a: + 7 = 19. 3afi-x + 5 = Q 

18. <* + aP-z-7 = 20. 3x-l = 83fi-at 

270. Diminishing the Roots of an Equation by a Given 
Number. 

Ex.1. Change a? — 2z — 35 = into an equation in 
which each root shall be 3 less than the corresponding 
root in the given equation. 

Denote the unknown quantity in the required equation by y. 

Then, y = x — 3, or x = y + 3. 

Hence, substituting y + 3 for x in the given equation, 

(y+3) 2 -2(y + 3)-35 = 

Whence, y 2 + 4y-32 = 

Since x = 7, — 5, and y = 4, — 8, it is evident that the new equa- 
tion fulfills the required conditions. 

The method of transformation which has just been used 
would be comparatively long and tedious for an equation 
of high degree. To obtain a more expeditious method, 
we consider the above example from another point of 
view. Our object in the following transformation is to 
express x* — 2 x — 35 in terms of (x — 3) and (x — 3) 2 as 
far as possible. 

Dividing x 2 — 2 x — 35 by x — 3, we obtain 

X 2 _ 2 x - 35 = (x + l)(a; - 3) - 32 
Similarly, dividing x + 1 by x — 3, we obtain x + l=(ar— 3) +4 
Hence, x 2 - 2 x - 35 = (x + l)(x - 3) - 32 

= (a;_3) 2 + 4(a:-3)-32 
Hence, if we denote x — 3 by y, the given equation becomes 

y 2 + 4y-32=0 
in which each value of y is less than the corresponding value of x by 3. 
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Evidently this method applies to an equation of any 
degree. 

Hence, in general, to diminish the roots of /(#) = by 
a given number h 

Divide f(x) by x — h; then divide the quotient by x — A, 
and so on; the last quotient together with the various re- 
mainders form the coefficients of the desired equation. 

The necessary divisions are performed to best advan- 
tage by means of synthetic division. 

Ex. 2. Diminish by 2 the roots of 

1-6 +4 + 18 - 5 
+ 2-8-8+20 



1 -4 


-4 + 10 
-4-16 


+ 15 


+ 2 




1-2 

+ 2 


-8 
+ 


- 6 




1 + 
2 


-8 





1 + 2 
Hence, the required equation isx 4 +2s 8 -8a; 2 — 6 a; +15=0. Ans. 

271. Transforming the Boots of an Equation so that their 
Sam shall be Zero. By use of the method' of Art. 270 it is 
possible to increase or diminish the roots of an equation 
by such a number that the sum of the roots shall be zero. 
In/(V)= 0, that is, in x 1i +p l x n ~ 1 + p 2 v n ~ 2 + ••• = 0, this is 
equivalent to changing the roots so that p x = and the 
term p x x n ~ l accordingly disappears. 

Ex. Increase or diminish the roots of rr 3 — 9 s 2 + 6 a; 4- 5 
= so that the second term shall disappear. 

Since the sum of the roots is 9, if each of the three roots be 
diminished by {, or 3, the sum of the roots will become zero. 
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Using synthetic division, 1 — 9 + 6 + 5 

4-3 - 18 +36 





1 _ 6 - 12 +41 




+ 3-9 




1-3 - 21 


• 


+ 3 




1 + 


Hence, z 8 - 


-21* +41=0. Ans. 



EXERCISE 113 

Diminish the roots of 

1. s 8 - 82^ + 19 2; -15 = by 1 

2. ^-3a^-15a^-|- 49 a:- 12 = by 3 

3. 2* -182^-322* + 17 2; + 9 = by 5 

4. 2^-2 x 2 + 3 z- 4 = by 1.7 

5. *& _ 6 2* + 7.4 2* 4- 7.92 & _ 17#87 2 x _ .79232 = 
by 1.2 

6. #*4s 2 -32?44 = 0by.3 

Increase or diminish the roots so that the second term 
shall disappear in 

7. a^-6^ + 8a:-2=0 

8. ^-6^ + 10^-3=0 

9. 2^-62^4 12 a:4-19=0 

10. ^+5^ + 3^ + a? + a;-l=0 

Situation of Roots 

272. General Methods of Locating Roots. It has already 
been shown (Art. 263) that in the equation f(x) = 0, if 
/(a) and f(b) are opposite in sign, an odd number of 
values of x must lie between the values x = a and x = 6. 
Also it has been shown that the integral roots of an equa- 
tion must be factors of the last or absolute term (Arts. 
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257, 261). Other methods exist by which the above 
methods of determining the positions of roots may often 
be shortened. Some of the more important of these aids 
will now be briefly considered. 

273. A Variation in sign in a polynomial is a difference 
in the signs of two successive terms, as when a positive is 
followed by a negative term or vice versa. 

Ex. Sx*-4x*-2x* + Sx 2 + 5x-7 = contains three 
variations in sign. What are these? 

274. Descartes' Bole of Signs. By an examination of the 
relations between the number of variations in the signs of 
an equation /(#) = and the signs of the roots of the 
equation, Descartes discovered the following principle for 
which he also obtained a general proof : 

The number of positive roots in f(x) = cannot exceed 
the number of variations inf(x); also the number of nega- 
tive roots cannot exceed the number of variations inf{— x). 

Ex. 1. x— 2 = has one positive root, 2 ; also x—2 
contains one variation. 

Ex. 2. x 2 — 5 # + 6 = has two positive roots, viz. : 2, 
3 ; also x 2 — 5 x + 6 contains two variations. 

Ex. 3. a? + 5a; + 6 = contains no variations and no 
positive roots. 

Ex. 4. Discuss the characters of the roots of aP — bx 2 
- 2 x + 24 = 0. 

This equation contains two variations, hence the number of its 
positive roots cannot exceed two. Also, changing x into — x, from 
the given equation we obtain 

~~ x*- 5x 3 + 2s + 24 = 0. 

This contains only one variation. Hence, the number of negative 
roots in the original equation cannot exceed one* 
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275. Number of Imaginary Boots. In an incomplete 
equation Descartes' rule of signs often enables us to dis- 
cover the number of imaginary roots. 

Ex. 1. Test x* + 5x+ 7 = for imaginary roots. 

We first write the given equation in the complete form, thus, x* ± x 1 
+ 5x + 7 = 0, where the second term may be taken as either + or — . 
Since we desire to obtain the lowest limit of possible roots of any 
kind in testing for positive roots, we take the second term as + so as 
to make the number of variations as small as possible. The equation 
then contains no variation and hence can have no positive root. 

Changing x into — x, we obtain — x* ±0x* — 5ar + 7 = 0. Taking 
the second term as negative, we see that the equation contains only 
one variation, and hence the original equation cannot have more 
than one negative root. As the original equation has no positive 
root and not more than one negative root, it must have two imaginary 
roots. 

Ex. 2. Show that a? — 1 = cannot have more than 
one real root. 

Writing the given equation in the complete but most unfavorable 
form for positive roots, we obtain x* + 0a; 4 +0a; 8 + 0a; 2 +0x— 1 =0. 

Hence, only one positive root is possible. 

Also writing it in the most unfavorable form for negative roots, 
we obtain — x 6 — Ox 4 — Ox 8 — Ox 2 — 1 = 0; hence, no negative root is 
possible. 

How many imaginary roots must x 6 — 1 = have ? 

276. Limits of Boots. Before beginning the work of 
the exact location of roots it often saves labor to deter- 
mine between what limits the real roots of an equation 
must lie. 

A superior limit of the real roots of an equation is some 
number greater than the greatest possible value of a real 
root. It is of course desirable to determine this superior 
limit as close to the largest root as possible. 

An inferior limit of the real roots of an equation is a 
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number smaller (i.e. lower in the scale of algebraic num- 
bers) than the smallest root. 

Often a convenient way of finding a superior root limit 
is to group the terms of a given equation so that each 
group shall contain only one negative term ; and then to 
find the lowest value of x which makes each group posi- 
tive. 

An inferior limit is found by changing x into — x in 
the given equation and determining the positive limit of 
the result. 

Ex. Find limits for the roots of the equation 

a*-2a?+4z-6 = 

Grouping terms, we obtain x*(x — 2) -f 4(x — 2) + 2 = 
Hence, for x = 2, or for any greater number, f(x) is +. Hence, 2 
is a superior limit. 

Changing x into — x, x 8 + 2ar 2 +4a:-f6=0 

Whence, x 2 (x + 2) + 2(2 x + 3) = 

Hence, for x = — 1, or for any greater value of x (as jc=— J, or 
x = 0), the value of f(x) is positive. , 

Hence, 1 is an inferior limit for the roots of f(x) = 0. 

Hence, the real roots of the given equation must lie between 1 
and 2. 

EXERCISE 114 

If all the roots in the following equations are real, de- 
termine the signs of these roots. 

1. a* + x*-Ux-2± = 2. x*-a?-Ux + 21 = Q 

3. z 4 -2z 8 -7z 2 + 8a;+12 = 

4. ^ + 6^-18z3-112z 2 -207s-110 = 

5. 2:r 3 + 3z 2 -13z-12=0 

6. Show that a; 4 + ofi + 2 = has no real root. 
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7. Show that the equation 3a?* + 12a^4-5a: — 4 has at 
least two imaginary roots. 

8. Show that 2 # 7 — x* + ix B — 5 = has at least four 
imaginary roots. 

9. Show that x n — 1 = can have but two real roots 
when n is even. 

10. Show that x n — 1 = can have but one real root 
when n is odd. 

11. How many real roots has x n + 1 = when n is odd ? 
When n is even ? 

12. Write a^-8^ + 12^ + 16a;-39 = so as to show 
that 6 is a superior limit to the positive roots. 

Show that the roots of the following equations lie be- 
tween the limits assigned. 

13. a*- z 8 + 4z2-3a: + l = 0; limits J and 1. 

14. a^ + « 3 -10a^-a; + 15 = 0; limits - 4 and 3. 

15. a* + 5s 4 + 2* -16s 2 - 20s -16 = 0; limits- 5 and 
3. 

16. Find the superior limit of the positive roots of 

a*-15s a + 10:r + 24 = 

17. Find the inferior limit of the negative roots of 

s4-lls*-25 ^2-67 = 

18. Construct an equation of the fourth degree in which 
there shall be not more than one negative root or three 
positive roots. 

19. Construct an equation of the fifth degree in which 
there must be at least two imaginary roots. 

20. Construct an equation of the sixth degree in which 
there cannot be more than two real roots. 
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Horner's Method of Solving Numerical 

Equations 

277. Horner's Method of Computing an Incommensurable 
Root to any required degree of accuracy will first be 
illustrated by an example. 

Ex. Locate the roots of s 8 — 2 a 3 — 5rr + 4 = and com- 
pute one of them to three decimal places. 

In order to locate the roots of the given equation we construct the 
graphof x y = x*-2x*-&x + ± 

As some of the 
values of y are 
large, we make the 
scale on the y-axis 
\ of that on the 
x-axis. From the 
graph we see that 
one root lies be- 
tween — 2 and — 1 ; 
another between and 1, and 
the third between 3 and 4. 
We select the root whose first 
figure is 3 for the more com- 
plete computation. In extend- 
ing the computation the first 
step is to diminish the roots 
of the given equation by 3, the first figure of the given root (note 
that graphically this step is equivalent to shifting the y-axis three 
spaces to the right). 

Hence, the new equation with diminished 

roots is 

x» + 7x 2 + 10:r-2 = . . . (1) 

The next step is to find the second figure, 
that is, the number of tenths in the root. The 
graph shows that this figure is probably 2 or 
1 + 7 close to it. 




X 




y 

4 


1 


-2 


2 


-6 


3 


-2 


4 


16 


-1 


6 


-2 


-2 



1-2-5 
3+ 3 


+ 4|3 
-6 


1+|1- 2 
3 + 12 


-2 


1 + 4 
3 


+ 10 
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Substituting .2 for x in equation (1), we obtain by synthetic division 

1 + 7+10 -2 [2 
.2 + 1.44 + 2.288 



1 + 7.2 + 11.44 + .288 

As this makes the ordinate of the graph positive, the root must be 
smaller than 3.2. Hence, substituting .1 for x in equation (1), we 

obtain 1+7+10 -2 [A 

.1 + -71 + 1.071 
1 + 7.1 + 10.71 - .929 

Thus, since .1 gives a negative result while 2 gives a positive re- 
sult, the root must be between 3.1 and 3.2. 

We next diminish the roots of equation (1) by .1. Thus 

1 + 7 +io - 2 
+ .1 + .71 4- 1.071 



1 + 7.1 + 10.71 
.1 .72 



- .929 



1 + 7.2 
.1 



+ 11.43 



1-1-7.3 
Hence, the next equation is 

x* + 7.3 x 3 + 11.43 x - .929 = (2) 

The next step is to find the third figure, that is, the number of 
hundredths in the root. Since in equation (2) x denotes approximately 
a number of hundredths, x 2 and x* are very much smaller than x y and 
the first two terms in equation (3) may be neglected in order to ob- 
tain x approximately. Thus, 11.43 x — .929 = 0, or x = .08. 

As this result was obtained by an approximate method, we must 
test it to see if it is correct. 

1 + 7.3 + 11.43 - .929 [.08 

.08 + .5904 + .961632 
1 + 7.38 + 12.0204 + .032632 

As the result obtained (viz. .032632) is positive, we see that .08 
is too large ; accordingly we try .07 instead. 

1 + 7.3 +11.43 -.929 ] .07 

.07 + .5159 + .836213 
1 + 7.37 + 11.9459 - .092787 
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Hence, the third figure in the root is 7. Evidently the above pro- 
cess may be continued till the root is computed to any required num- 
ber of decimal places. We shall now tabulate and condense the 
above work and carry it one step farther. 



-2 

±A 
+ 1 
3 



- 5 
+ 3 

- 2 
+ 12 



+ 4 
-6 



| 3.177+ 



-2 
+ 1.071 



4 






10 




- .929 


3 


.71 




+ .836213 


7 


10.71 




- .092787 


.1 


.72 






7.1 


11.43 






.1 


.5159 




7.2 


11.9459 




.1 




.5208 




7.3 




12.4667 




.07 




7.37 




.07 




7.44 




.07 









7.51 



In case it is desired to compute a root as far as the sixth or seventh 
decimal place, methods of abbreviating the work exist, but a con- 
sideration of these lies beyond the scope of this book. 

Horner's method of computing numerical roots may 
now be stated as a rule : 

By graphing determine the location of the roots (i.e. the 
integral part of each root). Decrease the roots of the equa- 
tion by the integral part of the root to be computed; 

By an examination of the graph and by synthetic division 
determine the tenths' figure of the required root; diminish 
the last equation by this number of tenths ; 

By use of the last two terms of the equation thus obtained^ 
estimate the next figure of the root and test the estimate by 
synthetic division; 
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Diminish the roots of the last equation by the number of 
hundredths just obtained ; 

Proceed in like manner till the root is found to the re- 
quired number of decimal places. 

It is an aid in applying the above process to note that if the work 
is correct, the sign of the last term remains unchanged throughout 
the process ; also that, after the first reduction of roots, the last term 
but one will have a sign opposite to that of the last term. 



278. Negative Roots. In order to compute a negative 
root by Horner's method change the signs of all the roots 
in the given equation (see Art. 267, p. 337). This will 
change the required root to a positive root, which may 
then be computed as in Art. 277. 

Ex. Compute to three decimal places that root in 
#* — 12 je 8 4- 12 # — 3 = whose integral part is — 1. 

Changing the signs of the roots of the given equation we obtain 

ar 4 + 12x 8 -12x-3 = 

[1.064+ 



12 
1 



+ 
+ 13 



-12 
+ 13 



-3 
+ 1 



13 + 13 

1 +14 




+ 1 

+ 27 




-2 

1.83466896 


14 
1 


+ 27 
+ 15 


+ 28 

2.577816 




- .16533104 


15 
1 


+ 42 

.9636 




30.577816 
2.635848 




1« 

.06 
16.06 

.06 
16.12 

.06 
16.18 

.06 




42.9636 
.9672 

43.9308 
.9708 


33.213664 






44.9016 







16.24 
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EXERCISE 115 

By Horner's method compute to three decimal places 
the root of 

1. a£ — 3 s 2 — 2a: + 5 = which lies between 3 and 4. 

2. s 8 + 43 2 -5a:-20 = between 2 and 3. 

3. 2? - 10 x 2 - 24 x + 240 = between - 4 and - 5. 

4. z*-8s 8 +14:r a +4a;-8 = between 2 and 3. 

5. ^-8^4-14^ + 4^-8 = between and 1. 

6. # 4 -8z 8 + 20s 2 -15a; + 5 = between 1 and 2. 

7. Compute to four decimal places that root of a 8 — 3 x 2 

— 2 x + 5 = which lies between 1 and 2. 

8. Find to three decimal places the two roots of a? — 7 x 
+ 7 = which lie between 1 and 2. 

9. Find to four decimal places the root of 2 a? + Sx 2 

— 850 = which lies between 7 and 8. 

10. Find to three decimal placed the root of 5 x* — 6 x 2 
+ 3 x + 85 = which lies between 2 and 3. 

11. Extract to four decimal places the cube root of 9. 

12. Also of 30. 

13. Find to three decimal places all the roots of 

38-9s*+24 x -17 = 

14. Also of ^-12a? + 12a:- 3 = 0. 

15. Compute to five decimal places that root of X s + 3 a? 2 

— 2 x — 5 = which lies between 1 and 2. 



APPENDIX 

HISTORICAL NOTES 

279. Permutations, Combinations, Probability. The be- 
ginnings of the mathematical theory of probability are due 
to Pascal (1623-1662) and Fermat (1601-1665). The 
investigation of the principles of probability by Pascal 
was occasioned by the following problem presented to 
him by a gambler. " Two gamblers of equal skill want 
to leave the table before finishing their game. Their 
scores and the number of points which constitute the 
game being given, in what proportion should they divide 
the stakes ? Pascal solved the problem by a method no 
longer in use. When Pascal communicated the problem 
to Fermat, the latter worked out the theory of permuta- 
tions and combinations as an aid in its solution. Thus, 
from an unworthy beginning has developed a highly im- 
portant and fruitful branch of mathematics. 

280. Complex Numbers. The term " complex number " 
is due to Gauss (1777-1855), who also originated the use 
of the symbol i to represent V— 1. The geometrical rep- 
resentation of complex numbers, and of their addition and 
subtraction in the form given on p. 306 is due to Argand 
(1806). 

281. Determinants. The germs of this branch of mathe- 
matics are found in the writings of Leibnitz (1646-1716). 
The name " determinant " is due to Gauss. The theory 
of determinants as a comprehensive system was first 
worked out by Cauchy (1789-1857). 

363 
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282. Theory of Equations. Argand seems to have been 
the first to understand thoroughly that every equation 
must have a root and that the number of roots must equal 
the degree of the equation. Gauss gave three distinct 
proofs of these principles. 

The essential principles involved in Horner's method 
of computing numerical roots are due to Vieta (1540- 
1603). The method in its present form (except for some 
very slight modifications made by others subsequently) 
was developed by W. G. Horner (1786-1837), while a 
pupil in the Kingswood School, near Bristol, England. 
This method was first published in the year 1819. 



EXERCISE 116 

General Review 

1. In how many ways may a committee of 2 men and 3 women 
be selected from 5 men and 6 women ? In all the ways, how many 
times would any one woman be chosen ? 

2. Draw the graph of the equation i 8 + 3 a; 8 - 4 x — 1 = and 
locate the roots approximately from the figure. 

3. Calculate to two decimal places the positive root of the equa- 
tion in Ex. 2. 

x + 2y — z = 1 

4. By the use of determinants solve 3ar — y + 2 z = 2 

4x + 5y - 7z =3 

5. Without solving the equation state five facts in regard to the 
roots of the equation x 6 + 2 x* + x 2 - x - 1 = 0. 

6. Prove that il±i)? = VS ~ * , where t = V^l. 

V3 + 1 (1-0 1 

7. Calculate the coefficients of the equation whose roots are a, — a, 
a — b y b — a y by use of the rules for the relation between coefficients 
and roots. Verify the result by solving the equation. 
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8. How many planes are determined by 10 points taken at ran- 
dom in space ? How many lines are required to connect all possible 
pairs of these points ? 

9. Find the roots of the equation x 4 — 6 x 8 + 6 x 2 + 10 x — 3 =0. 

10. Solve x 8 -|- 27 = and represent the complex roots graphically. 

11. How many different sums of money can be made up from a 
cent, a nickel, a dime, and a quarter? 



12. One root of z 4 + 7i 8 + 12x 2 + 19x - 15 = is - 1 + 2 V- 1. 
Find the other roots of the equation. 

13. Plot the integral values of x between x = and x = 5 for the 
equation y = x 8 — 2x 2 — 4x— 5 and determine to two places of deci- 
mals the positive root of the right-hand member set equal to zero. 

2-1 10-5 

14. Find tW value of the determinant ~~ ~" 

3 5-1 9 

-4-4 2 

Also write this determinant as the sum of four determinants. 

15. What information can be obtained by use of Descartes' rule 
of signs in regard to the roots of the equation x 4 + ax + 3 = if a 
represents a real positive or negative number not zero ? 

16. Write the equation whose roots are respectively three times 
the roots of 9 x 4 + 6 x 8 - 26 x 2 - 33 x + 30 = 0. 

17. Show that (2 + «) a = ^-±-^. 

v J l-i 

18. For what value of k will 2 be a root of the equation 

4x 8 -3x 2 -*x -4& 2 = 0? 

19. How many different numbers, all told, can be formed from the 
digits 2, 3, 4, 5, 6, no digit being repeated in any number ? How 
many of the numbers obtained are even ? 

20. Transform 6x 8 + 23 x 2 - 6x - 8 = into an equation with 
integral roots and first coefficient unity. Solve both equations and 
explain the relation between the roots of the two equations. 

21. Find the positive root of the equation x 8 + 2 x 2 — 16 x — 16 = 
to two decimal places. 
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22. By use of determinants find the value of y in the equations 

x + 3y — z = 1, y+3z — it = 4, 2 + 3 10— a: = 11, to + 3x — y = 2. 

23. The equation x 4 - 4x« + 5 x a + 2x + 52 = has 3 -2i for 
one of its roots. Solve the equation. 

24. Simplify 2 i( V2 - tV2) 4 . 

25. Transform 4x" — 8X 8 — 17 x + 11 = into an equation in 
which the leading coefficient is unity and the other coefficients are 
integers. 

26. How many numbers each less than ten thousand can be made 
from the six digits 0, 1,2, 3, 4, 5, without repeating any digit in any 
number? 

27. In how many ways can 7 different coins be arranged in a row ? 
In a circle ? 

28. The first two terms of an equation are x 4 + 7x 8 + ••• =0, and 
three of the roots are 1, 2 4- V2, 2 — V2. Find the fourth root and 
form the three remaining terms of the equation. 

29. An equation with rational coefficients is known to have as 
roots V2, 3, 1 — t. What other roots must the equation have ? 
Assuming that this equation is of the lowest possible degree, find the 
coefficients of the term containing the next to the highest power of 
x ; also the constant or absolute term. 

30. Represent graphically the sum of the complex numbers 2 -f * 
and — 1 — 3 i ; also their difference. 

31. Determine the nature of the roots of the equation 

x 5 -2x 4 +3x + 2=0 

32. In an examination paper there are 12 questions arranged in 3 
groups of 4 questions each and the pupil is required to answer 8 
questions, selecting at least 2 from each group. How many different 
selections of questions can he make ? 

33. Solve the equation x 8 — 4 x a — 3 x + 18 = 0, knowing that two 
of its roots are equal. 

34. Show that if a + b V— 1 is a root of /(x) = 0, then a — 6V— 1 
is also a root. 

35. A rectangle whose perimeter is 26 in. is rotated on the line 
joining the middle points of two opposite sides as an axis, thus form- 
ing a cylinder of revolution whose volume is 198 cu. in. Using 
ir = ty, find the length of the sides of the rectangle. 
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Formulas 

Formulas used in the following subjects may be made the 
basis for numerous examples. 





I. 


Arithmetic 


p — br 
i = pti 




c _ *[(1 + r)» - 1] 


a = p-\-prt 




T 




II. 


, Geometry 


K = ibh 




T = irR(R + L) 


K - iaV3 




T = 2ttR(R +H) 


K = %h(b + b') 




V = ttR?H 


C = 2irR 




V = \ttR?H 


K = irR* 




V = %ttR? 


K = irRL 




„ tWE 


S = 47Tif 




180 



K = Vs(s -a)(s- b) (s - c) 
V = %H(B + b + VM) 

III. Physics 

* - hsf F = ~r 

» = vt + $gP 2 
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w# « gs 



E-=- R = 



2a g + s 

e=— 1 = 1 + 1 

bJpm f p jf 

j J h = M&m 

T g „ 4n 2 Pw 

C = * ~*~ 

R C - i(F - 32) 

IV. Engineering 

H. P. = ** ^^ (horse-power in an engine) 

wP 8s 2 

8 = — and /' = I + — (sag in a suspended wire) 

4BV 2 
E = (elevation of outer rail on a curve) 

oK 

jy = — ]c (weight a beam will support) 

Li 

L = ' j^ — (length of hot-water pipe to heat 

a house) 

D 2 PL 
T = (tractive force of a locomotive) 

W 



= — — (no. gal. water delivered by a pipe) 

Lt 



D = \/- G 



MLN 
amount of water) 



(diameter of a pump to raise a given 



V W 
D = y coofi/ A_ m n\ (diameter of balloon to raise a given 

weight): 
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Important Numerical Facts 

Areas 

Sq. Mi. 

Rhode Island 1250 

New Jersey 7815 

New York 49,170 

Texas 265,780 

United States 3,025,600 

North America 6,446,000 

Land surface of earth 51,238,800 

Great Britain and Ireland 121,371 

France 207,054 

Europe 3,555,000 



Astronomical Facts 



Planet 


Diameter 


Distance from Sun 


Time of Revolu- 


Synodic 
Period 
in Days 


in Miles 


in Million Miles 


tion about Sun 


Mercury 


3030 


36 


88 da. 


116 


Venus 


7700 


67.2 


225 da. 


584 


Earth 


7918 


92.8 


365 da. 




Mars 


4230 


141.5 


687 da. 


780 


Jupiter 


86,500 


483.3 


11.86 yr. 


399 


Saturn 


73,000 


886 


29.5 yr. 


378 


Uranus 


31,900 


1781 


84 yr. 


369 


Neptune 


34,800 


2791 


165 yr. 
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Sun's diameter 866,400 mi. 

Moon's diameter 2162 mi. 

Moon's distance 238,850 mi. 

Distance of nearest fixed star, 21 millions of millions of 
miles (or 3.6 light years). 
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Dates (a. d. unless otherwise stated) 



Rome founded . . 753 B. c. 
Battle of Marathon 490 b. c. 
Fall of Jerusalem . . 70 
Fall of Rome .... 476 
Battle of Hastings . . 1066 
Printing with movable 

type 1438 

Fall of Constantinople 1453 
Discovery of America 1492 
Jamestown founded . . 1607 



Declaration of Indepen- 
dence 1776 

Washington inaugurated 1789 
Battle of Waterloo . . 1815 
Telegraph invented . . 1844 
First transatlantic cable 

message 1858 

Telephone invented . . 1876 
Battle of Manila Bay . 1898 



Distances 



From New York to Miles 

Boston 234 

Buffalo 440 

Chicago 912 

Denver 1930 

San Francisco .... 3250 



From New York to Miles 

Philadelphia 90 

Washington 228 

New Orleans 1372 

Havana 1410 

London 3375 



San Francisco to Manila 4850 

New York to San Francisco via Panama 5240 

London to Bombay via Suez 6332 



Heights of Mountains 





Feet 


Mt. Washington . 


. 6290 


Pike's Peak . . . 


. 14,147 


Mt. McKinley . . 


. 20,464 


Mt, Everest , , , 


, 29,002 



Feet 
Mt. Mitchell .... 6711 
Mt. Whitney. . . . 14,501 

Mt. Blanc 15,744 

Acongua. , , , , . 23,803 
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Heights (or lengths) of Structures 



Bunker Hill Monument . 
Washington Monument 
Singer Building (N. Y.) . 
Metropolitan Life 

Building 

Eiffel Tower 



Feet 
221 
555 
612 

700 
984 



Olympic . . . 
Deepest shaft . 
Deepest boring 
Simplon Tunnel 
Panama Canal 
Suez Canal . . 



882 ft. 
5000 ft. 
6573 ft. 
12^ mi. 

49 mi. 
100 mi. 



Lengths of Rivers 

Miles 

Hudson 280 Mississippi 

Ohio 950 Rhine . . 

Colorado 1360 Amazon . 



Missouri 



Miles 
..... 3160 
.... 850 
.... 3300 
3100 Nile . . '. 3400 



Rainfall (mean annual) 

Inches Inches 

Phoenix (Ariz.) ... 7.9 New York 44.8 

Denver 14 New Orleans .... 57.4 

Chicago 34 Cherrapongee (Asia) . 610 

Records (year 1910) 

100-yard dash 9^ sec. 

Quarter-mile run 47 sec. 

Mile run 4 m. 15f sec. 

Mile walk 6 m. 29| sec. 

Running high jump 6 ft. 5f in. 

Running broad jump 24 ft. 7\ in. 

Pole vault , t , , • , , , , t 12 ft. lOf in. 
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100-yard swim 55f sec. 

1-mile swim 23 m. 16| sec 

100-yard skate 9$ sec. 

1-mile skate 2 m. 36 sec. 

1 mile on bicycle 1 m. 5 sec. 

1 mile in automobile 27J sec. % 

1 mile by running horse 1 m. 35f sec 

1 mile by trotting horse in race . 2:03£ m. 

Throw of baseball 426 ft. 6 in. 

Drop kick of football 189 ft. 11 in. 

Transatlantic voyage (from N. Y.) 4 da. 14 h. 38 m. 
Typewriting from printed copy. . 123 words in one minute 
Typewriting from new material . 6,136 words in one hour 

Shorthand 187 words in one minute 

Cost 1 lb. radium $2,500,000 

Corn crop per acrq 255f bu. 

Milk from 1 cow (1 year) .... 27,432 lb. 
Butter from cow (1 year) .... 1164.6 lb. 

Resources (crops, etc., year 1910) 

(All these figures are approximate estimates.) 

Coal lands in U. S 400,000 sq. mi. 

Coal in U. S 2,500,000,000,000 tons 

Iron ore in U. S 15,000,000,000 tons 

Water-power of Niagara 7,000,000 H. P. 

Natural water-power in U. S. . . 75,000,000 H. P. 

Possible water-power in U. S. (de- 
veloped by storage dams, etc.) . 200,000,000 H. P. 

Reclaimable swamp lands in U. S. . 80,000,000 acres 

Lands in U. S. reclaimable by irri- 
gation 100,000,000 acres 
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National forest reserves of U. S. . 168,000,000 acres 

Corn crop of U. S 3,000,000,000 bu. 

Wheat crop of U. S 700,000,000 bu. 

Cotton crop of U. S 13,000,000 bales 

Temperatures (Fahrenheit) 

Normal temperature of the human body 98.7° 

Ether boils at 96° Temperature of arc light 5400° 

Alcohol boils at 173° (approx.) 

Water boils at 212° Average change of temperature 

Sulphur fuses at 238° below earth's surface 1° per 

Tin fuses at 442° 62 ft. (increase) 

Lead fuses at 617° above earth's surface 1° per 

Iron fuses at 2800° (approx.) 183 ft. (decrease) 

Velocities 

Wind 18 mi. per hr. (av.) 

Sensation along a nerve .... 120 ft per sec. (av.) 

Sound in the air 1090 ft. per sec. (av.) 

Rifle bullet 2500 ft. per sec. (av.) 

Message in submarine cable . . 2480 mi. per sec. 

Light 186,000 mi. per sec. (approx.) 

Weights 

Boy 12 years old 75 lb. (av.) 

Man 30 years old 150 lb. (av.) 

Horse 1000 lb. (av.) 

Elephant 2\ tons (av.) 

Whale 60 tons (approx.) 

1 cu. ft. of air \\ oz. (approx.) 

I cu* ft. of water ....... 62.5 lb. 
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Specific Gravities 

Air -5^-5 Stone (average) . . . 2.5 

Cork 24 Aluminum 2.6 

Maple wood 75 Glass 2.6-3.3 

Alcohol 79 Iron (cast) 7.4 

Ice 92 Iron (wrought) .... 7.8 

Sea water 1.03 Lead 11.3 

Water 1 Gold 19.3 

Clay 1.2 Platinum 21.5 

Miscellaneous 

Heart beats per minute — Frog 10 

Man 72 

Bird 120 

Smallest length visible to unaided eye. . . ^tc inch 
Smallest length visible by aid of microscope 125,066 inch 
Accuracy of work in a machine shop . . . 1000 inch 
Accuracy in most refined measurements . . io.ood.o60 inch 
Dimensions of double tennis court .... 78 X 36 
Dimensions of single tennis court .... 78 X 27 

Dimensions of football field 160 X 300 

Standard width of railroad track 4 8| 

Weights and Measures 

Avoirdupois weight, 1 ton = 2000 lb.; 1 lb. = 16 oz. = 7000 gr. 
Troy weight, 1 lb. = 12 oz. = 5760 gr.; 1 oz. = 20 pwt. = 

480 gr. 
Long measure, 1 mi. = 1760 yd. = 5280 ft. = 63,360 in. 
Square measure, 1 A. = 160 sq. rd. = 43,560 sq. ft; 1 sq.yd. 

= 9 sq. ft. = 9 X 144 sq. in. 
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Cubic measure, 1 cu. yd. = 27 cu. ft. = 27 X 1728 cu. in. 
Dry measure, 1 bu. = 4 pk. = 32 qt. = 64 pt. 
Liquid measure, 1 gal. = 4 qt. = 8 pt.; 1 pt. = 16 liquid oz. 
Paper measure, 1 ream = 20 quires = 480 sheets. 
Metric system, 1 meter = 39.37 in.; 1 kilometer = .621 mi. 

1 liter = 1.057 liquid qt.; 1 kilogram = 
2.2046 lb. 
1 hectare = 2.471 A. 

1 kilometer = 10 hectometers = 100 decame- 

\ ters = 1000 meters = 10,000 decimeters = 

100,000 centimeters = 1,000,000 millimeters. 

At the option of the teacher, the pupil may insert on the 
blank pages at the end of the book other important formulas 
or numerical facts, particularly those which are important 
in the locality in which the pupil lives. 



INDEX 



Abbreviated division . . 19 
multiplication .... 17 
Abscissa of a point ... 68 
Absolute term .... 146 
Addition in a proportion 188 
Affected quadratic equa- 
tion .... 126, 128 
Ahmes . . . 255, 261, 263 
Algebra, derivation of . . 262 

Alternation 188 

Amplitude 305 

Antecedents . . . 181, 183 
Arabs 255, 256, 258, 262, 264 
Area of triangle .... 324 
Areas, important . . . 280 

Argand 353, 354 

Arithmetic formulas . . 278 
Arithmetical means . . . 203 

progression 197 

Astronomical facts . . . 498 
Axes 68 



Binomial surd 

theorem . 
Bombelli 



. 114 

. 221 

256,257 



Cardan 262, 

Characteristic . . 241, 

Choquet 

Coefficient of a radical 
Combinations . . 289, 
Commensurable ratio . . 
Common difference . . . 
Comparison, elimination 
by ...... 

Complete equation . . . 
Completing the square . . 



264 
242 
257 
106 
353 
182 
198 

49 
329 
128 



Complex fraction ... 37 
number . . 118, 304, 353 

roots . 335 

Compound ratio .... 182 
Conjugate complex num- 
bers 307 

Consequents . . . 181, 183 

Constant 234 

Continued proportion . . 183 
Coordinates of a point . . 69 
Cube root ...... 267 

of numbers 268 



Dates, important . . 
Degree of a radical . . 
Descartes . 256, 257, 
Descartes' rule of signs 
Detached coefficients . 
Determinants . . . 
Diminishing roots . . 
Diophantus 256-261, 
Discriminant . . . . 
Distances, important . 
Distributive law . . . 

Division 

Double roots . . . . 
Duplicate ratio . . . 



. 281 
. 107 

262, 265 
. 344 
11, 13 

309,353 
. 341 

263, 264 
. 174 
. 281 
. 266 

13 
. 334 
. 182 



Egyptians . . 255-259, 261 
Elements of a determinant 313 
Elimination ... 49, 324 
Engineering formulas . . 279 

Entire surd 107 

Equation 39 



conditional 

fractional 

linear 

literal 

numerical 



39 
39 
71 
39 
39 



366 



INDEX 



367 



Equivalent equations . . 43 

Euler 262 

Evolution 81, 86 

Exponent, fractional . 92, 93 

law of 81 

negative 92, 95 

Extraneous root .... 44 
Extremes of a proportion 183 

Factor theorem . . . 26, 27 

Factorial method of solu- 

tion .... 133, 157 
Factoring .... 22, 178 
Factoring a determinant . 326 
Factoring symmetrical ex- 
pressions 285 

Fermat 353 

Formula method of solution 139 
Formulas, important . . 278 

Fractions 32 

Functions ... 67, 234, 282 

Gauss .... 262, 353, 354 
Geometrical progression . 208 
Geometry formulas . . . 278 
Germans . . 256, 257, 259 

Girard 259 

Graphs .... 67, 164, 265 

of quadratic equations . 164 

Gregory 265 



Harriot . . . 257, 

Heights of mountains . 

of structures . . . 

Herigone 

Hero 

Highest common factor 
Hindoo method . . . 
Hindoos 255, 256, 258, 
History of algebra . . 
Homogeneous equation 
Horner, W. G. . . . 
Horner's method . . 



258, 259 
. 281 
. 282 
. 257 
. 263 
. 30 
. 138 

259, etc. 
. 255 
. 147 
. 354 
. 348 



Imaginary number . 86, 118 
Imaginary roots . . 334, 345 



Important numerical facts 280 

Index law 81, 86 

Indicated roots .... 106 

Inequality 228 

conditional 230 

of same kind .... 228 

signs of 228 

unconditional .... 230 

Infinity 192 

Inverse ratio 181 

variation 234 

Inversion .' ' 188 

Inversions in determinants 316 

Involution 81 

Italians 256,257,258,259,260 

Joint variation .... 235 

Key number 223 

Laws of algebra . . 265, 266 
Lengths of rivers . . . 282 

Limit 215 

Limits of roots .... 345 
Linear equations . . . . % 71 
Literal quadratic equations 131 
Logarithm .... 239, 265 

table of 246 

Lowest common multiple . 30 

Mantissa . . . . 241, 244 

Mean proportional . . . 183 

Means of a proportion . . 183 

Measures 284 

Members of an equation . 39 

of an inequality . . . 228 

Minors 320 

Modulus 305 

Multiplication .... 11 

Napier 265 

Newton .... 257, 265 
Numerical facts, important 280 



Order of a determinant 
Ordinate of a point . . 



313 

68 



368 



INDEX 



Oresme 257 

Origin 68 

Oughtred .... 258, 259 



Pascal .... 
Peacock . . . 
Pell .... 
Permutations . . 
Physics formulas . 
Principal diagonal 



. 353 
. 265 
. 258 
289,353 
. 278 
. 309 



Principal root 86 

Probability 300 

Progressions 265 

Proportion 182 

Pure quadratic equations 

126, 127 

Pythagoras 265 

Quadrants 69 

Quadratic equation . . . 126 

properties of .... 174 

Quadratic surd . . . . 114 

Radical equations . . . 137 

Radicals 106 

addition of Ill 

division of Ill 

multiplication of . . . Ill 

Radicand 106 

Rainfall statistics . . . 282 
Ratio ..... 181,209 

Rational root 106 

Rationalizing a denomina- 
tor 113 

Real number . . . . 86, 118 

Recorde 259 

Records, athletic, etc. . . 282 

Regiomontanus .... 257 

Remainder theorem . . . 330 

Repeating decimals . . . 216 

Resources 283 

Rhetorical algebra . . . 260 

Root 39,86 

principal 279 



Series 197 

Similar radicals .... 107 

Simplification of a radical 107 

Simultaneous equations . 49 

quadratic 146 

Situation of roots . . . 343 

Specific gravities .... 285 
Square root . . 88,114,116 

Stevinus .... 256, 257 

Stifel 256 

Substitution, elimination by 49 

Subtraction in a proportion 188 

Surd 106 

Symbolic algebra . . . 261 

Symmetrical equation . . 151 

Symmetrical expressions . 283 

Syncopated algebra . . . 260 

Synthetic division . . . 279 

Tartaglia 264 

Temperatures 284 

Terms of a proportion . . 183 

of a ratio 181 

Theory of equations . . 328 

Third proportional . . . 183 

Transposition 39 

Transformations of equa- 
tions 337 

Triplicate ratio .... 406 

Utility of algebraic pro- 
cesses 67, 126, 

146, 181, 197, 239, 266 

Variable 234 

Variation .... 234, 344 

Velocities 284 

Vieta 256, 257, 260, 262, 264, 354 

Wallis 257, 265 

Weights .... 284, 285 

Widman 258 

Written problems ... 57 

Zero exponent .... 95 



DURELL'S ALGEBRA BOOK TWO 



ANSWERS 





EXERCISE 1 




1. 


25 4. 7 7. 6 


10. 


2 13. 1 16. 


2. 


85 6. 33 8. 09 


11. 


6 14. 17. 21 


3. 


28 6. i 9. 18 


12. 


20} 15. 13 18. 10 


19. 


(d + 6) 2 = a 2 + & 2 +2a& 


24. 


66; 73 in. or 6 ft. 1 in. 


20. 


4(a 2 -9&)<(7a+& 8 ) 2 


25. 


164.6592 


21. 


182 ; 3 ; .8464 


26. 


325.62 ft. 


22. 


1963.6; 143.13916; .02010624 


27. 


45°; 982|° 


23. 


78.54; 2.010624 




• 




EXERCISE 2 




1. 


11 3. 


5. 1.4 aV 7. -4(a-6) 


2. 


-9se 4. -2xV 


6. 3(0! 
18. 


+ y) 8. — 4Va — x 


9. 


-$y/a-x 


10. 


x + y 


19. 


a— c 


11. 


7 a 2 + 2 6 2 


20. 


(a — 4b)x 


12. 


\lp-2q- 13 pq + 25pr 


21. 


(2a-2c)x 


13. 


-f* + fIv--¥« 


22. 


(— 2a — c — d)y. 


14. 


3.58 ab — 7.35 ac + .768 6c 


23. 


3a-46 


15. 


3a 2 6« 


24. 


7a 8 -5a 2 + 2a-4 


16. 


-2a 2 + 2a& + 96 2 


25. 


7 x 2 * - 8 x» - 9 


17. 


ll(x-y) 


26. 


14 a - 4 6 + 10 c 


27. 


(4a- 106)x 29. 2a 2 


-x-K 


> 31. 1163 


28. 


8x 2 -6jc 30. -8 


x* + 5x 


32. 222° 
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EXERCISE 3 

1. 8x 2 +7x + 2 3. 2x 8 -9x 2 + llx-3 

2. 12x 2 + xy-20y 2 4. 6 a 8 - 17a 2 x + Hox 2 - 3x* 

5. 4y*-18y 8 + 22y 2 -7y + 6 

6. 12 a^-x 8 - 27x 2 -3x + 10 

7. 6x* + 9x*y- 10 xfy 2 + 6 xV - 4 xy* + y* 

8. 15x 5 -10x*-17x 8 -17x a +6x + 20 

9. 12o 6 + 6a 6 &-4a 4 & 2 -o 8 & 8 + 2a 2 M + a& 6 -& 8 
10. 3x 6 + 6x*y-3x8y 2 -x 2 y«-4y6 

11. 2x«-3x*+l 14. Ja«-iV&«. 

12. a*-2x»-39x4-15 15. ^x«-Jx*+A a;8 -A« a + A: 

13. 4x«-9x*-14x 8 -x 2 + 26 16. 2.88 x 8 + 10.86 x - 19.2 

17. 4.6 a 8 -7.1 a 2 -.4 a + .24 

18. 4 x n + 8 + 5 x n + 2 — x n + 1 — x» + x**- 1 

19. Ox 1 ** 1 — Sx^-Ox^ + lSx*- 2 — 6x"-« 
29. Ex.7. 

25. 15(x + y) 8 - 12(x + y) 2 + 6(x + y) 

26. 10(x - y) 8 - 19(x - y) 2 - 19(x - y) + 10 

27. xO + ^ + ^ + Sxy^Sxfy 

28. a 8 + 6 8 4- cP-Sabc 

29. x 8 -y 8 + « 8 — xy« — 2x 2 « + 2y« 2 

EXERCISE 4 

1. 4x 8 -3x 2 + 2x-l 11. x 2 -£x + J 

2. 2x 2 -3xy + 2y 2 12. .5 a— .46 

3. x 8 -3x 2 + 2x-l 13. 2.5x + .5 

4. x 2 -2xy-y 2 14. x» + 2 x— * + 3 x*~* - 2 x*~* 

5. x 2 -2xy-y 2 15. x w + 2x»- 1 

6. o 2 + a6 + 6 2 19. 3(x + y) 2 - 2(x + y)- 4 

7. X 2_ a ._4 20 3( _ 6 )4_4( a _5)2 + 5 

8. 4x 2 -6xy + 9y 2 21. a 2 +6 2 +x 2 + 2ab - ax - &x 

9. — x 2 - 4 ax — 4 a 2 22. x 2 + 2xy+x«+y 2 +« 2 +y* 
10. jx 2 -4x + $ 23. a 2 + W + c?-ab-ac-bc 







ANSWERS 




14. 


18. 5 


81. 2J 


84. 2 


15. -3 


19. 46 


81. -10} 


38. 9 


16. 6 


80. 


33. 2 


36. 5 


27. 




EXERCISE 5 





111 



1. l-2a 3. 8 5. -x 

1. - .766 t.2x+'y + 2z+v 6. 6 - a 

7. a 3 -6a + 6 12. x» - 10a; 2 + 81x- 30 

8. -10x* + 9x + 4 18. -2x 2 + 17x-30 

9. 16x»-19x 2 + 4 14. 3& 2 -3x 2 + 5&x 

10. 8 x + 4 y 15. a a + 10 a - 13 

11. 3x 2 + 6x + 3xy + 4y 16. 2a 2 -x 2 

17. 3a 2 -10a& + 6 2 

18. 3x-5 6x-f 21 y — 156y— 12x 2 + 15xy - 8y 2 

19. 6x 8 + 2x 2 y-llxy 3 + 10y« 

10. -18 U. -26 14. 29 

11. 16 13. 64 15. 29x 2 -10x-60 

16. -4x+15y 18. x«-(- 6x 2 + 3x - 1) 

17. x»-(6x 2 + 3x-l) 19. a -(-b + c + d) 

30. a—(b + c + d) 

31. (6-a-c)x + (3-a*)y+(7 + & + a)« 
81. (7-8a)x + (-S+36)y + 11 « 

EXERCISE 6 

1. 9x 2 -30x + 26 6. 12x*-41x 2 + 36 

1. 9x 2 + 80x+26 7. 9x 8 -80x*y + 25x 2 y 2 

3. 9x 2 -26 8. a 2 + 2a& + 6 2 -c 2 

4. 6x 2 -7x-20 9. l-4x+6x 2 -4x 8 + « 4 

5. x* + 8ax-10a 2 10. a 2 -6 2 + 26c-c 2 

11. cfi + cthP + x* 

11. a 2 + 4x 2 + 9y 2 -4ax+6ay-12xy 
13. 9x*»-25 14. a^- 2 ^ 2 + 6 a w + , 6 w + 1 + 9 aHP* 

15. l-4x + 10x 2 -14x»+13x*-6x« + x 6 

16. a 2 -2a6 + 6 3 -x 9 -2xy-y a 



IV 
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17. 16x 4 + 4x 2 + l 

18. 12X 4 -23x^ + 5^ 

19. $x* + }x + J 

20. ft a 2 -25 6 s 

21. .09a 2 -.3a6 + .25 6 2 
. 1.44 x 2 -. 12 x +.0026 
. 2x 2 + 2y 2 
. 4xy 



30 
31 



1. 
2. 
3. 
4. 
5. 



a + y 

a 2 + ay + y 2 

a 4 + ahf + ofy 2 + ay 9 + y 4 

a 2 - ay + y 2 

o — y 



27. 2x 2 + 8y* 
— 12 xy 
5 — 6x 

4 6» - 44 a6 - 4 a 2 
8 a 2 4- 18 aft - 92 6 2 
-2 a 2 -6 c 2 +2 a6+0 ac-2 6c 

33. 56J 

34. 42J ; 90J ; 160J 

EXERCISE 7 

6. a 4 — a*y + afy 2 — ay* + y 4 

7. 2x-y 

8. 4 x 2 + 2 xy + y 2 

9. 16x 4 +8x 8 y+4x 2 y 2 +2xy 8 +y* 
10. x 2 -2xy + 4y 2 



11. a — 2x — 2y 

12. 4 x 2 + 8 xy + 4 y 2 + 2 a 2 * + 2 a 2 y + a 4 

13. 6 4 -6 2 y 8 + y« 

14. 9 x 2 + 6 ax + 6 6x + 4 a 2 + 8 a6 + 4 6 2 

15. a 4 -2a 2 x 8 +4x« 



1. x(x 2 -8xy + 9y 2 ) 

2. x(x-3y) 2 

3. x(x± 3y) 

4. x 8 (x+l) 2 

5. x(x ± 1) 

6. a 2 »(4 a n - 8 + a 2 ") 

7. (3a + J6) 2 



EXERCISE 8 

* 

8. (|x±4y) 

9. 7(a-6)(a-6 + 2) 

10. (3x-2y)(9x 2 -12xy+4y»+8) 

11. (.3x-.2y) 2 

12. x(i x ± J) 

13. (x-3y±J) 

14. (» + y + *0 2 



15. 5(a + 6)(x-y)(l + 2a + 2 6) 



16. Jp(x 2 -2y 2 ) 

17. (9y-x)(7x-3y) 

18. 15(a±2) 

19. (x-y)(6x-6y-l) 

20. (x + y-a)* 



21. 



23. 
24. 



(.02x±.ly) 

(i* + *y) 2 

(x — y)(a - 6 + c) 

(4 a + 4 6 - 3)(3 - 2 a - 2 6) 

(x - 2 y 2 ) 2 



ANSWERS V 

26. 4(2 b -a) 2 

27. a(a*+l)(a* + l)(x2 + l)( x + l)(x-l) 

28. (x«-3) 2 29. (5x-3y)(3y-x) 

30. 1950 82. 3900 34. 1408 

31. 121,600 33. 103,500 35. 780.5 

EXERCISE 9 

1. a(a-l)(a-3) 4. x 2 (x ± l)(x 2 - 12) 

2. (2x-l)(x-2) 5. (a^ + ^-aV + y 8 ) 

3. (2x-8)(4x 2 +6x + 9) 6. x 2 (3x - 2)(x - 3) 

7. (y-«)(y-&) 

8. (a - x)(a 2 + ax + x 2 ) (a 6 + a 8 x 8 + x 6 ) 

9. (6a + l)(3a-2) 10. (y-a)(y-&) 

11. (a + b + x+ y)(a 2 + 2 a& + 6 2 - ax — ay — 6x - 6y+ x 2 + 2 xy +y 2 ) 

12. (2 a 2n — 3 6 8n ) (4 a 4n + 6 a 2 ^ 8 " + 9 6 6 ») 

13. (x + y-2)(x + y-4) ie. x(2x- l)(4x 2 + 2x + 1) 

14. (2a-.3)(a+ .2) 17. x(2x + 5y)(x- 2y) 

15. (3x-2)(x + 2) 18. (a 2 + 3x 8 )(a*-3a 2 x 8 + 9x«) 

19. (x-p)(x-g) 

20. (a - 2x)(a* + 2a*x + 4a 2 x 2 + 8 ax 8 + 16x*) 

21. (4a + 36)(3a-46) 

22. (2a 2 + 3x + 3y)(4a* - 6a 2 *- Qa*y + Ox 2 + 18 xy + 9y 2 ) 

23. (l+Jx)(l-}x + ix 2 ) 27. (a 8 + l)(a*+l)(a 2 +l)(a±l) 

24. (3a±2)(a±l) 28. x*(x + 3y) 2 

25. (8 + a 2 )(9-3a 2 + a') 29. (1 -x)(l + x + x 2 + x 8 + x*) 

26. (x-a6)(x-8a6) 30. (x + 3a + 36)(x-Sa - 36) 

31. (8a-8&-2x)(a-& + 3x) 

32. (.2x-$y)(Mx* + &xy + ly*) 

EXERCISE 10 

1. (p-q)(x + y) 6. (4a 2 + y 2 ±ay) 

2. (x— p±q) 7. (x+a-6)(x — a + 6) 

3. (x 2 ± px + p 2 ) 8. (x - a)(x + a + b) 

4. (a-6)(a + y) 9. (2x 2 ±2x + l) 

5. (a-6+y)(a + 6-y) 10. (2x 2 -l±3y) 



VI 
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11. (a + & + x + y)(a + 6-x-y) 
- 2 b - 1) 



12. (a-&)(2a-2&-l) 19. (l±a + 2a 2 ) 

13. 2(x-l+2x 2 )(x-l-2x 3 ) SO. 3(a + 2)(a-l) 2 
U. (a 2 ±ay + y 2 ) 11. (fc'i^ + l) 

15. 8(x - 2) (2 x - 3) 

16. (a-dHl-a 2 -^-^) 

17. (a+l)(a-8)(a + 2) 

18. (8a 2 ±4a + l) 



24. 



1. Yes. 



a. 

3. 
4. 
5. 
6. 



0> 4 ± . 

(a-6)(a + 6+l) 
(2x + 3y + l)(2x-8y-l) 
(2x-3y)(2x + 3y + 2) 
(x*-8) 2 26. 2(a+6) 2 (2a-ft) 

EXSRCISS 11 

7. (x-l)(x-2)(x-3) 

a (x-l)(x-2)(x-8)(x-4) 

9. (x+l)(x + 2)(x + 3)(x+5) 

10. (x-2)(x-3)(x-4)(x-6) 

11. (x-l)(x-2)(2x + 3) 



Yes. Yes. 



No. Yes. 

No. No. Yes. 

(x + S)(x-8) 

x(x - l)(x + 2) 

(x-l)(x-2)(x + 3) 12. (x + l)(x-2)(Sx-4) 

13. (x+2)(x-3)(3x+2) 

14. ( a _6)(a 2 -a-6) 

«. (y-5)(y + 6)(y 2 -y+8) 



EXSRCISS 12 

6. x(3y- 4x)(2y + x) 

7. (6 2 ± bx + x 2 ) 

8. (a + 6)(y-x) 

9. x(x* + l)(x 2 + l)(x±l) 
10. (a 4 + x 4 ) (a 8 - a*x* + x 8 ) 

a ± x)(a 2 ± ax + x 2 )(a* - a^ 2 + x*)(a 2 + s 2 ) 

x-l)(x + 4)(x-3) 

x(a - 1) (a 2 + a + lXa 6 + a 8 + 1) 

x-l)(4x 2 -llx + 4) 15. (9 + x)(8-x) 

2 x 2 - a - 6) (4 x* + 2 ax 2 + 2 6x 2 + a 2 + 2 ab + ft 2 ) 

a + &-S)(a + 6- 1) 

a + 2)(a 8 - 2 a 6 + 4a 4 - 8a 8 + 16a 2 - 32 a + 64) 

x — 6 +, a) (x — 6 — a) 

2a-26 + 3x 2 +6xy + 3y 2 )(2a - 2 6 - 3x 2 - 6xy - 3y«) 



1. x(x-2)(x-3) 

2. x(x + 2a)(x-2a) 

3. 2x(x-2a) 2 

4. x(x±l)(x 2 ±x + 1) 

5. (s2 + l-y)(x 2 -l + y) 
11. 
12. 
13. 
14. 
16. 
17. 
18. 
19. 
20. 



ANSWERS VH 

ai. (i+j«(i+^)(i +*■)(! +p)(i-p) 

(2 6 2 + l)(6-2 6) 87. (x 8 + 5)(x + 2)(x-2) 

(x-y)(x + y-*) 28. ( a a + l)(a-l) 

24 (a + l)(a a + a + l) 29. (x-l)(^ + a;-8) 

(l±4x + x a ) 80. (3 + x)(a±8) 

x 2 (7* + 6)(3x-6) SI. 9x*y 2 (x-y) 2 

82. (2a+2&-x+y)(4a 2 + 8a& + 4 6 2 + 2ax + 2&x-2ay-2&y 

+ x 2 -2xy + y 2 ) 

88. (a* + 6a 2 ft 2 + 6*) (a + 6) 2 (a - 6) 2 

84. (a + 6)(x-y)(a + & + x-y) 

85. (a + & + 2x-2y) 2 

86. (x + 86)(x-8&-6a) 

87. (x-l)(x-4)(x + l)(x-6) 

88. 27 (x + y)»(x - y)« 

89. (a-&) 2 (a 2 + 2a& + 6 2 + 2a+8) 

40. Q) + 2 + 2a-n)(p+2-2a + n ) 

41. (a-2)(2a+l)(a + 6) 46. (a±l)(b±l) 

42. (a 2 +4)(a±2) 2 47. (x 2 -a 2 -6 2 ) 2 

43. (x + l)(x-2)(x + 3) 48. (x» - y>) (x 2 » + x»y» + 

44. (5a 2 ±6a& + 7 6 2 ) 49. (x'-y 2 ") 2 

45. (x±l)(x-2)(x + 3) 50. (a + b - c) 2 

51. (a + ftX^ + ^+l) 

52. (a - x)(8a 2 - 6 ax + 3x 2 + l) 

53. (x + l)(x*-x« + x 2 -x + l)(x 10 -x* + l) 

54. 20 x 931 
x(x - 2 a)(x* + 2 ax« + 4o 2 x 2 + 8a*x + 16 a*) 
x 2 (7x + 3y)(3x-7y) 57. (a + 2 6)(a - 26) 2 



EXERCISE IS 

1. Sxy; 86 xV 8. 6a6c; 80 a 8 6 2 c 2 

2. 4a a 6 2 ; 168a 8 6*c 4. a-3; a 2 (a ± 3) 

5. 3(x - y) ; 18(x ± y)(x 2 + xy + y 2 ) 

6. 6(x-l); 72(x+l)(x-i) 2 

7. a-1 ; 12(a+l)(a-l) 2 

$. 8x(x-l); 18x 2 (x+l)(x-l) 2 



VU1 DURELL'S ALGEBRA : BOOK TWO 

9. a; x 2 (x± l)(x + 2)(x 2 + 1) 

10. 1+x; (l-a;)(l + x)2(i -a + a*) 

11. 3 a;; 45 abx 2 y(x - y) 2 (x + y) 2 

12. x 2 y 2 (x-y) 8 ; a^x - y)* 

13. 9 x 2 (x - y) 2 ; 108 x 8 (x + y) 2 (a: - y) 8 

14. a — 6 ; (a — b)(x ± y) 

15. (a - by ; (a - 6) 2 (x ± y) 

16. 6 x(a - x) ; 26 x 2 (a + x) (a - x) 2 

EXERCISE 14 

1. } 4 8y 6 2 (a-6) g a + 3 

f 3ay 4 » ' 6(a+6) ' 2(a-l) 

4x 2 5 y 7 x + 2 9 3x-2 

Saxfy 2-3xy x-2 x+1 
9 

a 2 + 4 a + 16 14 4 + x lft x — g 

a-t-4 3 — x a— r 

JL 15 P 2 + 3p + 9 20. 6} 

3x p — 3 k 

a + b — c lfi 2 + x + y a; 

a — 6 — c 2 — x + y 



3. 
10. 
11. 
12. 



13 . l^zA 17 . ?^x 

2a + b x-4 

. 4a-2 + ^»- 27. ^ 2 +3xy-2y 2 -l 

2a + l 

23. x-1 x ~ l 28. 

x 2 4- x + 1 

24. a-x + l-*^— ^ 29. 

a + x 

25. ^ 
26 



30. 

3x 2 -2x + 5 <*+* 





X 


+ y 


X* 


+ 1 




x 2 + 


X — 


i 


36 a 


-4 


-9a 2 




4 




a 8 - 


1 





X 



EXERCISE 15 



i. »ni 3. a * b 



10 a + b 

2 -49x 8 + 57x 2 -42 4 a 2 

G3x 8 ' a 2 - 4 











ANSWERS 






a 2 + 5 
(a + l)(a 


a 4- 10 
+ 2)(a 


+ 3) 


9. 


j> 2 -21 


5. 


(p + 2)(p-3)(p-4) 


6. 

7. 


V 9 






10. 

11. 


1 


(x + y) 8 



6 6 
1-6 8 


8. 


44-9r 






12. 


y 2 (x + y) 8 


r» + 64 








2 x(x — y) 


13. 
14. 


1 

x — 8y 
x 2 -y 2 

1 




16. 
17. 


a-f 6 — c 
a — 6 + c 

20-7* 
8(1 - x 2 ) 


«• a 2 + 46 2 
18 4a6 

i* x 


IB. 


If ' x*-l 


20. 










25. 


-7 


21. 


I2p(|> + 1) 


22. 


a 






26. 


a — a6 + 6 


23. 


a 


-6 




27. 


x + 1 


(a- 2) (a 


-3)(a 


-5) 


x 2 -x 


24. 


2 a 2 + 3 a 


+ 1 









IX 



8a 



EXERCISE 16 



1. 



1 + 2 x + 4 x 2 6> 2(x + y) n a 

2x x — y 

7. pr + qr-pq 12 . _ 6a 

pr + qr + pg 



2. 


y 

z 


3. 


2a 2 -l 


4. 


a(a + 6 + c) 


c(a+6 + c) 



8. 



13. x 

14. 1 



3a + 3 
9. x-1 

5 2a * 10. H + a * 15. — #^: 

(x + y)(x 2 -f y' 2 ) a(l-a 2 ) * 2 + l 

EXERCISE 17 

1. 5 8. a + 26 14. -* 20. 21 

2. -A 9. b 15. -ft 21. -i 

3. 3 10. 5 16. ^ 

4.1 11. f 17.-^- *• l (P ~ q + r) 

5. 5 ac ' a + 6 

12. % 23.-3 

6. 4 6 18. -} 

7. S 13. 2 ». 24.-6 
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b 28. 9 31. .06 

4 

. 2 82. 392 



26. ] 

27. 3 SO. 5} S3. 38 



EXERCISE 18 
1.-3 6. - 1 9. 7 20. 6, - 3* 

T. -3 10 - -« **• 3,2* 






4.4 ^ i±J "•<> »-!.«• 

5. } c - d 19. 4, - 2* 23. 6, - 2* 

EXERCISE 20 
* - h J 1*. 18, 18 26. c + d, d 

8 - 8 » - 2 16. 3, 4 27. - 3, 2 

4# 1>2 17.11,7 28. i(a + 6), i(a-6) 

18. 2,-1 29. a - 6, a - b 

19. 2,-8 30> p-q p + q 



5. -1,-1 

6. 3,6 

•7. -4,3 

8. -4,3 

9_2-i 21. 7, 6 31. i, i 

10. V» i 22. 9, - 1 



.4,-1 2 2 



__ « "»™ • *■" ^» ■" ** 
11. 3,1 23. a, 6 

1*. - ¥, - ¥ ,4 b'c-bc' a'c-ac' 38 ' °' b 

13. 9, 8 " ab'-a'tf ab'-a'b 34. 6 - 1, a + 1 

14. 12, 6 25. 2 6 - a, 2 a - 6 35. (a - 6) a , (a + 6) a 





EXERCISE 21 


1. i, - 1 


» t.» 


2. 10,8,6 


10. a, -26 


3. A, A 


11. 2 a, a — 6, a + b 


4. 1, 2, - 3 


u 2a 2a 
1+a*' l-a a 


« -i,M 


13. 1,2,3,4 


7. 2,-3 


14. a + 6 — c, a — 6 + c, 6 + c— a 


8. 3,4,7 


15. 2, - 3, 6, 4 



ANSWERS XI 



16. 4, 2, 1 n 1 ? 1 

17. h hi a ' b 

18. 1, J, } 23. 1, - 2, J 

19. -a, a t4. 1, 1 



81 



2p 2q 2r 
a + 6 1 a+c' & + c 



. -!•!•-! 



EXERCISE S3 



1. 11, 12, 13, 14 7. 6 mi. per hr. ; 7 mi. per hr. 

2. $ 6000, $ 12,000, $ 18,000 8. 144 

3. 300, 1600, 4500 9. 42, 54 

4. 6290 10. $ 525, $ 600, $ 160 

5. 400, 1200, 3200 11. $2, $7.50 

6. $56.25 IS. Iron, 2400 lb. ; lead, 2100 lb. 

13. Iron, 5 cu. ft. ; lead, 3 cu. ft. ; aluminum, 5 cu. ft. 

14. 25f, 21 S3. 750 million bu. 

15. 16 26. $1.20, $.82, $.70 

16. 8 27. 151, 61, 4} I 

17. i 28. 1401b. 

18. 25 gal. 29. 301b. 

19. 4* 30. ftg&l 

20. 5, 3, 1 31. Oats, 48 bu. ; corn, 82 bu. 

21. $8, $60. 32. 30 lb. of 181 ; 70 lb. of 281 

22. 12,18 33. 16^ gal. milk; 18JJ gal. cream 

23. 40, 12 34. 1} da. 36. 24 da. 

24. .06 36. 14$ min. 

38. 2 hr. 21]fV min. ; 3 hr. 4^ min. ; 6 hr. 42} min. 

39. 2 : 10 tf 46. 6 boys, $240 

40. 2 : 48^ 47. Gold, 4) lb. ; silver, 37} lb. 

41. 6 : 16^,- ; 6 : 49^ 48. Copper, 164 lb. ; tin, 146 lb. 

42. 23,^ mi. 49. { 60. 48 

43. 4 in., 18 in. 51. 324 

44. $20,000, $20,000 62. 4 mi. per hour 
46. $8000 63. $72 



»4 
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54. 35 dimes, 14 quarters KO 6a — b 4a + b 

7\ » ' 

55. 26 da., 16} da. ^ ^ ^ 

56. 20 oxen, 30 da. P + Q 

60 a " 8 a q + S 

57. } oz., 3} oz., 6 oz. 3 ' ' 3 

EXERCISE S4 

1. J = ^; w = ^ 
to 2 

6 + 6'' A A 

iri' »JJ' iJZ IT' to I 

6. *=-*; ,=-£. " ^ = «^ + 32 

2t 22? tf 

7. C = 2iri? ' C 

irU V 8-B' g-R 

9. v = S;t = $ 
t v 



p+pt pt-f P - K 



f 

15. 7232° 17. F = 320° ; C = 160° 

16. -40° 18. ^ = -12^°; ^=-24^° 

EXERCISE 25 

8. (1) 6 (2) 10 (3) 13 (4) SVlO 

9. 42 10. 28 11. 10, 5, V29 

EXERCISE 27 

1. (1, - 1) S. (2, - 1) 5. (3, 6) 7. (- 2, - 3) 

S. (1,1) 4. (3,-2) 6. (5,2) 8. (-3,0) 

10. (1,6), (4, -2), (-3, -3) 

11. (5,0), (3, 4), (-2, 6), (-1,-6) 



ANSWERS XlU 

EXERCISE 28 

1. 1 : 48 p.m.; 54 mi. 2. 6 p.m.; 106 mi. 

3. At end of 3 hr.; 12 mi. from A. 

4. Cream : milk = 16 : 8 

5. 4:6 6. 2:6 

EXERCISE 29 

1. _9x 2 + x + 7 3. 4a 2 + 6 2 + c 2 -2a6- 2ac- be 

4. (1) (a 2 ±2 ax + 4 x 2 ) (2) g-J)* ' 

(3) (a + 6)(a + 6-3) (4) (a + x + ft + c)(a + x- 6 -c) 

5. 9. -J 13. 12 

6 x 2 + y 2 10 . -4 14. i, -1 

2xy 

7. "• 2 " *• * 

8. 1 + 2 x 12. J -16.-5,-1 
j- eg - 6r or — cp ^ a + 26 a— 26 

ag — 6p' ag — bp 2 2 

18. * 1 *>. 3i, -8,-2 

a + 6+d' a + 6 + d 

EXERCISE 31 

1. A« 4&2 9 - - 0025 17. 81g ** 

2 4_^ 10. .000026 ' 625& 4 -* 

25 ii. .000126 18 ii 

3. V« 2c8 12. .000000125 19. ^ 

4. 9z 2 «y2*- 2 32 a 16 6 10 20. ^ 

5. £fr x 4 "!/ 2 "- 2 * ' 243 11. 12 ; 36 

6. 27x*y* 14. *h« 8 & 13 23 49 (ft* 2 

7. 256 a 4 6 4 15. -128 a 1 * " 9 

8. A^ 4 16 - A* 12 24 « 64 

16. 6° + 6 6 6 x + 15 6 4 x 2 + 20 6 8 x 8 + 16 & 2 x 4 + 6 bx* + x« 

17. 6 - 6 6 6 x + 16 & 4 x 2 - 20 68x 8 + 16 6 2 x 4 - 6 bx* + x* 

18. a 8 + 8 a 7 x + 28 cfix 2 + 56 a 6 x 8 + 70 a*x* + 56 a¥ 

+ 28 aW + 8 ax 7 + x 8 

19. 6 9 - 9 6 8 x + 36 & 7 x 2 - 84 6 6 x 8 + 126 6 5 x* - 126 6 4 x* 

+ 84 6 8 x 6 - 36 & 2 x 7 + 9 &X 8 - x» 



xiv DURELL'S ALGEBRA : BOOK TWO 

80. &* + 10&^ + 40& 8 x a + 80& a x 8 + 80&x* + 32x* 

31. ^a* + fa 4 & + 6a 8 & a + 20a a 6 8 + 40a&M-32& 8 

SI. a 7 -7d 8 + 21a*-35a* + 35a 8 -21a a + 7a-l 

33. p" - 12 p">q + 60 jfy a _ le/Ojfiip + 240 p*g* - 192 jj*g» + 64 g« 

84. ^ + U < J» + ^ < f4 + i44d8 + 4$*cP + 243cP 

35. 81x 8 -108x« + 54x*-12x a + l 

86. 81 a 8 - 216 o«& + 216 o*6 a - 96 a a 6« + 16 6* 

**. ib a" + A « w & + ¥« 9 & 2 + 30 aW + 135 a 8 6* + 243 fc* 

38. 128 a" - 224 a" + 168 a" - 70 a 8 + V cfi - *} a* + A «* - t* t 

39. 6561 - 8748 x + 6103 x 8 - 1701 a* + Jyux*- 4*x* + f} x« 

40. x 6 -8aj 6 + 6x 4 -7x 8 + 6x a -3x + l 

41. l+9x + 24x a + 9x 8 -24x* + 9x 6 -x 8 

41. x 8 + 4x 7 yH-10x 6 y a + 16xV + 19x*y*+ 16xV + 10xy 

+ 4xy 7 + y 8 

48. 8x«-12x» + 42^*-87x 8 4-63x a -27x + 27 

44. x 8 -4x 7 + 2x 8 + 8x*-6x*-8x 8 + 2x a + 4x + l 

46. 158 a*z u + 18 ox" + x* 8 ; 163 a*x u - 18 ox 17 + x 18 



14. 3 

16. -2 

16. 2 

17. f 







EXERCISE 31 


1. 


40X 8 


6. 9 aft 3 


10. 2ox a 


i. 


3xV 


7. 8a a 6 a 


11. 2a*z 


3. 


foxy" 


8. -SflW 


11. fay 8 


4. 

5. 


fa 2 * 

6x»+* 
4 


9. 2a6 a 


13. 2 * 
3 6- 


18. 


9, 49, 64, 121, 


225 


19. 8, 27, 8, 12C 


SO. 


72 


11. 108 


U. 420 






EXERCISE 33 


1. 
2. 


8&« + 26»-5& + l 
2j*-3 6 s + 6 


7 - !« 3 -H 


3. 
4. 


a-6 + 6 
8a 8 + 4a a &- 


4a& a -8& 8 


8. ?- + 3 + «. 
a x 


5. 
6. 


8x»-4x a + x-2 
f x a — xy + 6 y 8 


2 a x 



2376 



ANSWERS 



XV 



10. 



3 8x p 



U . a« + ^-|^ + 



IS. l-2a-2x 9 + ... 
2 8x 



2a» 



14. 532 
16. 96.5 

16. 2836 

17. 70.12 

80. 2.4677+ 

81. 23.382+ in. 
31.177- in. 
25.455+ in. 



l. v& 

s. V& 

8. Sy/b 

4. 2Vo»v^ 

6. &VxVy 

6. 3a 2 \/x* 

7. 5v^ 

8. aV&Vy^ 

9. 6* 

10. x* 

11. 6y* 
18. ax* 

13. *M 

14. 3aV 



18. .8003 

19. 3.1725 

80. 4.1833+ 

81. 2.7688+ 



84. 



.63246+ 
3.0966+ 
.7388- 
.28460+ 



1. o- 2 6- 8 x« 

8. da^xy-S)' 1 



34. 400 yd; 68 ft hr. 
86. 3024 

86. 9.807+ ft. 

87. 74.4+ ft. 

EXERCISE 84 . 



16. 



3xy* 
a&M 

16. 27 

17. 82 

18. 27 

19. 9 
SO. 125 
SI 8 

9 

-8 
84. 25 

86. a 

28. a 3 
89. 6 6^ 

EXERCISE 36 

3. 3" 1 x 7 ax* 

4. 20x~M 



S7 
88 

89 

8.988+ in. 
397.8+ mi. 
41. 13.88+ in. 



3.0006+ 
18.285+ 
2.1010+ 
2.8892+ 



80. ay* 

81. 9 a' 



a° 

88. a* 
84. 8 



.5* 

87. 27 

88. y 7 " 

39. x*» 

40. x*» 

41. a 5 ^ 

&2+«» 

4ax* 



48 
48 



6&» 

44. ^ 



5. * 
6» 



XVI 



DURELL'S ALGEBRA : BOOK TWO 



6. 



7. 



a* 



2«i 



8. 



9. 



3x 



13. 32 

14. 8 
IB. 4 
16. 8 

50. Each = l 

51. 8, 6, 3, 1, 3, 7 
39. 'Latter 

6a 



4o*&V 

3 

(x - y)* 



19. W 

20. -} 



21. 



20 



40 



1 



x 

xy 
42. 4 a 



41. 



i. A 



2. 


x~* 


• 3. 


1 


4. 


8 


6. 


8 a* 


6. 


b 
81 


7. 


22a or 4 a 


8. 


2o*-6> 


9. 


s^ST 8 


10. 


2 a" 1 */ - *^ 


11. 


1 


12. 


1 


13. 


-6 
27 a 6 


14. 


X* 



83. 

-2x* 
a* 

46. z*» 

7 6 10 



24. 

1, 1, 1, 1, 27, 4 
2 



43 
44 



47. Z- 



a 9 * 

2 



48. 



46 



3 a 1 



49. p 



9H 

8 

5-2n 

2n 



10. I + i 
•aft 

12. sV 

26. 3 x 10-» 

26. 10-» 

28. 10-« 

29. 16 x 10-« 
34. i 

38. fl; 6}/*; 12^ 
W. (J)"* 

61. -1} 

62. V* 



16. 



EXERCISE 36 



7y* 

16. a»* 

2 rr* 

17. — 

18. oT^ 

19. 6> 



12 



20. 



21. 



a 



9 a 



4 a* 
x * 

l 

y* 



26. a" ,+ w- 8 ' 

26. x$ 

28. JC 8 P9~fl t -2j>+« 

29. -2f 

30. aW 

32. x a, + a *- a » 
a^c 2 



33. 



34 



bd 
xi 



a*V 



^1 



ANSWERS * XV11 



36. 3 x~ 2 , 3 x~*, J x~* 3 x~*, 4 flpfy 4 o~* 
38. 4 43. 1 46. 81 

89 9 44. -L «. A 

40. t $/2 



42. -82 (-»)* * 9 - A 

EXERCISE 37 

n n 

1. 4x 2 - 3x + 3 - x~ l + 5a- 2 ; - a~» + a" 2 - 1 + 02 + a» 

2. 6x-13x*+12xi-x*-12 

3. 9 a" 4 -16 a" 3 4- 12 a~ 2 -4 o-i 

4. 12 a 2 - 17 o*6* - 10 a V + 12 6 2 

6. 9x*-27x^ + 32-16*ri 17. a + a¥-6 

6. x-* + x-y* + y* rt 1 

7. xV f +3 + 4x *y» 111 

8. 9x« + 15x-6x-i-8x-* 19 **-2xfy* 

9. 2x-i + 3 + x + 6x 2 20 3 ^-i + 2a; -l 



21. 4x^+3o*-2ox"^ 



10. 27 o 2 - 30 ay 1 + 3 jr 2 

11. 3o*-2o*+l 

12. x" 2 + x-iy + 2/ 2 **. 6*-3 + 2&" 

13. o^ + o'^ + fc 23. \cfc-\a$+\ah 

14. aJ-aV^+lf 1 24. 3x" 2 -3xV+y 

16. o~* + 2o* ,1 

4 rt-i-511 



i _i -i 26. o* - 2 a& * + ir 

16. x* + 4x * + 4x^ 2 

EXERCISE 38 

1. -2Jf, 13J 5 - 6o 2 + 2x*-3o" 2 x 

2. First, 32 times 6. x» 2 -*» 

3. Latter, 2 27 times 7. x°* 

8. 1 10. 8 — , . -4 1 J 

12. x- 1 + x fy* — jr 

9. x -* ii. JL „ « 

hi 13. %* + x*y 2 + y~ n 



XV1U DURELL'S ALGEBRA : BOOK TWO 

17. (ar»±f*) 
w flW+1 18. (x*-3)(x*-2) 

18. (x^-y^ + xV + y*) 

18. a* + aM + a& + ah* + a*&» + 6* 
81. 8f , i 18. 2», 2», 27«+i SO. 2» , -» 

81. x«-12x* + 48x~*-64x~* 

81. x*-8x^ + 24x*-82x* + 16x* 88. 27}aec. 

84. 66} lb. of 18* coffee ; 83} lb. of 30* coffee 

EXERCISE 40 

1. 2ay/2axy 2 8 . --y/2&b 14 « l%ax*VZ& 

1. 4a 2 yVx 4 4 18. a&Vcfi 

8. 2a^^ 9 ' 2 ** 8 ^ 6 * a i«, (2x + l)VjT 

4. SabfVQi 10 a% *"fiL. 17. (a + 6)\/a^ 

8. 2«6c*V^ " 2 *>J« W^ 

7. iaby/a 1S *"^" 2 » *^ 

10. 6 i 2q -^ V2^TB 13. -^Va" 

7(x-y) 6a 

11. 2V16 14. }v^154 

M . ?«V6S 18. ^V2ai 

x 4x 

26. i^6 19. }^6 $1 JLVQ^y* 
17. &Vmtf 80. J-^36^ 2 * 

7a 1+x 

(a + 6)- 1 

84. «±|^( a + &)a(a-d) 86 ^^oF 

a ~-0 lr 

87 - , q + iL *^(« + *0 8 ( q - & ) w " 1 «•• 10.3028+; 18.8664+ 

(a — 6) a 



ANSWERS 



XIX 



1. 

s. 

3. 
4. 

5. 
6. 

15. 

17. 

IS. 
19. 

SO. 

SI. 



V76 

\/576 

\Vl875 

*G 

Vx*(x a - a 3 ) 
v^aPx 8 " 



V2 6a a 



V9 a 3 6 8 
VWaW 

14. v^ 5 ? 
V2(a - 6) 



1. 

S. 

3. 

4. 
5. 

6. 
7. 

& 
9. 

11. 

17. 



EXERCISE 41 

7. Vf 

10. y/21 x\a - 6) 



IS. \^ 
13. # 



v 7 * a\x - 



17 

*ax 

88. vTB, vT26 
19. ^3126, W 

30. Va~\ v'x* 

si. W, *» t M 

31. Wi, W8.W7 
33. v'a* \/a», v'a* 



14. V(x a - a 2 ) 8 
16. \/(8a-6&)(a-&) 

34. V5 37. iv^2 

35. VI 38. 2 V 7 } 

36. 2V2 39. iV\ 

40. v^, v 7 !, V3 

41. ^80, V2, v 7 !! 
4S. ^, r } , v 7 } 
43. i>/6, 3, 2V3 



30. 



16V3-18V2 

4^6 

-lOav^x 

19x\/2 


5&Vx 


8.48626+ 

JV2 

16,82,729, -27V3, i 

14-4V6 

15 V3 - 26 

100^ - 35 V6 



EXERCISE 43 

IS. v^SOO 
IS. y/12 

14. y/U 

15. &a 2 Vb-Sb*Va 

16. 3\/2 

17. 54 + 16 V6 

18. 58VI0-67 

19. 4 



SO -^ 

■* 2 



SI. 533 
SS. A^6 

S3. 2v^ 

14. -Vac 
c 



, 2v / 5-fv / 6-}V7 



31. 109x^-89^8 

SI 2x-2\/x 2 -y a 

33. 6-2v / 6 + 2V3-2\/2 
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EXERCISE 44 



i. ta 

21 

«, 6V2ls 

a. 

6x 
3. 4^16 



7. 



8. 



fcv^9-7#45 
12 

76-22VI0 
13 



Vg2 - fr» 

«. ■ 

a — 6 

« Va* — aft — Va& - 6 s 
5 * ^~b ' 

11. V3+V2 



10. 



11 + s_6Vs + 2 
7 -x 

x+5-2V3s + 6 
1-s 

a a- t -Vg4_ft4 



12. 



13. 



4(435 + 74\/l5 - 106V5 - 120V3) 



049 



y/db + ft* — Vab 



14. 



a +v/a a -&* 



15. 


3V6 


19. .8944+ 


22. .7888+ 


16. 


2 


20. .9449+ 

21. .6666+ 

EXERCISE 45 


23. .18035 

24. .4081+ 


1. 


2V2-3 


9. 2Vl6-3\/3" 


17. 2-V3 


2. 


V3 + 2V6 


10. iV2 + jV6 


18. 3-V2 


3. 
4. 
5. 
6. 


3V3-2V2 

V6-V3 
V14 + 2V? 
3V5 - 2\/7 


11. |V3-|V6 

12. J+V3 

13. 2-JV3 

14. Vm + n + Vm - 


19. 1 + jVd 

20. 1+V2 

21. V7-V2 

22. 3 + 2V3 

n 23. 3V2 -VS 


7. 


2\/6+V6 


15. a + 3Va*-f 1 


24. 2V3-V6 


8. 


3V6-4v/2 


16. V3-1 

EXERCISE 46 


25. 2+V8 


1. 


ov^nr 


3. 8V-2 


5. aV-1-6 


2. 


6V-S 


4. 6 


6. -(a+3 6)V^TI 



ANSWERS xxi 

6. -V2 12. 28 VQ 16. 3 + V2 

9. 10 IS. -lOVlO 17. -6-6Va 

10. 7\/^l 14. (y-a)V^l 18 - 24 

11. -6V6 15. a(a-l)2V^l 

19. 18V r ^T-2V^6 + 9v^-2V3 

20. -2-2V3 35. 1-V^T 

21. 3\/^l+V^6-V6-2 36 a2-6a + 2a6VZri 

22. x*-4x + 7 a 2 + &* 

23. ft8-a 8 87 24 + 7VJ0 

24. s 2 -2a; + 2 2 

25. x*-x + l 88 1:fc8vr=rl 

26. -1 6 
V^3 n 6-4V^T 



27. V-3 39. 

28. V6 
29 



13 



-SV5 40. ^ + a 3 4 V - 14 



30. -4aV^T 

31. -V8 + 2V6 + 6v^~10 

32. -1 + 2V6-a 2 V^~3 

3+VTI 43 2V8 + 3V-2 



41. 3-V-6 

42. i/S-y/^ 



33. 



34. 



n 44. 2V^*6-3V^2 

l_4v / ^3 45. 4-3V^T 



7 46. 5x^7+ 4>/2 

47. (a±i&); (a 2 *** 2 ); (x±v^2); (ax±t&); (acdbO ; (**+*)(**- 

48. sc>2; x>V2 

49. >/^T; 1; -1; V^l ; V^T; V^Hf; -1 

50. 5*. 7i-l 56. 2-2\/^"T 

51. 4-6i 64. 6V^1 57. jV^l + 4; 

52. 3 55. \/31-U {V^l-J 
58. V^l, -1, -V31, l 

EXERCISE 47 

10 5. 8\A375 8^25 

2. ^vCT2-5V2 6 . _ 6> /g * 16 

3. }y/2-jV ^2 7> Vli 10. - T VV^2 

4. (Sat+Wy/att? 8. 23 



XXil DURELL'S ALGEBRA : BOOK TWO 

11. « + H 2V5& jj 5(Va-V6) 

a — 6 a — b 

18 8\/2 + 2 + V6 + 2V3 M 1 +v^2 + V3s 

2 * 2 

15. W 19. V^6+V^ «*• 5 



X s 



SO. 5 + 2V2 15 «*-y-i 





«. y 11. 16v^I-12 

17. 5V2 M - 9 „ 15-5^5 

18. llffi * « ^ 4 
8a* + 2a5+3 6» v _ S1 K V;TO-fVV^) 

. V2;^;s*y St. «* + ** , 

SO. -I + IOV^T ** + ** + ** 



I. 5,6 

EXERCISE 49 

1. ±4 4. ±2V2 ? ± 26 9. ±V^T 14. 50 ft., 200 ft. 
S. ±1 5. ±JV3 a 10. ±4 15. 100 yd., 400 yd. 

8. ±f 6. ±5V2 8. ±6 11. ± 6 

EXERCISE 50 

1. 3,4 10. 3, I 19. -}±jVn 

*. h * 11. 3,-1 so. 1 ± | v=rg 

3. J, -i IS. 1, -V SI. |±jVl93* 

4. -J, -V 13. 2, 5 SS. -2±V29 

5. .3, .2 14. 4, - i S3. - |, 1» 

6. -.4, -.06 15. 2,-5 14. 1.1400+, -6.1400+ 

7. J, -J 16. 2, 2 26. .9067+, -2.6734- 

8. 2, -3 17. }, I S6. 6 

9. 3,-1 18. 2, - y S7. 8, 9, 10 

EXERCISE 51 
1. 3a, 4a 8. -8a&, 2a6 5 2d _2i 

_&£ ' c ' 8c 



S. 6 c, - 2 c *• 2 l>, 



2 A 6m 3m 

©. — — * — • — 

4a 2a 



ANSWERS XX111 

7. a, -6 u _a 2a 18 j. a& 15 a±b 

S. a, -6 2 & *> « & c 2 

9. -3a,-26 is _£ .1 u a, -^ 16 ' 8ac ± 2a6 

10. j>,-g ' I 1 81 7 it. 2a,a-6 

18. -J2.±J-V^-4ag 19. -\±\VV=U 10. -&,Mi=- c 

2a 2a 2 2 p + 6 

EXERCISE 61 

1. 2, 4 1. 0, 2, 4 3. i, - 4 4. 3, \ 5. 0, 1, - 2, 3 6. 0, ± 2 

7. 3, -}±|v^3 9. 2, - 2, ± 2>/^T, 11. -1, ± 1, ±V=T 

8. 8, - | ± }V^3 10. ± a, ± 2a 11. 2, - \ 

13. 0,1,2, -} 16. 2,4,-3 

14. 2, - 1 ± t Vl6 17. 3, i, i 

15. - 2, - 1, 3 18. 1, 2, 6 

19. 2, - 2, 1 ± V^3, - 1 ± V^~3 

10. 1, _i±jV=3; 3, -J±JV^3 

11. 9, _J±*V=~3 ". 86,-2 M A __JL 
11. 2 a, 5 & 



. 3 a, — 6 a 



<* c P + 1 

c'""^ 17. 6,6 + c 



EXERCISE 53 

1. ±2,i3 3. ±1, ±5 5. 1, 2, -i±jV^3,-l±V^8 

1. ± 1, ± V2 4. ± 1, ± } 6. 2, #2, - 1 ± V^T3 

7. 1, 16* 9. 1, 64 11. 27, - \ 13. 1, W 

8. 16, Jf 10.1,32 11. 4, A* 14. 1, (-})* 

15. 64, \ 16. 14, - 1* 17. 1, - ft, - 1, | 

18. 2, -3, -}±JV13 13. 2,-3, J, -j 

19. i, im **• X > A * 

•Oil 3 ± V- 603 »• -Ai*W* 

'2' 4 16. ±1, ±A^810 

11. 7, -4, 4, -1 17. 1, - 3, - 1 ±V3 

11. 14, -1* 18. 1, -i, 1±V3 

EXERCISE 64 
1. - 1, 34* 3. 7, J* B . i Vl6, - iVl6» 

1. A, A *• -*,8* «. -f.-t 



xxiv DURELL'S ALGEBRA : BOOK TWO 

7. 9, - ¥• 10. fj, 0* is. } V3, - fv'S* 

8. 1« ,A 11. 3, - 6* 14 . 3j j 

9. Va 2 -6 2 , 12. 0, fj* 
- Va* - 6 s * 

SXSRCISE 66 



1. 1,7 




6. - 2 a, 6 a 


8. ± 1, ± f 


2. -1,| 

3. -2,¥ 




~ 35 46 
2' 3 

7. 2, - 3 6 

EXERCISE 67 


9. -8,,V 

10. " , 1 
1-a 1+a 


i b-i 




4. 0,2, -l±V-3 


7. -1,M±W86 


2. 6 a, - 2 a 




«. ± V2, ± 2 


8. 2 a, - 8 6 


3. 6,¥ 
U. 0, ± 1, i 


±V-3 

2 ' 


6. 4, 1 

_l±V-3 
2 


9. 1,^ 10. 5,J 

it « & 

6' a 


13. 4, - J 




16. -*,2» 


17. -2, J, i±jVI6 


14. 0, 2, ± J 




16. - 1, - a 


18. 0,5 


19. 0, - 6, J, 


-¥- 






20. 4, 138^ 

21. a 2 , - 4 a 2 * 


M a + 26 a — 26 
2a- 6 1 2a + 6 


•a o * 6 2 -4a 2 
24. 2 a — 6, =- 


22. 1,W 




EXERCISE 68 




1. 9, 13 




10. 36 in. 


19. 9 in. 


2. 6,7,8 




11. 3 


20. 20 


3. 13 

4. 8 

• * 

6. 11yd., 

7. 8 ft. 


16 yd. 
100 yd. 


12. 3,6 

13. 4 hr., 16 hr. 

14. 6 mi. per hr. 
10 mi. per hr. 

16. 6 mi. per hr. 

16. 82 

17. 13 


21. 10 rd. 

22. 15 ft. 

23. 8 ft., 6 ft. 

24. aV * 

2 


8. 60 yd., 


26. ±J + jVl+4 6 


*, 10 rd, 




19- 2$ 


|6. _ a + V<* 2 -|-& 



ANSWERS 



XXV 



EXERCISE 59 



1 <ir 'IT 



1. 83.22+ ft. 



3. 4.10+ ; B=-~2±\4+- 

4. 1.782+ 

K 7?- ^ij^i ^ 



6. 12.8+ sec. 

7. « =-(v±Vt? 2 + 2fira) 

8. « =- (t>± Vt>* + 2 a? - 2$r/*) 

9. 121ft.; less 

10. 191.26+ ft. 

11. 11.34+ sec. 



1. 



3. 



[hi 



12, i 

* 1-2,1 

{1,1 
' 10, -i 



6. 



±1, ±4 
± 4, T 14 

f±2, ±*VlO 
i±3, ±Jv^I6 



±2, ±tfV6 
± 5, T i V6 



( 

f±4, ±|V3 
1±3, 

f±5, 
1±4, 



±JV3 

±5, i-V3 
±8V3 



EXERCISE 60 

{2,7 
\0,7 

{4,-1 
1-1,1 
J -4, -2 
10,-1 



[2,1 
-1,-1 
2 
3 

4, -A 



•I! 

f4, --A 



EXERCISE 61 



6. 



8. 



9. 



10. 



( ± 5, ± ¥ 
. ± 3, ± f 

J±l, ±W* 

> i, ±*vs 

f±8,±V 
±1, ±18 

|i.-2 

± 3, ± JL 
V91 



±1, ± 



11 
V9l 



11. 



13. 



14. 



10. 



11. 



11. 



3,6 

16,2 

fi. -ft 

12, -| 

1,2 






M {±2, ±7V2 
' \±5, qF6V2 



[-3,7 



f±4, ±7V^2 
±1, T3V^2 



19. 35 



■■ itn 



EXERCISE 61 



1. 



3,2 

2,3 



3. 



" ± 6, T 3 



XXVI 



DURELL'S ALGEBRA: BOOK TWO 



7. 



10. 



11. 



It. 



I J 4 ' 2 
\2,4 

l=Fi, T2 
. JSa, a 
• la, 8a 

ji.i 
U.i 
J4.-8 
1-8,4 

I 
ft 

J4,-2 
1-2,4 

f±i±i 
l±i,±* 



IS. 



14. 



15. 



ie 



±1, ±2 
±2, ±1 



a±b 
a=f & 

2 

5 

-2 



11.* 

i 

(9,4 
- I*, » 

»■ IW 

». J - + ?•-• + 

I a — 6, — a — 









±3 

±3 

±35, ±26 

± 2 6, ± 3 6 

± 1, ± 1 V3 
T8, TJV3 



14. 



( 



b 
b 



se. 



27. 



S3. 



I.* 
1 i 

±2, ±3 
T4, Tl 



( 

fa, -l 

3,9 



! f 8, 1, 2 ± 8V^1 
ll,8,2T 8 v^T 

t (8, -1, 1±V310 
I - 1, 8, 1 =F V^IO 

_ 2a l T 8v^8 
' 2 

. . 6±V=16g 

*' ' 2 

_^ -6±VrT59 

' ' 2 



EXERCISE 



i fl,l±V=2 
l-l,-l± v^2 

( |8, 2, J ± Jv^W 
U, I, i T JV^W 
J- 48, 2 
116,8 

f±2, ±V8 
l±l, 

J±S, ±1 
ITI, T8 



1. 



fl,8,i(»±>/g9)» 
l8,l,l(»Tv^0> 



EXERCISE M 

t 



J 1,-6, - 
t-8,i,- 



4,-1 



ANSWERS 



XXVU 



. f4,l,K5±V^Ti)» 
•' 1 1, 4, }(6T VTli)« 

, J6',-M(»±Vioi)» 

11, -6,l(-9±Vl01)« 



- f8, -4, ±2V3 
|-4,3, T2V8 



7. 






4,-6, 



1±V97 



±V2, ±1 
T8V2, Tl 



9, - 1, 4 ±ViO,- 2,-8,^«±^ 
1,-9,-4^:^10,8,2,^^ 



2 



10. 



[8,0, TV6 
1-2,1,- 



11. {26,4, 
I 4, 25, 



2±Va 

43±30V2 
48=F30\/2 



„ f±4, ±VS 

14 J3,2,i(6±V78) 

V78) 



1. 



{ 3, 2, 4(6 ± 
1 1, i i(6 T 

{8,-4 
\2,-4 

I*, I 



10,2 



IB. 



| 2,-1 
1-1.2 
6, 4, 8 ± 2VlI* 

8=F2vTI* 



16. I 6 ' 4 ' 
U,6, 

17 I± 2 '± U 
\±11,±2 



13, f 



19. 



a 
2 
6 
2 



EXERCISE 66 



m: 



1 2, 2, t, 

1 2, 6, 2, 



2 
2 



f 2, -6,2,6 
{l,-3,-l,- 

f-1,0 

10,1 



3 



j(2±V8),0 
2 ± V8, ± V^l 



EXERCISE 66 






-3 
2 

-2 
6 



± 1, =F A V50 
±*V80 



(±1, 
I ±2, 

J 10, V* 
li,-4* 



xxviii 



DURELL'S ALGEBRA : BOOK TWO 



5. 

6. 
7. 



9. 



10. 
11. 

is 

13. 
14. 
IS. 
16. 
17. 
18. 
19. 
20. 
21. 



2, 1, 1(8 ± V- 66) 
1, 2, 1(8 =F V- 66) 


1, 1, 6, 1 
*, 4, 2, 2 


1,8 
-8,-1 


6,2 


3,6 


a 
2 


ft 
2 


6, V*. V*. 10» 
4, f», V •, 6» 


1,-3 


-3,-7 


3,2 


1,1 


1.1 


6,1 
-2,-1 


l,*.l(7±Vl») 
3, J, 1(7 T.V19) 


4,2 


3,6 


4,3 


3,4 


2, i, 6, - J 
3, 1, -10,-f 


1.1 
-1.-1 


2, 3, 8, 2 


1,-2,0,0 


27,1 


1,27 



M. 



«7. 



29. 
30. 
31. 



33. 
34. 
36. 

36. 

37. 

38. 
39. 



-6,-1, 1(7 ± V-23) 
-2,-6, 1(6 T V- 23) 

-1.1 
-1.2 

9,1 
1,0 

1. -A 
«V. -1 

-1.-2 
1.1 

4, 3, 6, 2 
f, 2, 1, 8 



±2, ±1, ±2\/^l, ±V-1 
±1, ±2, TV^l, T2V=1 

3, - 2, 1, - 3 
2, - 3, 3, - 1 

1.1 
1,1 

h -7 
l.i 



i. ±v^i 
H.o 

2,0, ±V2_ 
2,0,2tV2 

±4, ±J . 
±1, ±¥ 

0, ±j 
±3, ±! 

{1.-1 
ll. -2 



( 



3, - 2, J*, 
- 2, 3, |*, 

± f. ± fc ± « 
± 1, ± 2, ± 3 



* 
* 



ANSWERS 



XXIX 



1. 8, 3 

2. 7,4 

3. 6,11 

4. 9,3 

5. 8,2 

6. 3, 1 

7. 16, 12 

8. 30 rd., 25 rd. 

9. 26 yd., 9 yd. 
10. 48 rd., 20 rd. 



EXERCISE 67 
11. 960 cu. in. 

1*. h i 

13. 24, 15 

14. 10 da. 

[36 mi. per hr. 

15. _ . . 

[ 45 mi. per hr. 

16. 9 in., 12 in. 

17. 36 



»•{ 



18. 



5 mi. per hr. 
1 mi. per hr. 



6 mi. per hr. 
2 mi. per hr. 

20. 12, 9 

U. 26 yd., 12 yd. 

22. 220 ft. 

23. 80 rd., 60 rd. 

24. A 

25. 17, 5 

. 28 da., 21 da. 



"• i(- *W=) 



28. i(Vq 2 + 4p ± Vq*- 4p) 



EXERCISE 69 

In this exercise the results are given as points of intersection. 

1. (0, 0), (9, 9) 4. (2, 2), (8, - 4) 7. (- 4, - 3), (4, 8) 

2. (0, 0), (1, 3) 5. (0, 5), (3, - 4) 8. (4, 1), (1, 4) 

3. (0, 0), (9, - 9) 6. (- 4, - 3), (3, 4) 9. (4, - 1), (- 1, 4) 



10. (-3,1), (1,-3) 

11. (1,-1), (-1,1) 

12. (±4, =F3), (T3, ±4) 

13. (3,4), (-4,-3) 



15. (0, 0), (4, 2) 

16. (2V3, ±2), (-2V3, ±2) 

17. (0, ± V6) 

18. (J, - f) 

19. (3, -3), (6,0) 



14. (2, 1), (_ 2, 1) 

20. (-2, -5), (-6,-1) 

21. (1) Results are imaginary. 

(2) (3,0), (-3,0) _ 

(3) (±&V65, ±AV91) 

22. (1, 2), (2.1+, - 1.6+), (- .7+, 2.4+), (-2.3+, - 2.7+) 







EXERCISE 70 


1. ±2 




6. 0, ± 1.4+ 


2. 4,-1 




7. - 1, 1.61+, 


3. i, -f 




8. 0, 3, - 2 


4. 3 




9. 2, ± 1.4+ 


5. 3.73+, 


.26+ 


. 10. ± 1, ± 4 



-.61+ 



XXX DURELL'S ALGEBRA : BOOK TWO 

EXERCISE 71 

1. Real; uneq. 6. Real; uneq. 11. Equal 

S. Real; nneq. 7. Real; eq. It. Imag. 

S. Real ; eq. 8. Equal. IS. (1) Real ; nneq. 

4. Imag. 9. Real; uneq. (2) Equal. 

5. Real ; uneq. 10. Real ; uneq. (3) Imag. 

15. Imag. 18. ±10 II. 3, - 4 

16. J 19. ± # it. - 3, - J 

17. v to. - 2 is. - 1, y 

15. Greater than } ; leas than } 

> V» < V » none, all (except m =s — 
>. (1)0 (2)10 (3)- 16 



EXERCISE 73 

1. Sum =-3 5. J, -J 8. -A» -A 

Product =6 a _x a * 

I. 1, 7 6. 1, \ f • — ' T 

3. 6,-10 10 - - l-3c 

4. 3, -| 7. |, J a' 2a 

11. x a -6x + 6=0 16. * 9 -4x + 6 = 

12. x a -x-6 = 17. x»-3«a + «-3 = 

13. a;* + 6 x + 6 = 18. — # 

14. x a -6.04x+ .2 = A . — - 

2— V— 2 

15. x* + Jx + i = *•• g 

16. x a -fx-l=0 Wt 8x a„i 0a; -8 = 



(x-4)(3x + 2) 



17. X s + .12 x - .016 = 

18. x 3 -(a&-a)x-a a & = 

19. ate a -(a a -6 a )x-a& = M ( aj + 1 ±^> 

10. x a -2x-l = $4. (x-ii^) 

11. x a + 6x + 6 = * 2 
11. 2x 3 -4x+l = M - (x-3±\^6) 

13. 2 x 3 — 2 x + 1 = 

14. 2x 3 + 4x + 8=0 
4x a + a 3 + 4<*6 = 4ax 37. -8(x- J± JV^8) 



86. 26 (x- ?^5) 



ANSWERS xxxi 



i, -2, W. V. H. Itf, -A, tt, -#« 



a a a* ' » a* a* o\ «» /' 

-pv^ZTi; -j^-Sg); -*; --Vp*-4g; l^ 4 ? 

g g (T 

41. a^ + {x + ^ = 0. 3a_.i#x + ^=0 
48. p =— 2; roots = 17, 







EXERCISE 


74 






1. 


16:5 


8. 


8a*:l 




11. 


3:2; 5:3 


a. 


7:2 


7. 


9:1 




13. 


a: 1 ; 6:1 


8. 


7:3 


8. 


14:11 




13. 


3:7; g :p 


4. 


-1:1 


9. 


4:3 




14. 


19:40 


5. 


z:200,000 


10. 


-11:7 








18. 


First two, commensurable ; last, incommensurable 


16. 
17. 


89,550 
2862.5 lb. 


88. 


(a - ft) 8 
a + 6 




36. 
37. 


3,-1 
5 a, —4a 


19. 


c(b - a) 
6(6 + c) 


89. 


(» + 1)« 
x-1 




38. 

39. 


8 
7 


ao. 

aa. 
as. 

84. 

as. 


c(a — b) 
b(b + c) 

± 12 oay 

±.02 

±(a+6)»(a-6) 

±Ja;(x-8) 


80. 
81. 

88. 

88. 


.027 

6-1 
b(b + 1) 

<a-6)« 
a + 6 

2 


• 


40. 
41. 

48. 
48. 




3 

54,36 

5ac 5 ad 
Sa"-2c' 3a"-2c 

ad bd 
6 — a' 6 — a 


86. 


±|VS 


84. 


i, -¥ 




44. 


30 


87. 


V 


35. 


±i 




46. 

46. 


7J ft. 

5 ft. 2} in. 


48. 


(1) $9600,96000 49. 

(2) $7200, 14800, 98600 


a:6 = 
6:c = 


= 4:5 
= 5:6 




SO. 


1260 cu. ft., 4740 cu. ft. 










SI. 


45 88. 6400 


88. 


16 




64. 26% 



] 

1 
1 

xxxii DURELL'S ALGEBRA : BOOK TWO 




EXERCISE 75 




1. 0, 6, - 4 


6. 2±*V6 


19. 4, 1 


*. 0, -7, -^ 


7. 9, - 12* 


20. a% dP 

21. 


8. -P,P~Q 


8. 3p2 


25. 64,000 


4. ±3,-2 


17. 6, 18 


26. 2T 


.Jfc 64 


18. 34, 18 
EXERCISE 76 


P 


1. ao ; 


0. oo 


18. oo 


,. JL = ;U. 


10. oo 

11. 00 


19. i 

1 


— 1 


20. (1) — V-4ac 


- A 2 




2a 


3. ^ = 0; - = oo 
2 


12. 0,oo 


(2)0 


4. 4 


13. 

14. oo 


(3)* 


5. 12 


21. (1) _- !-V-4ac 
w 2a 


6. 6 


15. 2,-ao 


7> 


7. i 


16. 


(2) -2 

a 


8. 


17. oo 
EXERCISE 77 


(3) -oo 


2. 31 


12. 673} 


19. £(5s-4y 


3. - 26, - 81 


13. -166 


2 


4. - ¥» - 13 


14. -77V3 


+ 2 ry — ra) 


a ' 

5. 64, 04} 


15. 5* -30 a 


20. 900 

21. 166 strokes 


6. i,0, 3} 


u 




* » * * 
7. -7.2, -37.8 


16 n(3n-l) 


22. $26,360 


w 7 


2 


23. 579.6 ft.; 


& 88 




j 


9. 164 


17. £(16-8j>) 


3622.5 ft. 


10. -189 


2 


24. 822 ft. 


11. 148| 


18. n(6 - n) 


25. 600 ft. 



EXERCISE 78 

1. a = 4;s = 286 5. a = 6i;d = -2i 9. n = 21;d=-2 

2. a=-6j; s=209 6. a=-J;a* = A 10. w = 18;d = -A 

3. a = 5;d = 4 7. a = 3};d = -J 11. n = 16 ; d = f 
4.a = ll;a* = -3 8. n = 21;d = l 12. a=-4;n = 5 



ANSWERS XXX111 

IS. a = 8;n = 5 19. a = -J;n = 16 17. 8 19. 9 sec. 

14. as7;n = 6 16. 12 18. 4 or 9 

EXERCISE 79 

I. ^-2 4. d = \ 7 a 2 +& a a; 10. 106J yr. 

*. d=i *. -i« " ** b ' *-* "• 13° 

5. d = -A •• * 8 - 3 i ft - 

EXERCISE 80 

1. 6,7 «. 12 

2. 4J, 3 16. -6, -4J-. 

8. -¥,-V ; 
4. 6c-76,4c-66 
Bt n 2 18. 2, 6, 8, 11, 14 

6. 400 »• 134 

_ 7n(n + l) "• 30; 18; 160; 100 

7# 2 21. 819; 70,836 

9. lOadterm 22. 288 ft. 
10. 8, 7J - «S. 14° 

II. 8, -2,-7,-12 84. 18° 

19. 1,8,6,7 25. 0,857,826,212 ft. 

13. 24 days 26. 310, 63, 1336, 398 ft. 

14. 1, 4, 7 ... 27. 948H *t- ; 14,476 ft ; 20 sec. 

SXSRCISE 81 
I. 486 5. A 8 



17 {11,6,1,-4,-9 



21 



2. 192 « = «* « n_1 

8. — JV 6. 82 9.-63 



10. *fr 



* = 33Jf 

4-16 7 JL 

* = 65 " 6 16 11. ~W 
ia . u|| 18. 386,268,760 

18. V(8+V3) l 9 - $1657.69, #3773.37 

14. 21V2+28 90. #2440.74 

15 . 2*-l M- 9,226,406,260+ bu. 

16. 0, 0, .26, .75, 1.26 93, $10,737,418.24, cost pf en- 

17. 2,097,160 tire shoeing 



Xxxii DURELL'S ALGEBRA : BOOK TWO 

EXERCISE 75 



1. 0, 6, - 4 




6. 


2±*V6 


19. 4, 1 


2. 0,-7, - 


V 


7. 


9, - 12* 


20. a% a&» 

21. 


3. -P,P- 


4 


8. 


3JP 2 


25. 54,000 


4. ±3,-2 




17. 


5, 18 


26. 2T 


*. 54 




18. 


34, 18 


P 






EXERCISE 76 




1. oo; 




9. 


CO 


18. oo 


1.-^ = 0; 


1 

- = co 




10. 
11. 


00 

oo 


19. i 


— 1 


20. (1) -±-V-4ac 


• A 2 








2a 


3. - = 0; - 
2 


= 00 


12. 


0, GO 


(2)0 


4. 4 




13. 
14. 




00 


(3)* 


5. 12 


21. (1) * V 4ac 










2a 


6. 5 




15. 


2, -oo 


a 


7. J 




16. 





8. 




17. 


CO 


(3) -oo 






EXERCISE 77 




2. 31 




12. 


578J 


19. Ubx-±y 


3. - 25, - 


81 


13. 


-165 


2 


4. -V. - 


13 


14. 


-77V3 


+ 2 ry — rx) 


9 ' 

5. 54, 94} 

6. J,0, 3f 




15. 


^ -30 a 
a 


20. 900 

21. 156 strokes 


7. - 7.2, - 


-37.8 


16. 


n(3n-l) 
2 


22. $26,350 

23. 579.6 ft.; 


8. 88 










9. 164 




17. 


f(15-«P) 


3622.5 ft. 


10. -189 






24. 322 ft. 


11. 148| 




18. 


w(6 - n) 


25. 600 ft. 



EXERCISE 78 

1. a = 4; 8 = 286 5. a = 6i;a" = -2J 9. n = 21;d=-2 

2. a=-6}; *=209 6. a=-f;d = A 10. n = 18; a*=-A 

3. a = 5;a* = 4 7. a = 3};a* = -J 11. n = 16;d = J 
4.a = ll;d = -3 8. n = 21;a* = l 12. a=-4;n = 5 



ANSWERS xxxm 

13. a =s 8 ; n = 5 1*. a = - J ; n = 16 17. 8 19. 9 sec. 

14. ac7;n = 6 16. 12 18. 4 or 9 

EXERCISE 79 

1. dsr-2 4. d = i 7 a 2 +& 2 a 10. 106Jyr. 

2. d = J * -1H ' 2 « 6 '^-^ il. 13° 

3. d=-A 6. 3 8. 3i ft. 

EXERCISE 80 

1. 6,7 15. 12 

2. 4J, 8 16. -6, -4J... 

3. -V.-V > 17 {11,6,1,-4,-9 

4. 6c-76,4c-66 I - V, - V. V. V. » 

5. n 2 18. 2, 6, 8, 11, 14 

6. 400 !•• 184 

7w (n + l) 20 - 30 » 18 ; 160 ' 10 ° 

7# 2 21. 819; 70,836 

9. 102dterm 22. 288 ft. 

10. 8, 7J .- 23. 14° 

11. 8, -2,-7,-12 24. 18° 

12. 1,8,5,7 25. 0,357,826,212 ft. 

13. 24 days 26. 310, 63, 1336, 398 ft. 

14. 1,4," 7— 27. 948H ft. ; 14,475 ft ; 20 sec. 



1. 486 

2. 192 

3. -* 

* = 33Jf 

4. 16 

s = 55 

13. ^(8+V3) 

14. 21V2+28 

15. 2»-l 

16. 0, 0, .26, .75, 1.25 

17. 2,097,150 



EXERCISE 81 


« = «♦ 


qn-l 


6. 32 


9.-63 


7 ' fcU 


10. *& 

11- ~W 


18. 


386,268,750 


19. 


$1657.69,83773.37 


20. 


$2440.74 


21. 


9,226,406,260+ bu. 


23. $10,737,418.24, cost pi en- 
tile shoeing 



XXXIV 



DURELL'S ALGEBRA : BOOK TWO 



1. 2, 728 

2. 5, - 425 

3. 45, tfft* 

9 



EXERCISE 82 
5.-4 9. 5 



4. f, 



• f 



10. 6 

11. 5 

12. 6 



1. r 

2. r 

3. r 

4. r 



1 

t 

-2 

-4 



9. 






EXERCISE 83 
5. r = -l 

«. ±i 

7. ±5 10. .49 

8. ±42cM* 11. .25 



13. 


6 




14. 


5 




15. 


5 




16. 


6 




12. 


.025 




13. 


7 




14. 


r = 


2 
a* 



15. r = 



-© 



EXERCISE 84 



1. 3 

* t 

9. J(8V2 + 4) 


3. 

4. 


-V * w 

10. i( 3 V^H-2v / 8) 


11. 


*- ft 

8. 6(2 +V2) 

a 


13. A 


16. 


3JH ». lib 




22. 2 


". ttt 


17. 


i«H *<>• i* 




23. 180 ft. 


15. 6^V 


18. 


»A% 21. Hit 
EXERCISE 85 




25. 240 ft. 


1. t»±J- 




12. 3, 6, 12 

13. 1,8,9,27 


17. 


(2,4,8,12 


3. 1 
10. 1 

11. 


)6, tt 48 ••• 
>, 16, 46 

7, 14, 28 
63,-21,7 




14. 

15. i 

16. 5 


6,8, 11 
15, 8, 1 

* 15, 30, 60, 120 

2V2 + 3 


18. 
19. 


-24i,-4 
(2,4,6,9 



21. 62J, 0, 2280, 15,560 sq. mi. 24. 7.89 in. 

.263+ 25. Between yeWs 1990 and 2000 

EXERCISE 86 

12 l£ 



ANSWERS XXXV 

EXERCISE 87 

2. 32a 6 -80a 4 x + 80o 8 x 2 -40a 2 x 8 + 10ox 4 -x B 

S. i + Sx+l^ + ^+^ + ^ + i* 

4 216 16 64 

4. 81 x 2 - 216 x*y 2 + 216 xy* - 96 xfy + 16 y 8 

5. x*-10x* + 40x 8 -80x J * L + 80x 1 »*'-S2x 6 

6. x" 1 * 1 + 7x~* + 21 x~* + 86 of* + 86 + 21 x* + 7 x* + x* 

8. x- 10 - i x-y + ^ * -< y - 1? *~V + A *'V 2 - *1t v 16 

9. 243 Af"V - 406 a 2 x-« + 270 a*x~* - 90 ax~ 8 -f 15 a*x~* - 1 

10. 16 x 2 + 32 x^y* + 24 x*jA + 8 x V + x*y* 

11. 32x 5 y~*-40xV 1 + 20x 2 yi-6xV + ix-iy*-A*~V 

12. 64 a*x- 2 + 676 a^x"* + 2160 a"*x"* + 4320 a~*x* + 4860 cT^x* 

+ 2916 (T^V** + 729 a-'x 8 
18. 81 <r 8 6 2 - 108 a- 2 6" 2 + 64 a^b-* - 12 6-w + ah' 1 * 

14. x«-3x 6 + 9x*-13x 8 +18x 2 -12x + 8 

15. 8-36x + 66x 2 -63x 8 + 33x*-9x 6 + x« 

16. 16 x 8 + 32x7 - 72X 8 - 136x6+ 146x* + 204X 8 - 162x 2 - 108x + 81 

17. a 8 + 8 a 7 x + 20 cflx* + 8 a 6 x 8 - 26 a 4 x* - 8 a 8 x* + 20 a 2 x« - 8 ax 7 + x 8 

18. - 14,784 cfix™ 21. -198a^6 7 - | 

19. 1716 x 7 y* 6920 a^V ' y 2 

. 3003xiV ». ^ ^ ^ 6 i,236 a«x6 

1001 x**V 



¥„io *** 



. n(n-l).-. (n-r + 1) ^^,. 

In 

27 . (» + 8)(» + 1) - (n - r + 4) ^r^r-i 

|r— 1 

28. -1320 x 6 32. 24,310 xy 11 86. 548.76873636 

29. 1366 a*x 18 33. 3.138+ 87. 16,016 

SO. W» 34. 8.916+ _ ¥ 

81. -112,640 85. 8.157+ ' ' 



XXXVi DURELL'S ALGEBRA : BOOK TWO 

EXERCISE 88 

1. x<l 7 x< ab 13. s>8}, y<3} 

2. *>3} ^ x <6 a " 86 " *> U *>*<*tl 
* *>\ 9.'*>6and<7 «• Either 17 or 18 

4. x>2 10. a<2and>l} 16 - 18 

5. x>Q 11. x > 261 and < 301 26. 18 

6. £<i IS. z > 69} and < 66} 28. 33; 8 

EXERCISE 89 



*" 7 10. ixVT; « = 2ir-i/r 

2. 6 y g 

*• ±2 d/Vi' dP« 

5. } IS. 256 ft. per sec. 

6. 35 18. {sec. 

7. 8 14. .167} 

8. ^ 15. 4 

9. sac* 2 ; s = 16.1 t 2 16. 9(±V6-2) 



EXERCISE 90 

1. log 8 9=2 log 4 A=- 2 lo gio A 31 - 1 

logs 27 = 3 logs } = - 2 logio .01 = - 2 

log 4 64=4 logs ^=-4 logi .001=-8 

S log 2 32 = 6 log 2 Vs=-6 log lT } T =-7 log 4 8 = } log 8 16 = | 

3. 1 



9. #64 = 4 




#1024 = 4 
EXERCISE 91 


V4096 


= 8 


1. 2 


4. 1 


7. 


10. -5 


13. -4 


2. 4 


5. 


8. 


11. 


14. 2 


3. 2 


6.-2 


9.-3 


12. 3 


15. 1 



16. 4, 3, 6, 2, 1, 6, 1, 2, 



ANSWERS XXXVii 

EXERCISE 91 

1. 1.6682 6. 2.2430 11. 8.8797-10 16. 9.8914-10 

2. 1.9294 7. 1.5172 12. 8.7619 17. 8.6309-10 

3. 0.7782 8. 0.6767 13. 7.3365-10 18. 2.3706 

4. 1.9542 9. 8.9031-10 14. 1.8008 19. 0.7490 

5. 2.4771 10. 0.0086 15. 0.4774 20. 3.8911 

EXERCISE 93 

1. 43 7. 4.09 13. 2.59 

2. 770 8. .627 14. 30.9 

3. 236 9. .00803 IB. 7080 

4. 3.78 10. .0428 16. 77.7 

5. 8400 11. .00502 17. 283.6 

6. 70.4 12. .000126 18. .4367 

EXERCISE 94 

1. 105 11. 1.427 21. .75183 81. -9.365 

2. 34.3 12. 2.407 22. .2526 32. .3983 

3. .0755 13. .3016 23. 4.359 33. .17556 

4. 7 14. 1.324 24. 1.4876 34. 22.58 

6. 8 16. .23317 26. 1.502 36. -1.162 

6. .04218 16. -4.08 26. .6633 36. 3.2714 

7. 64.7 17. .4287 27. 3.936 37. -2.488 

8. .7995 18. 12.16 28. .459 38. .873 

9. 681 19. 16.- 29. 14.44 39. .35142 
10. - .2681 20. 197.68 30. 5.624 40. 1.6167 

41. $2614.60 46. 1.6838 ft. 61. 14.2+ yr. ; 10.24+ yr. 

42. $995,200,000,000 47. 10.632 ft. 62. 7.6717 ft. 

43. $5716.30 48. 1.4029 63. 31.671ft. 

44. $5985.70 49. .7333+ 64. 1759.21b. 
16.924 ft. 80. 216.15 55. 457.1ft. 

EXERCISE 95 

1. a + 2x 4. 4z 2 -3x-2 ? x _ 1 ,l 

2. 8-a 5. a 2 + 5 a - 1 " * 

3. a 2 -a-2 6. 2s 2 -5*-3 8 a.2 + 2*_JL 

V 2y* 



XXXV111 DURELL'S ALGEBRA : BOOK TWO 











EXERCISE 96 






1. 


15 


3. 


124 


5. 


3204 




7. 70.09 


2. 


91 


4. 


352 


6. 


804.5 




8. .0503 


9. 


.997 






15. 2.704+ 




21. 


1.730+ 


10. 


4.217+ 






16. .3968+ 




22. 


.0535+ 


11. 


1.817+ 






17. .2147+ 




23. 


(531.38+ cu. yd.) 


12. 


1.775+ 






18. 1.021+ 




24. 


(1493«+ cu. ft.) 


13. 


1.542+ 






19. 2.0033+ 




25. 


(592.88+ cu. ft.) 


14. 


1.963+ 






20. 2.901+ 
















EXERCISE 97 







1. (1) a 2 ± 2 a + 2 

(2) x*±2xy-y* 

(3) (m-»)(m-n+5) 



(4) (a — & + m — n)(a-& — ro+») 

(5) (* + l)(*-l)(* + 8) 

(6) (x-l)(* + 2)(*-3)(s + 4) 



2. 
3. 

6. 



j(m + 2n) 
P Q 



P-Q P+Q 

2a 
a 2 -6 2 



12. 



13. 



If 2 
2,8, 2±4>/^6 



(2,8, 
l8,2, 



1 2(a + b) 
a— b 

10. -i,-i 



14. j 6 ' 11 

I ±4, ±4V7 



11. 



8 



±3, ±-^= 

Vsi 



T5, ± 



13 

VET 



15. 
16. 
17. 



Jl,9 
19,1 



[25, -9 
9, -25 



19. ab 

20. 24 

21. «2 

P 

22. 2,i 
26. 960 

28. ll-2ra,7-2w 

29. 300 

30. X 



i. 



34. Sixth, — 924 a;* ; seventh, 231 x 

36. 8 

37. 70 

38. 3, - 2* 

39. 55,360 v ' 13 



59,049 

b 2 -2x + 2 = 31. r = ±j,a = J,y 
2x 2 -2z+l=0 . 

18. U «. 40,040 aT* 

33. Sx*-4-SxVx?^i 
I 



35. k = 10. Roots are f , | 

- _* 43.-4 

40. 2x2_4 + 3a. 2 

41. 3 a + 1, a -2 44. J^ 
5 4-12V^l 



42. (1) 



(2) 18+\^i 



45. 9 x 2 + 6 s - 19 = 46. Crew, 6 mi. ; stream, J mi. 



ANSWERS 



XXXIX 



47. -6} 

49. 0, 1.8, - 2.4, 6.8 

50. ± 5V2, ' 
52. V7 



53. r 

2x 



54 



55. 



70. 






56. 

57. 
58. 
59. 

61. 
62. 

63. 



<r 



f 9, 7, i(25 ± v'373) 
7, 9, i(25 T V373) 



71. 1=<J*M 



w 



. V . /3 V* - 32 a 2 

Z= 2 ± \^l2^ 
3 Z ' 2 - 32 a 2 

12 



Vb + 11 a 
V6 + 9<* 
i^Q ; .16 
n = 42 

7,-4,4,- 

±V2, ±1 
3, 9, 15, 21 

it i, A. - 
or3 , |, A- 

72. 
73. 

74. 
75. 

76. 



64. ro + n, 

65. -V 

66. JT-£- 

4 ir 






67. T- 



S* + */SX* 



I? 



68. 



a 2 + x 2 



^-N 



(a 2 - x 2 )* 
69. $60 

&|iV3-AV avCr 2 
40 

2x* -3x^ + 2x"V 



p Vg 2 — 4pr r 
g' p ' p 



81. 



w 2 

79. r=J 

80. 15 or 14 

84. r = 3, 1 ; series 2, 6, 18 

85. 0, 1, - 2 90. 

- {it 

89 {2,3,3,2 
"' 11,-2,0,0 

98. (1) 2 + \/3 

(2) Jv^+jVlO 



77. 3 mi. an hour 



±2V3 
... and 2, 2, 
1, 27 

3n, -^ 

' 2 



83. 



±4, ±| 

±l.±¥ 



94. 



15 



4 

9 



L S 



92. 

i 

93. 



I 



2, 3, 4, 1 
[3,2,1,4 

±3 

103. 



ah 



95. 10,000 
67 

96. x = i; y = 2 

97. ?i = 4; d=-l 

6fc 



d-b 



(3) Va + & + y/a - 6 

99 I 2 " 7+ 
W * J 0,-1.8+ 

100. (1) i±Vi + 

(2) 0, | 

(3) 0, 1 

ioi. h*>o 



105 
106 



b — a b — a 

104. 180 ft. 

2 ± V^2, - 2 ± \/6 
' 2TV-2, -2^VS 

ftc — ad 
b + d — a — c 

108. V7±V5 

112. ±2, ± i 



109. -1 
114. d = f 



Xl ADVANCED ALGEBRA 

115. «»P»-1)"(» + 1) <_„.). 
117. 64 a a - 48 aft 2 U9 x*»- 



U8 J2, 1, 1±V^2 *"-■(* + If) 

\ li 2, 1 T V- 2 ISO. 3.6+ in.; 31.8+ in. 

111. V = ^ &£? ; 28.7+ mi. per hour 



VbJSR, 



ADVANCED ALGEBRA 

EXERCISE 98 

1. g* + 8&-4 9. x»-3x*-2x» — 4x a +6x — 2 

ft. x a -6x + 2 10. x* + 7x* — 6x a + 3x + 4 

3. x 8 + 8x a -4« + 2 11. 2x*-8x a + 6x + 4 

4. aJ-Sx 2 * 6x-8. Item. 6 18. 6x* — 3x a + 2x + 4 

5. x* + 6x 8 -8x a + Sx-6 13. 6x*-3x a + 2x-8 

6. x 8 + 2x 2 y + 5xy a -3y* 14. x a + 3x-2 

7. x*-4x* + 6x a -4x + l 15. 2x» + 3x a -6x-2 

8. x 8 — 7x a + 3x + 5. Bern. 6 16. 8x a + 2xy — 4y* 

EXERCISE 99 

1. 77; 3; 5 4. -40; 0; -10; -204 

2. 5; 46; -4; -6 5. 0; 0; 0; -20.3319 

3. 0; -f;0; H; <> 

6. 1.3866; 2.9621; 1.63676136; -8 

7. 2V2; -2V2; 8+7V2; _8-3>/^2 

8. -4a 4 ; 0; -3a*; -6a* 

9. /i« + 2ft 2 -3A-6; - ft« + 2fc a + 3fc - 6 ; x 8 + (2-3A)x a 

+ (Sfc a -4A-3)x-fc« + 2ft a + 3*-.6 

10. 8x*-6x 2 + 2; 24-20y + 2y«; -8; 

11. 0, 1, - 1 12. 1, 2, - 8 



EXERCISE 100 

1. a^ft 8 *^ 

2. a 2 ft + a 2 c + 6 2 a + b*c + c*a + c 2 6 



ANSWERS xli 



3. a?bc + b 2 ac + c*db 

4. a*b + a*c + b*a + b*c + cfia + cfib 

5. ab + ac + bc 

6. a 8 + 6 8 + c 8 + 3 a 2 6 + 8 a 2 c + 3 6 2 a + 3 b 2 c + 3 &a + 3 cfy 
9. a 2 +& 2 + c 2 + cP 

10. a& + ac + ad + 5c + bd + cd 

11. a6c + abd + acd + bed + a 2 6 + a 2 c + aH + 6 2 a + 6 2 c + 6 2 d + c 2 o 

+ c 2 6 + c 2 d + d?a + cPb + (Pc 

26. — («— y)(y — z)(z-x) 

27. (a + 6 + c)(a-6)(6-c)(c — a) 

28. (a + 6)(6 + c)(c + a) 

29. (a + &-c)(a* + & 2 + c 2 -a& + <ic + &c) 

30. (3-2s + y 2 )(9 + 4a: 2 + y* + 6a;-3y 2 + 2xy 2 ) 









EXERCISE 101 




, 


1. 


742,660 




8. 43,758 




15. 


40,320; 5040 


2. 


6188 




9. 15,120 




16. 


60,480; 136,080 


3. 


360 




10. 1,961,256 




17. 


360; 60; 12 


4. 


167,960 




11. 7,898,600 




18. 


132 


5. 


969 




12. 266 




19. 


120 


6. 


24,024 




13. 40,320 




20. 


549,161,680 


7. 


2,441,880 




14. 362,880 




21. 


5 ; 8 or 9 


22. 


6 




25. 


500; J 


5050 




23. 


21 




26. 


8432; 


643£ 


9 


24. 


1560 ; 59,280 


; 2,193,360 27. 


184,756 










EXERCISE 102 






1. 


60 




3. 453,600 




5. 


1,668,200 


2. 


3780 




4. 34,650 




6. 


1,135,134,000 


7. 


168,168 


13. 


1,596,000 19. 


219 




25. 27,720 


8. 


23,000 


14. 


420 20. 


4320 




26. 32 


9. 


7560 


1ft. 


36 21. 


326 




27. 6,13 


10. 


3,531,528 


16. 


2880 22. 


31 




28. 8 


11. 


15,840 


17. 


8640 23. 


31 




29. 9 


12. 


302,400 


18. 


210 24. 


72,000 




31. 40,320 . 
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EXERCISE 103 






1. 


A; i)H 


«. 


* 


11. f 




" ttt 


2. 


J;i;i 


7. 


A 


12. 4 to 3 




17. Jj i 


3. 


*; A 


8. 


♦ 


« A; » 




18. i 


4. 


A 


9. 


* 


14. $ 




»•• A 


5. 


iH 


10. 


i 


15. A 












EXERCISE 104 






14. 


(2 ± 3 a<) 




17. 


(x ± 4 yi) 


21. 


2 + 16i 


15. 


(4 ± 3 bi) 




18. 


(x ± y V- 6) 


22. 


14 + 8* 


16. 


(3 a ± 60 




19. 


(x V2 i yV- 3) 


23. 


-6 + 10* 








EXERCISE 105 






1. 


34 


4. 


-« 


7. 




12. 2,3 


2. 


28 


5. 


-.3668 8. a a + 6 a 




13. 2,-1 


3. 


28 


6. 


.276 


9. 2 6c 




14. 3, - J 


15. 


-12,8 

cq — br (Ir- 


-cp 




17 l 




1 


IS. 


Hi , 

a + 6 + c 


a + b + c 




aq— bp 1 aq- 


-6p 




18. a, - 6 







1. 





2. 


-70 


8. 


-2,3,1 


9. 


a 4- 6 a + c 6 + c 
2 ' 2 ' 2 


10. 


3,4,7 



EXERCISE 108 

3. 216 5. ¥ 

4. - .6098 7. 2, 8, - 4 

11. 12, 18, - 24 
1*. 2, - J, 1 

IS E + w * + n w + w 

2a ' 26 ' 2c 



EXERCISE 107 

1. 156 2.-600 3.-865 4.-96 

5. adg-aef-bdg + bef 11. 2,-4,2 

6. 8 7. 12. 12, 18, - 24 

8. 9. 18 2p 2g 2r 

10. 1, 2, 3 a + 6* a + c' 6+C 



ANSWERS xliii 

EXERCISE 108 

1. _60 *• — 115 5. aeh-bdh 

2. 208 4. .532 6. -1308 

7. 204 8. 1, 2, 3, 4 9. 2, 3, 1, 4 10. 1, - 1, 2, 3 

EXERCISE 109 

1# 7 j 8. 25J 5. 14 a + 17 b -38=0 

2. 9 4. 11a 2 6. ad-&c = 

7. (ab' - a'&)(6c' - &'c) = (ac' - a'c) 2 

8. Not consistent 9. 2pqr 10. 4a6c 

11. ~(a + b + c)(a~b)(b-c)(c-a) 

12. (a + 6 + c)(6c + ca + a6-o 2 -6 2 -c 2 ) 
18. (a-&)(&-c)(c-a)(a + 6 + c) 

EXERCISE 110 

1. x*-4x 8 -x 2 + 16x-12=0 

2. x 8 - 3 ax 2 + (3 a 2 - & 2 )x - a 8 + aft 2 = 

3. x*-6x 8 + 12x 2 -14x + 3 = 

4. x 8 + 2x 2 -23x-60 = 

5. x 8 -2x 2 + 4x-3 = 

6. x*-6x 8 +16x 2 -20x + 12=0 

7. 2 8. 3 10. 11 11. 2.6866 12. 12 13. -32 

14. ah* + bh*+ch+d 16. 2,-1,-1 is. 2, -3±V5 

15. 0; 0; 0; 878 17. 2,3, -4 19. 3, l(- Z ±VH) 

20. 4, -2, 2±V8 * 4 ' 1 » 2 » 3 » 6 

21. -1,-2,2,3 « 2,3,5, ±V2 

22. - 1, .- 2, - 6, 1 ± 2V3 *•• 2, -2, j, - J 

23. 2, - 3, 1 ± V3 

EXERCISE 111 

1. 1, 2, r 2 8. ±1, ±2 5. 4, ±V^1 

2. 1, 8, - 1 4. ± 1, ± 3 $. Second equation 

7. Third equation 10. 4, - 1, - i( 3 ± >/ :r Si) 

8. 3, 2±V3 11. -2, -3, -6, ±V2 

0. -3,fi(-l±V^5) 



xliv 



ADVANCED ALGEBRA 



EXERCISE 111 

1. x*+ 3x»4-7x a + 6x + 6=0 4. xfi-Stf + Stf-l^O 

2. Sa* + 6z*-4x-2 = 5. 8x»-x-7=0 

3. x* + x a + 6x-6 = 6. x 8 — 6x a - 12x + 40 = 

7. x* + 12x a -16x-16 = 

8. 2x* + 9x 8 + 9x a + 162x- 324 = 

9. x a -4 = 12. x 8 -6x a + 3x-270 = 

10. x a -2x-8 = 13. x 8 + 9x a + 9x-9 = 

11. x 8 -3x a + 4x + 10 = 14. x 8 -63x a + 42x + 7 = 

15. x*-6x 8 -40x a -2600x-80,000 = 

17. 7x»-6x a -2x + 3 = 19. 6x«-x* + 3 = 

18. 7x* + x»-x-l=0 20. 7x»-3x 6 -x + 8 = 

EXERCISE 113 

1. x 8 -6x a + 6x-8 = 

2. x*+9x«+ 12x a -14x = 

3. x* + 2x«-162x a -1163x- 2331=0 

4. x 8 + 3.1x a + 4.87x-f-. 233 = 

5. x 6 -7x 8 + 2x-8 = 

6. x 4 + 1.2 x 8 + 1.64 x a - 2.292 x + 3. 1981=0 

7. x»-4x-2 = 9. x« + 27 = 

8. x»-2x + l = 10. x 6 -7x 8 + 12x a -7x = 

EXERCISE 114 

1. One positive, two negative 5. One positive, two negative 

2. Two positive, one negative 11. One, none 

3. Two positive, two negative 16. 5 

4. One positive, four negative 17. — 6 



EXERCISE 115 

1. 3.128+ 3. -4.8989+ 

2. 2.2360+ 4. 2.7320+ 

8. 1.366+ ; 1.692+ 

9. 7.0602+ 
10. 2.161+ 



7. 1.2016+ 



5. .7639+ 

6. 1.2847+ 

11. 2.0800+ 

12. 3.1072+ 

13. 1.120+ j 3.847+ ; 4.682+- 



ANSWERS xlv 

14. - 3.907+ ; .443+; .606+; 2.868+ 

15. 1.33006+ 

EXERCISE 116 

1. 200; 100 

2. Between 1 and 2 ; and — 1 ; — 3 and — 4 

3. 1.16+ 4. }, J, * 

7. sc* -(2 a 2 - 2 a& + ft 2 )* 2 + a 2 (a - 6) 2 = 

8. 120; 46 U . _ i _2>/^T, J(- 5± V5?) 

9. -1,8,2±V3 18 . 3. 6 62+ 

10. -3, i±|V^3 M . _2692 

11. 16 

15. The equation cannot have more than two real roots. 

16. 9s* + 18s 8 -234x 2 -891x-t- 7920 = 

18. 2, - 2J 19. 325 ; 196 

SO. «8 + 23« 2 -36x- 288 = 0; ],-},-*; 4,-3, -24 

21. 3.62+ 22. 1 23. 3 + 2V^T, - 1 ±\/^3 

24. ^32 i 26. 430 

25. a* - 4s 2 - 17 x + 22 = 27. 5040 ; 720 

28. - 12 ; complete equation is a* + 7 s 8 - 54a: 2 + 70s - 24 = 

29. -V2, l + i; -6, 12 

31. At least one pair of imaginary roots 

. 396 33. — 2, 3, 3 35. 6 in. x 7 in. 



